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ABSTRACT

SCALABLE MATCHING OF DEFORMED IMAGES

Rohit Kumar Jena
James C. Gee

Pratik Chaudhari

Image registration is a fundamental inverse problem ubiquitous across virtually all biomedical and life science
applications. Over the past three decades, significant advances in imaging technology have democratized
access to unprecedented spatial and temporal detail, unveiling novel biological structure and dynamics
at microscopic and mesoscopic scales. An equally staggering growth in GPU hardware capabilities has
transformed major high-performance computing domains including machine learning, computational fluid
dynamics, molecular dynamics, and quantum physics. Despite several methodological advances in image
registration, the algorithms themselves have not scaled in tandem with advances in imaging and computing
capabilities, constraining researchers to work with highly downsampled versions of the rich data they acquire.

This dissertation presents a comprehensive investigation into developing a Pareto-efficient image registration
framework that simultaneously optimizes for accuracy, robustness, and scalability. First, we conduct a
systematic empirical study comparing classical optimization-based and deep learning paradigms for image
registration. This work addresses instrumentation bias in the literature, discusses the strengths and weaknesses
of major image registration paradigms, and provides practitioners with a principled framework for choosing
appropriate registration paradigms.

Second, we introduce FireANTs, a GPU-accelerated framework for adaptive Riemannian optimization on the
space of diffeomorphisms. We formally quantify the severe ill-conditioning of deformable registration and
develop a novel Eulerian descent formulation that enables powerful adaptive optimization directly on time-
dependent diffeomorphic flows. FireANTs achieves state-of-the-art zero-shot performance across multiple
imaging modalities, anatomies, and benchmark datasets while providing orders of magnitude speedups over
existing methods.

Third, we develop Deep Implicit Optimization (DIO), a framework that transforms FireANTs into a fully
differentiable layer within deep networks. By explicitly decoupling feature learning from optimization, DIO
inherits task-specific appearance invariances from the optimization objective while enabling end-to-end
learning of dense multi-scale features from weak supervision signals such as anatomical landmarks and label
maps. This paradigm provides superior generalization to domain shifts, allows zero-cost plug-and-play of
arbitrary transformation representations and regularizations at test time, and enables interactive registration
with additional prompts available during inference.

Fourth, we develop a suite of system-level innovations to scale registration algorithms to gigavoxel-scale
imaging problems. We propose 10-aware fused CUDA kernels that reduce memory overheads for several
bottleneck operations in image registration, enabling multimodal registration on datasets that were previously
out of reach — in minutes. Our innovations also accelerate both deep learning training and classical registration
workflows, empowering researchers and practitioners to conduct experiments faster and with less compute.

Finally, we showcase the potential impact of the proposed innovations on real-world applications including

Vi



multimodal in-vivo brain to ex-vivo hemisphere registration (MRI and histopathology), restricted deformations
for echo-planar MRI images for geometry distortion correction, and gradient-free algorithms for sparse
landmark-guided registration for lung CT scans as three ‘in-the-wild’ applications.
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FIGURE 3.5

FIGURE 3.6

FireANTs secures first rank in the RnR-ExM mouse dataset: (a): As of March 1, 2025, our method
ranks first in the mouse brain registration task, which is the only task in the challenge requiring deformable
registration. Our top two successful submissions secure the first and second position, with a 0.361
improvement in Dice score compared to the 3rd ranked submission, which is 0.261 better than the 5th
ranked submission (bigstream). Note that among the top 10 submissions, our method has the lowest
standard deviation (4.42x lower than the second best submission) showing the robustness of our model
across different microscopy volumes. (b) shows a qualitative comparison of FireANTs with Bigstream

(Fleishman, 2023), the other top leading method in the challenge. The moving image volumes have

substantially more noise than the fixed image volumes, making intensity-based registration difficult.

The non-rigid deformation dynamics of the hydrogel are clearly visible, as the moving volume has a
thicker boundary than the fixed volume. Bigstream does not capture these dynamics very well — this is
illustrated by comparing the thickness of the cortex at various points (zoomed orange crops in bottom
row), where Bigstream does not deform the cortex enough to match the fixed image. FireANTs deforms
and accurately depicts these morphological changes, which can be crucial for downstream morphometric
studies. Moreover, the affine registration in Bigstream knocks the boundary slices out of the volume
(red highlight in top row), leading to drop in registration performance. On contrary, our method’s affine

and deformable stages are more stable, leading to better registration and avoiding spurious out-of-bound

artifacts at the boundary slices. . . . . . . . . . L Lo L oL s e e e

FireANTs facilitates quick and scalable registrations. We compare the runtime of
our implementation with the ANTs library. (a) shows histogram of speedup (runtime
of ANTs divided by runtime of our method) and statistics of runtimes (in seconds)
for the four brain MRI datasets. For all datasets, our implementation runs a minimum
of two orders of magnitudes faster, making it suitable for hyperparameter search
algorithms, and larger datasets. Table (b) shows the runtime of ANTs, DARTEL and
our implementation on the EMPIRE10 challenge data. The first three colums show the
actual runtime of the methods, followed by the speedup obtained by our method when
compared to ANTs and DARTEL. Note that our method runs a minimum of 320 times

faster than ANTSs, saving a substantial amount of time, at no loss in registration quality.

(c) shows the runtime and memory requirements of our method compared to deep
learning methods. Left shows the runtime and memory requirements of our method
compared to deep learning methods for increasing problem sizes. FireANTs is upto
10x more memory efficient than SOTA deep learning methods, while performing faster
than almost all of them at inference. Middle shows the plot of average performance
over three brain datasets compared with average runtime, with the size of the bubble
indicating average memory usage. FireANTs performs better while being faster and
more memory efficient than all deep learning methods, indicating that a tradeoff is
not necessary for good performance. Right shows that further gains in amortized
runtime are possible by increasing the batch size at inference. FireANTs achieves
less than 0.25 seconds per image pair and runs more than double the number of
image pairs copmared to all other deep methods, showing unprecedented efficiency

for high-throughput registration. . . . . . . . .. ... ... .. .o
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FIGURE 3.7

FIGURE 3.8

FIGURE 4.1

FireANTs facilitates feasibilility of extensive hyperparameter search in registra-
tion The speed of FireANTs makes hyperparameter studies like these feasible, which
ANTs would take years to complete. (a): We perform a hyperparameter grid search
on three hyperparameters of interest - smoothing kernel for the warp field (owarp) in
pixels, smoothing kernel for the gradient of warp field (0graq) in pixels and learning
rate 7. The metric to optimize in this case is the target overlap. For the LPBA40
dataset, we perform a hyperparameter sweep over 640 configurations in 40 hours with
8 A6000 GPUs. A corresponding hyperparameter sweep with 8 concurrent jobs with
each job consuming 8 CPUs would take ~3.6 years to complete. The white contour
representing the level set for target overlap = 0.75, and the black contour representing
the level set for target overlap of 0.74 show the robustness of our method to hyperpa-
rameters - performance is not brittle or sensitive to choice of hyperparameters. (b):
Hyperparameter grid search on the EMPIRE10 dataset over oya,rp and ograq parameters
(456 configurations), with a fixed learning rate of 7 = 0.25. The metric to optimize is
the Dice score of the provided binary lung mask. This sweep takes about 12.37 hours
on 8 GPUs, whereas a corresponding sweep would take 296 days for ANTs and 345
days for DARTEL (more in Fig. 3.6). The white contour corresponds to the level set
for Dice score = 0.96, showing both a huge spectrum of parameters that achieve high
Dice scores, and low sensitivity of the method to choice of hyperparameters.

Comparison of brain templates (atlases) constructed using ANTs (left) and Fire ANTSs
(right). (a—c) Coronal and sagittal sections of the 25um fMOST mouse brain template
illustrate the improved structural fidelity of FireANTs. In the ANTs template, the
internal regions of the lateral ventricles appear blurred (a), and the cerebellar architec-
ture exhibits intensity bleeding (b, c), whereas FireANTs yields crisper delineation of
these anatomical structures. (d) The in vivo human brain atlas further demonstrates
the advantages of FireANTSs, with sharper cortical folding and improved contrast and
realistic intensity features in the cerebellum compared to ANTs. FireANTs generates
multiple high-fidelity templates while being 200-400 times faster than ANTs.

An illustrative comparison of existing methods and our method. (a) Generic
features for image registration leverage the expressiveness and robustness of iterative
optimization but do not incorporate task-specific learning, leading to suboptimal
asymptotic performance on the in-distribution task. (b) Feature learning for closed-
form parametric warp representations enable task-aware image features for registration,
but are limited in expressiveness due to limited families of closed-form transforms and
lack of error-correcting nature intrinsic to iterative optimization. (c¢) Unrolled iterative
optimization using recurrent modules mimic the flavor of traditional optimization and
enable task-aware image features. However, they are limited in expressivity because
they can run only for a few number of iterations due to infeasible computational
requirements. (d) DIO (our method) synergizes the expressivity of advanced iterative
solvers and task-aware image feature learning by defining a custom backward pass
that does not require unrolling or iteration. DIO provides the best of both worlds by
inheriting the accuracy, expressivity, and robustness of iterative solvers, and asymptotic
performance of learnable features. . . . . .. ... ... ... ... . ... .. ...
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FIGURE 4.2

FIGURE 4.3

FIGURE 4.4

FIGURE 4.5

FIGURE 4.6

Overview of our framework. (a) A neural network extracts dense multi-scale features
from the input images. (b) These features are used to optimize warp fields using a
multi-scale differentiable optimization solver. (¢) The optimized transform is used to
warp the moving image and labels. (d) The warped image/label are compared with the
fixed image/label using a similarity metric. . . . . . . . . .. .. ... ... ...
Dense feature learning leads to flatter loss landscapes. Top row shows the intensity
image with the corresponding multi-scale features predicted by the deep network,
where the L" level denotes a feature of size H /2% x W /2F x C}.. Bottom row shows
the loss landscape as a function of the relative translation between the squares in the
fixed and moving image. Note the flat maxima which occurs when there is no overlap
between the fixed and moving image, making optimization impossible if there is no
overlap of the squares at initialization. On the contrary, the loss landscape for learned
features is smooth, even at the finest scale, leading to much faster convergence even
when there is no overlap between the intensity images. This allows registration without
any centroid or moment-based preprocessing. . . . . . ... ... oo
Qualitative comparison of KeyMorph and our method on OASIS dataset. The
first row shows the warped images using KeyMorph and the second row shows the
warped images using our method. The third and fourth rows show the fixed and moving
images, respectively. The OASIS dataset consists of skull-stripped T1-MRI brains that
are affinely registered to the Talairach space, consequently we focus on deformable
registration. KeyMorph uses 512 keypoints to parameterize a thin-plate spline trans-
formation, while our method uses an optimizer to predict a dense deformation field.
Our method demonstrates high fidelity registration, compared to KeyMorph that only
partially warps large differences in ventricles (last two columns). More qualitative
comparisons, including segmenation maps, and predicted warp fields are shown in
Figs. C.7to C.O. . . . e e
Boxplots of Dice scores for three out-of-distribution datasets. DIO performs
significantly better across three datasets without additional finetuning. Contrary to
other baselines that output warp fields considering 1mm isotropic data, leading to a
performance drop with anisotropic volumes, DIO performs better with anisotropic data
due to the optimization’s resolution-agnostic nature. Even with image-space instance
optimization, almost all baselines underperform compared to DIO. . . . . . . .. ..
Examples of multi-scale features learned by the feature extractor. Scale-space features
(bottom row) obtained by downsampling the image downsample all image features
indiscriminately. Our features (fop row) preserve necessary anatomical information
at all scales, and introduce inhomogenity in the feature space for better optimization
(watershed effect and enhanced contrast near gyri and a halo around the outer surface
to delineaate background from gray matter). . . . . .. ... ... ... .......
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FIGURE 4.7

FIGURE 4.8

FIGURE 4.9

FIGURE 5.1

FIGURE 5.2

FIGURE 5.3

Ablation on fidelity of multi-scale features compared to multi-scale intensity im-
ages. To show that multi-scale features provide more label-aware information than
intensity images alone, we perform registration on the OASIS validation set using
multi-scale features and intensity images. For intensity-based multi-scale registration,
the intensity images are smoothed and downsampled at each level. x-axis shows the
resolutions at which optimization is performed, and y-axis shows the distribution
of Dice scores. For identical multi-scale optimization routines, feature-based regis-
tration provides better label alignment than intensity images at all resolutions. This
demonstrates the efficacy of task-awareness in features learned using our framework.
Comparison of regularization at inference time. With HyperMorph, regularizations
like Volume Preservation and Laplacian Registration are not monotonic with the
training hyperparameter \, and have to be considered during training. In contrast, due
to the decoupled feature learning and optimization, DIO can be run with arbitrary
regularization families at test time without any retraining, and monotonic trends with
Aareobserved. . ... L
Qualitative comparison of different backward passes for DIO. (Left) Top eigen-
values of the inverse Hessian skew the feature gradient due to their large magnitude
compared to the rest of the eigenspectra, (Right) qualitatively demonstrates the effect
of the Hessian on the gradient of the training loss with respect to the transformation
field ¢ and the fixed feature F'y using different instantiations of the backward pass at
the beginning of training. Gradients w.r.t. feature images from Hessian-based IFT are
very sparse and do not facilitate network learning. On the contrary, gradients obtained
using JFB are dense and the network quickly convergences to low training loss. . . . .

Flamegraph of FireANTs for Cross Correlation (left) and Mutual Information (right)
losses on the OASIS dataset. The flamegraph is annotated on the right with colored
blocks denoting the memory overheads for the fixed and moving images, the warp field
and its optimizer state, the grid_sampler operation, and the loss function. Most of
the computational overhead is due to the loss function, followed by the grid_sampler
operation. This motivates the use of fused kernels to eliminate intermediate memory
overheads. . . . . . . .. L L e
Left: FFDP uses fused kernels to eliminate intermediate HBM memory usage (in
dark red) for memory-bound workhorse operations (grid_sampler, LNCC, MI) for
large-scale image registration. For grid_sampler and LNCC, additional intermediate
per-pixel variables (warp coordinates, patchwise statistics) are computed per-pixel
in registers (blue). For MI, the Parzen Windowing and histogram aggregation is
performed using shared memory (green), avoiding large HBM overheads. Right: Pie
charts show the breakdown of memory overheads for storing the image, grid, optimizer
state, and intermediate variables for MI and LNCC losses. . . . . . . .. ... ...
Computational graph of the vanilla PyTorch implementation of the LNCC loss function.
Blue nodes denote the input images, Orange nodes denote intermediate tensors that
are stored in HBM, Gray nodes denote operations on the computational graph, and
Green node denotes the final loss. Orange nodes are the primary memory bottleneck.
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FIGURE 5.4

FIGURE 5.5

FIGURE 5.6

FIGURE 5.7

FIGURE 5.8

FIGURE 5.9
FIGURE 5.10

FIGURE 5.11

FIGURE 6.1
FIGURE 6.2
FIGURE 6.3

FIGURE 6.4
FIGURE 6.5

(a) Neighboring coordinates in the warp field may refer to pixel locations on arbitrary
image shards due to the deformable nature of the warp field, making distributed
interpolation non-trivial. (b) Ring Sampler interleaves fetching of image shards and
aggregating the partial sums of interpolated values, avoiding a memory-expensive
allgather. (c¢) Bilinear Interpolation is decomposed into partial sums over image shards,
which are accumulated with a ring topology communication, similar to Liu et al.
(2024b). . . . e
Left: Overview of our distributed framework. GridParallel (GP) shards the fixed and moving
images (F, M) and the warp field [u] across multiple GPUs. blocks and arrows denote
synchronized halo boundaries between GPUs, enabling smoothing on images and warp fields
without an allgather. The ring sampler (violet) computes interpolated image shards on the fly,
avoiding materialization of the full moving image. We then compute losses (MSE, LNCC,
MI), compute gradients w.r.t. each warp shard, apply with GP, and
update shards by gradient descent. Right: Scaling efficiency compared to deep methods and
CLAIRE (Mang et al., 2019a), a distributed registration method. Most SOTA deep learning
baselines require orders-of-magnitude more memory for the same problem size and scalability
is limited to a single GPU (dotted line). Our framework scales to arbitrarily large problem
sizes while using about 5x less memory than CLAIRE. . . . . . .. . ... ... .. ..
Interleaved communication (red) and computation (green) in the ring sampler. gray
denotes time saved by interleaving communication and computation. . . . . ... ..
Qualitative comparison on registration of 100um ex-vivo brain MRI (T1 — FLASH)
image. Fine details like cerebellar white matter are not visible at macroscopic scales,
but are aligned at 100um. Fixed image is of size 1760 x 1760 x 1278. Best viewed
zoomedin. . . ...l
Ablation on TransMorph training runtime with and without our fused operations. For
LNCC, our method converges in about 30 hours, while the baseline converges in about

Scalingand GP ablations. . . . . . . . .. ... L
Ablations on key workhorse operations: LNCC, MI, grid_sampler, and scaling-
and-squaring operations. Our fused kernels consume significantly less HBM and
TUNGME. . . . o v oottt e e e e e e e e
Registration performance on Faux-OASIS dataset at 1 mm, 500 um, and 250 um (native

250 um); mean =+ std over pairs. 1 higher is better; | lower is better.  (Green)/ (Yel-
low) = best/second; T=patch-based . . . . . ... ... ... ... .. ...

A visual overview of the end-to-end multimodal pipeline for histology to MRI regis-
tration workflows for Alzheimer’s Disease (AD) . . . . . . . . ... ... .. ....
End-to-end pipeline for label generation and ex-vivo to in-vivo registration . . . . . .
(a, b, ¢) Dice Score overlap between the registered and reference labelmaps after non-
linear registration for gray matter, white matter, and CSF, (d) Qualitative comparison
of the in-vivo and ex-vivo MRI'scans . . . . . . ... ... ... ... ... .. ...
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FIGURE B.3
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Warp fields visualized in Fig. 6.5 for AP and LR phase-encoding directions respectively.
Note that in the first case, all deformations are diffeomorphic and restricted along the
A-P axis, while in the second case, the deformations are diffeomorphic and restricted
alongthe L-Raxis. . . . .. . . . . . e 119
Interpretability of features learned by the proposed method. MIND feature channels
enable higher contrast than the original feature image, but has blocky artifacts and is
not immediately interpretable. The single-channel learned feature map resembles a
high-pass filter applied to the original image, which may be important for accurate
delineation and registration of vascular structures that show higher contrast in the
high-pass image. The multi-channel learned feature maps are sharper than MIND
features, and highlight different regions of interest for different channels. . . . . . . . 122
Another example of the proposed method with a different subject. . . . . . . ... .. 123

Classical methods retain robustness across different datasets. Boxplots show the
performance of classical and DLIR methods trained on the OASIS dataset, on four
T1-brain datasets. For DLIR methods, we plot the performance of the supervised and
unsupervised models. Across all datasets, Fire ANTs and ANTs consistently outperform
DLIR methods, showing robustness to domain shift. Among DLIR methods, Synth-
Morph and TransMorph show robust performance, and training with label matching
objective does not lead to significant improvement. . . . . . .. .. ... ... ... 155

Deformable image registration is ill-conditioned. To quantitatively examine ill-
conditioning in registration, we compute the distribution of per-pixel condition number
for a MRI registration task, at different image downsampling factors (denoted as 1x, 2x,
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Lipschitz constants require a larger number of integration steps to ensure numerical
diffeomorphisms with the scaling-and-squaring approach. . . . . .. ... ... .. 160
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the Jacobian-free Eulerian descent direction which is simply the Gateaux derivative.
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FIGURE B.7

FIGURE B.8

FIGURE B.9

FIGURE B.10

FIGURE C.1

FIGURE C.2

Comparison of our method with ANTs on 4 MRI brain datasets: Registration
quality is validated by measuring volume overlap of label maps between the fixed
and warped label maps. (a): For anatomical region r, warped (binary) label map S,
and fixed label map 7, target and mean overlap are defined as |S, N 7T}|/|7T,| and
2|S, NT|/(|Sy| + |Tr|). We define the aggregate target overlap over all anatomical
regions as ), (|.5,N7T;|/|T;|) and Klein e al. (Klein et al.,2009) defineitas (. [S,N
1)/ (>, |T:|), likewise for other metrics. The latter aggregation is denoted with
the suffix (Klein) in the figure. In all four datasets, the boxplots show a narrower
interquartile range and substantially higher median than ANTs (higher is better),
underscoring the stability and accuracy of our algorithm. (b): Other measures of
anatomical label overlap used in (Klein et al., 2009) are false positives (|7;:\Sy|/|T}|),
false negatives (|S,\7,|/|Sr|), and volume similarity (2(|S,| — |T:|)/(|Sr| + |T7]))
(lower is better). We observe similar trends as in (a), with a narrower interquartile
range and substantially lower median values. Results of per region overlap metrics are
inthe Fig. B.8. . . . . . . . e
Regionwise target overlap on the brain MRI datasets: We further evaluate region-
wise overlap scores by sampling 15 regions from each dataset, and comparing their
distribution using our method and ANTs. Our method has a much higher median
score, and better interquartile ranges across regions, demonstrating both accuracy and
TODUSINESS. . . v v v v vt e et e e e e e e e
Qualitative results on EMPIRE10 challenge: (a) shows the fixed image, (b) shows
the registration performed by ANTs, and (c) our method, all with zoomed in regions.
ANTs performs a coarse registration with ease, but still leaves out critical alignment
of lung boundary and airways by not utilizing adaptive optimization. Our method
performs perfectly diffeomorphic registration by construction, and does not lead to
any registration errors, both in the lung boundaries or internal features. . . . . . . . .
More Qualitative results on EMPIRE10 challenge: (a) shows the fixed image, (b)
shows the registration performed by ANTs, and (¢) our method, all with zoomed in
regions. ANTs performs a coarse registration with ease, but still leaves out critical
alignment of lung boundary and airways by not utilizing adaptive optimization. Our
method performs perfectly diffeomorphic registration by construction, and does not
lead to any registration errors, both in the lung boundaries or internal features. . . . .

Inference time for various architectures. A multi-scale optimization takes only
~ 1.5 seconds to run all iterations (no early stopping) making it suitable for most
applications. This is compared to the time for neural network’s feature extraction
which is architecture dependent. . . . . . . . .. ... Lo
Implicit bias in SGD for image registration. The plot shows the loss curves for a
multi-scale optimization of two feature images. Each plot also shows the absolute co-
sine similarity of per-pixel gradients obtained by C' and Cyrogate at €ach iteration. Note
that over the course of optimization, the cosine similarity is always 1 — demonstrating
the implicit bias of the optimization for registration. . . . . . . ... ... ... ...
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FIGURE C.6

FIGURE C.7

FIGURE C.8

Comparison of a typical classical registration algorithm and DIO: Algorithm 6
shows a typical classical registration algorithm that uses a multi-scale optimization
routine to register the fixed and moving images. At each level [, the fixed and moving
images are downsampled by a factor of s;, therefore trading off between discriminative
information and vulnerability to local minima. Algorithm 7 shows our algorithm (red
text highlights differences compared to Algorithm 6) that uses a separate scale-space
feature at each level. Unlike classical methods, the scale-space feature can capture
different discriminative features at each level to maximize label alignment and the
multi-scale nature helps avoid local minima. . . . . . ... ... ... ..... ...
Pseudocode for backward pass with DIO: Given the stored features and outputs
from the forward pass, and the gradients w.r.t. final warp from the backward pass, we
compute the gradients of the loss function with respect to the fixed and moving features
at each level. The gradients are analytically computed depending on the specified
backend. . . . . ...
Comparison of typical DLIR method and our method. (a) shows the pipeline
of a typical deep network. The neural network architecture takes the channelwise
concatenation of the fixed and moving images as input, and outputs a warp field,
which has a fixed transformation representation (SVF, free-form, B-splines, affine, etc.
denoted as the blue locked layer). This representation is fixed throughout training
and cannot be switched at test-time, without additional finetuning of the network.
(b) shows our framework wherein the fixed and moving images are input separately
into a feature extraction network that outputs multi-scale features. These features are
then passed onto an iterative black-box solver than can be implicitly differentiated to
backpropagate the gradients from the optimized warp field back to the feature network.
This allows for a more flexible transformation representation, and the optimization
solver can be switched at test-time with zero finetuning. . . . . ... ... ... ...
Loss curves for toy dataset. Plot shows three curves - the Dice score for (a) all
validation image pairs, (b) image pairs that have non-zero overlap in the image space
(therefore a gradient-based affine solver will recover a transform from intensity images),
and (c) image pairs that have zero overlap in the image space (therefore any gradient-
based solver using intensity images will fail). Our feature network recovers dense
multi-scale features (see Fig. 4.3) which allows all subsets to be registered with >0.99
DicesCore. . . . . v v v
Qualitative comparison of warp fields. Top two rows show the warp fields produced
by thin plate spline using keypoints predicted by KeyMorph, bottom two rows show
the warp fields produced by a diffeomorphic optimization routine from dense feature
maps predicted by our method. Compared to the thin plate spline representation, our
method is able to produce complex deformation fields to accurately capture subtle
anatomical differences in inter-subject MRI registration. . . . . . .. ... ... ..
Qualitative comparison of KeyMorph and our method on OASIS dataset. Qual-
itative evaluation of both labelmaps and intensity images shows that dense features
from our method are instrumental in being robust and accurately registering complex
deformable structures compared to sparse keypoints. . . . . ... ... oL
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FIGURE C.9

Qualitative comparison of KeyMorph and our method on OASIS dataset. Qual-
itative evaluation of both labelmaps and intensity images shows that dense features
from our method are instrumental in being robust and accurately registering complex

deformable structures compared to sparse keypoints. . . . . ... ... oL

FIGURE C.10 Architecture details. (a) illustrates the UNet and Large Kernel U-Net (LKUNet)

architecture designs, which consists of encoder blocks (red) and decoder blocks (purple)
linked using skip connections. Multi-scale features are extracted from the intermediate
decoder layers using a single convolutional layer. This design leads to shared features
across multiple scales. UNet and LKUNet differ in the kernel parameters within each
encoder and decoder blocks. (b) illustrates the ‘Encoder-Only’ versions of the same
networks. The decoder path is entirely discarded, and each feature image is extracted
using a separate encoder. This design enables independent learning of each multi-scale

feature. . . . . . L e

FIGURE C.11 Verifying convergence of KeyMorph. We verify the convergence of KeyMorph (with

FIGURE D.1

dice loss) on the OASIS dataset by plotting the Mean Squared Error (left) and Soft

Dice (right) on the training set. . . . . . . . . . . . . . e e

Qualitative ablation of GP synchronization in FFDP on the fMOST mouse brain
dataset. Red arrows highlight regions affected by incorrect boundary effects due to no

SYNChronization. . . . . . . . . . o v i it it e e e e e e e e e e e e
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CHAPTER 1

Introduction

In medical imaging, different subjects or the same subject across various time points present subtle to drastic
anatomical variability due to inter-subject variations, differences in image acquisition, pathology, and other
factors. This variability prevents accurate and consistent quantitative morphometric analysis and multi-modal
fusion of complementary modalities, hindering downstream tasks like anomaly detection, disease progression
tracking, and population-level analysis. Therefore, images must be brought onto a common coordinate frame
prior to performing any downstream analysis. The ability to quantitatively transform a set of images onto a
common coordinate frame - known as image registration is a fundamental inverse problem ubiquitous across
virtually all of biomedical imaging and life sciences. The computational task is to find a transformation that
maps a ‘source’ configuration of pixels (i.e. also called the moving image) to an ‘target’ configuration of
pixels (i.e. also called the fixed image). Since the optimization variable is to find a transformation that maps
the source to the target, it is an inverse problem. This computational task is defined as an inverse problem
that operates on images defined on a spatial domain €2, typically a compact subset of R? or R3. Images are
defined as functions I : @ — R’ that map the spatial coordinates into a K -dimensional feature vector. The
task is to find a coordinate transformation ¢ : {2 — €Q that establishes voxelwise correspondences between a
moving image I,,, and a fixed image Iy, i.e.

Ij(z) = If(p(x)) VoreQ

where the ~ sign is overloaded to represent ‘anatomical similarity’ rather than intensity similarity, to subsume
multimodal or geometric-matching based registration paradigms. The iterative nature of a standard registration
method is illustrated in Fig. 1.1.

Fixed DT
r— Similarity
Function

O\

oving Apply Tra.nsformatlon Estimate Ne.w
Image to Moving Image Transformation
Figure 1.1: Overview of the iterative image registration pipeline. The moving image is warped by the current

transformation and compared to the fixed image via a similarity function; a new transformation estimate is computed
and the loop repeats until convergence, at which point the registered image is produced.

Registered
Image

Image

1.1. Applications of Image Registration
1.1.1. Clinical-grade datasets
In biomedical imaging, image registration is used for a wide range of quantitative studies. Since image

registration algorithms establish dense voxelwise correspondences, the transformations are used for voxel-
based morphometry (VBM) for detecting structural differences in populations. A common instance of



quantitative VBM in neuroimaging is the cortical thickness estimation and shape analysis across cohorts. One
of the most common algorithms - DIRECT (Das et al., 2009) is built on a registration algorithm to estimate
gray matter thickness using a gray+white matter (GM+WM) binary mask as the starting configuration and
the WM mask as the ending configuration that essentially gives the displacement of the cortical surface,
and consequently a per-voxel cortical thickness estimate. VBM has been widely applied to study structural
brain changes associated with aging, neurodegenerative disorders, psychiatric conditions, and developmental
differences. Population-wide atlas construction and normalization techniques use image registration to define
a common coordinate frame (i.e. the atlas) and register subjects to the atlas. The atlas provides an anatomically
consistent reference for group analyses, enabling statistical comparisons of structure, function, or connectivity.
Popular atlases in neuroimaging include the MNI152, Talairach and ICBM atlases (Lancaster et al., 2007).
More specific atlases (disease-specific (Ravikumar et al., 2020), pediatric (Avants et al., 2015; Xu et al., 2022),
elderly (Wu et al., 2022b)) can be built with the same image registration algorithms. Image registration is
used in building and understanding biomechanical models of organ deformation and anatomical variation
modeling. In pulmonary imaging, image registration of inspiration-expiration scans are used to quantify how
biomechanics are affected in populations sufffering from pulmonary conditions like COPD (Heinrich et al.,
2015). In cardiac imaging, biomechanics-informed modeling uses image registration to introduce physical
constraints such as tissue elasticity, myocardial fiber orientation, and boundary conditions to infer quantities
that cannot be directly imaged, such as local stress, strain, or pressure fields (Qin et al., 2020, 2022). On 4D
imaging sequences, image registration can be used to capture the cardiac motion across cardiac cycles, and
finite element models or continuum mechanics frameworks could be used to simulate cardiac deformation
and assess parameters such as contractility, torsion, and wall thickening.

1.1.2. Ex-vivo neuroimaging and histology for neuroanatomical and pathological studies.

A large body of neuroanatomical studies are performed in conjunction with ex-vivo and blockface imaging
and histology to create detailed, multi-scale anatomical references by integrating structural, molecular, and
cytoarchitectural information across imaging modalities (Casamitjana et al., 2025; Ravikumar et al., 2024).
In-vivo MRI scans are typically limited by resolution due to constraints on scan time and motion artifacts
associated with longer scan times. This makes in-vivo MRI scans unsuitable for studying the microstructural
changes associated with neurodegenerative disease progression. Registration of fine anatomical details
like cortical layers, axonal projections, or individual nuclei are useful to understand neuropathology, and
such analyses are not possible at macroscopic clinical scales. Therefore, high-resolution ex-vivo scans and
blockface imaging are used as a bridge between in-vivo and histology, with the latter used as a gold standard
for ground-truth microscopic tissue characterization and pathology. Many complementary stains are used to
visualize neuropathological features, including protein aggregates, neuronal loss, gliosis, and myelin integrity.
Accurate registration of these structures is important to improve our understanding of morphological effects of
pathology. For example, Alzheimer’s Disease (AD) is characterized by cortical atrophy in the medial temporal
lobes, particularly hippocampus, entorhinal cortex, and parahippocampal gyrus (Ravikumar et al., 2024;
Echdvarri et al., 2011). Accurate atrophy quantification of these structures can only be reliably performed at
~0.5 mm or better resolution MRI or ex vivo imaging, necessitating high resolution registration. Parkinson’s
Disease (PD) is characterized by degeneration of DA neurons in the substantia nigra (Triarhou, 2013) and
subthalamic nucleus that are small (~5-10 mm), requiring <0.7 mm isotropic or ex vivo imaging for volumetry
or susceptibility mapping for accurate delineation (Welton et al., 2023). Multiple Schelosis is characterized by
cortical lesions (Madsen et al., 2021; Beck et al., 2018) that cannot be delineated at the in-vivo resolution and
typically requires high resolution ex-vivo imaging and histopathology integration. Except in-vivo imaging,



all other modalities are very high resolution typically ranging from 500um up to 100pum (Ravikumar et al.,
2024; Echévarri et al., 2011; Welton et al., 2023; Madsen et al., 2021) for ex vivo imaging and ~ 10um for
histology sections. High-resolution imaging and registration are essential in these contexts because they enable
accurate cross-modal alignment and preservation of fine anatomical detail that would otherwise be lost through
downsampling. Most of these studies, however, limit their analyses to localized effects due to the significant
computational cost of registering the entire brain at high resolution. Recently, projects like Allen Brain Atlas
(Allen Institute for Brain Science) and multiple large scale consortia including Seattle Alzheimer’s Disease
Brain Cell Atlas (SEA-AD) consortium and the Human Mouse Brain Atlas (HMBA) consortium are aimed at
creating detailed, multimodal brain atlases linking cellular, molecular, and anatomical organization across
species and disease states - combining individual efforts from multiple institutions together into a unified
resource. Achieving this multimodal organization at the whole brain level requires high-resolution registration
tools to accurately align diverse imaging modalities while preserving fine-scale cytoarchitectural detail. Most
in-vivo to histology registration workflows require registration of an in-vivo image to its ex-vivo counterpart.
The 100um ex-vivo and 250pum in-vivo images released in Edlow et al. (2019); Liisebrink et al. (2017) are
intended to be used as high-resolution templates to enable accurate studies, but lack of computationally
efficient methods restricts their broad usage in the neuroimaging community.

1.1.3. Large scale registration in model organisms.

Over the past decade, imaging across the life sciences and biomedical domains has progressed from mesoscale
surveys to organ- and organism-wide acquisitions at cellular or even subcellular resolution. These span trans-
parent organisms and small animal models (e.g., C. elegans, zebrafish, adult Drosophila) (Varol et al., 2020;
Venkatachalam et al., 2016; Marquart et al., 2017; Gupta et al., 2018a; Peng et al., 2011; Brezovec et al.,
2024), whole-rodent brains imaged at micron or submicron sampling (Gong et al., 2016b; Wang et al.,
2020a), and non-human primate (NHP) and human ex vivo MRI at hundreds of microns (Skibbe et al.,
2023; Milham et al., 2018a; Edlow et al., 2019; Liisebrink et al., 2017). Such modalities routinely generate
giga- to teravoxel volumes (Kutten et al., 2016; Nazib et al., 2018). Their scientific utility, however, hinges on
the ability to perform registration at the native resolution of acquisition, i.e. aligning specimens (or modalities)
in a common coordinate system without sacrificing the fine-scale morphologies-cell bodies, layers, axon
bundles, synaptic neighborhoods— that motivate high-resolution acquisition in the first place (Nazib et al.,
2018; Goubran et al., 2013).

Cellular-resolution atlases in model organisms. In C. elegans, statistical atlases of neuron positions
require aligning whole-animal volumes to preserve the fidelity of closely apposed cells (Varol et al., 2020;
Venkatachalam et al., 2016). In zebrafish, deformable registration with cellular-level precision and minimal
perturbation of tissue morphology enables pooling of gene expression, single-neuron morphologies, and
brain-wide activity (Marquart et al., 2017; Gupta et al., 2018a). In adult Drosophila, whole-brain registration
underpins large-scale databases and enables structure—function integration (for example, aligning two-photon
functional volumes to EM-derived connectomes) (Peng et al., 2011; Brezovec et al., 2024).

Whole-brain rodent imaging Large scale efforts like NIH’s Brain Research through Advancing Innovative
Neurotechnologies (BRAIN) Initiative - Cell Census Network (BICCN) aims to provide researchers and the
public with a comprehensive reference of the diverse cell types in human, mouse, and non-human primate brain,
and researchers collect a wide range of multimodal data including MRI, sectioning tomography, microscopy,
antibody stains (e.g. calbindin), and spatial transcriptomics. In rodents, fMOST pipelines yield whole-brain
images at micron sampling (e.g., 0.32um voxels generating >10TB datasets) for tracing long-range axons and
quantifying cytoarchitecture (Gong et al., 2016b). Constructing stereotaxic spaces such as the Allen CCFv3



and Waxholm rat atlas requires deformable registration that preserves layers and boundaries (Wang et al.,
2020a; Kleven et al., 2023; Kronman et al., 2024). Currently, there is a huge gap between the resolution at
which data is acquired and the resolution at which templates are created. For example, STPT images can be
collected at less than 1um resolution (Liwang et al., 2023), but the Allen CCFv3 template is generated at
10pm by upsampling the registrations from 25um due to compute constraints. Developmental atlases also
register the CCFv3 at resolutions significantly downsampled from the original 10m template (Kronman et al.,
2024; Liwang et al., 2025) citing lack of computational resources as one of the primary reasons. Certain
phenomena of interest like cellular organization and brain-wide connectomes are emergent only at very high
resolutions, necessitating computational tools that can scale with the data.

Zebrafish Initially adopted as a developmental biology model because of its ease of domestication, high
fecundity, and transparent early life stages, the zebrafish has gained broader prominence with advances in
brain imaging, molecular genetic tools, and behavioral assays (Kenney et al., 2021b). For the AZBA template
(Kenney et al., 2021b), the raw images are collected at 4m but was resampled to 8um (8 x downsampling)
due to system constraints. The tools used for the registration (Friedel et al., 2014) do not recommend running
locally and only on a distributed cluster. Brain-wide cellular resolution imaging of transgenic zebrafish lines
(Tabor et al., 2019) is performed on large clusters like Biowulf Linux cluster at the National Institutes of
Health, significantly reducing accessibility of these imaging resources to researchers, signifying an unmet
need for efficient and distributed multimodal registration frameworks.

Non-human primates (NHP), human ex vivo MRI, and biomedical imaging. At larger scales, NHP and
human ex vivo MRI achieve a resolution of few hundreds of microns (Milham et al., 2018a; Skibbe et al., 2023;
Edlow et al., 2019; Liisebrink et al., 2017). Registration is essential for fusing these volumes with histology or
in vivo MRI, enabling alignment of cytoarchitectural detail and correction of distortions (Goubran et al., 2013).
Without such alignment to a stereotaxic space, the cellular and laminar motifs motivating ultra-high-resolution
imaging cannot be meaningfully compared or aligned across specimens or modalities.

Across these diverse domains, the unifying requirement demands access to scalable multimodal registration
algorithms.

1.2. Types of Image Registration

Image registration methods can be categorized by the nature of the transformation model ¢(x) and its extent
used to solve the problem. Broadly speaking, there are two types of desired transformations - (i) global
transformations, and (ii) local transformations.

1.2.1. Global transformations

Global transformations are characterized by a small number of parameters, typically a linear or heavily
regularized nonlinear (rigid, affine, polyrigid (Gopalakrishnan et al., 2025) or polyaffine (Legouhy et al.,
2023)) transformations. These transformations are typically used to align the overall orientation and position
of the images before fine-tuning with local (deformable) transformations. Sometimes they can be used with
gradient-based methods if the transformation of the moving image is not too complex relative to the fixed
image, i.e. if the images are obtained in the same scanner, or technicians have standard orientation protocols
for histology, etc. Fig. 1.2 illustrates some applications of global registration. In histology, global registation is
deployed often to stack consecutive sections of the same subject to create a 3D volume, or align MRI casettes or
histology to blockface images since there is no standardized image acquisition protocol. Mancini et al. (2020)
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Figure 1.2: Applications of global registration. Top row shows ex-vivo hemisphere (left) and in-vivo MRI (right)
images along sagittal and coronal views (with A,P,R,L labels denoting anterior, posterior, right, and left respectively).
The ex-vivo hemisphere has a large oblique rotation axis and direction relative to the in-vivo MRI, necessitating a global
registration step. Bottom row, left shows an MRI casette chunk from the superior frontal lobe and its corresponding
histology section. There are large rotations, flipping, and is multimodal by nature. Bottom row, right shows a 3D CT
scan and three different X-ray projections. Finding accurate camera parameters of the X-ray projection without any
prior knowledge is a challenging task requiring global optimization. This picture is taken from Momeni et al. (2024).

use SURF features and RANSAC to find global alignments between microtome block sections and whole
slice blockface. Pichat et al. (2017) use shape elements to find global alignments between MRI sections and
histology slides. Other approaches (Gangolli et al., 2017) use manually defined landmarks on Myelin Block
Gold II stained sections to find initial alignments. Huszar et al. (2023) formulate a multi-stage pipeline for
histology to blockface MRI registration by leveraging a set of intermediate images obtained after performing
every cutting step of the coronal slab. This set of images is used to form an XOR map of candidate locations
which is used as initialization for the subsequent rigid / affine registration. Deep learning methods like
Wang et al. (2023) and Momeni et al. (2024) use neural networks and differentiable rendering techniques to
perform global registration to initialize the optimization for a subsequent local transformation step. Other
methods (Carey et al., 2023) parameterize the global transformation as the set of corner points of the 2D
section in the 3D image coordinates to perform global registration using supervised learning. This thesis will
primarily focus on local transformations, although we will utilize a few global transformation optimization
techniques in Chapter 6 for ‘in-the-wild’ scenarios. Algebraic second-order moments is also a common
approach to find global alignments between images using the intensities as ‘masses’ (Jaklic and Solina, 2003;
Yang and Cohen, 1999; Taubin and Cooper, 1991; Yushkevich et al., 2016).



1.2.2. A walk down the ‘deformable transform’ memory lane

In contrast to global transformations, local transformations are characterized by a large number of parameters,
typically a deformable transformation model. A d-dimensional (d = {2, 3}) deformable model ¢ (z) =
x+u(x) where x can represent upto IV voxels, the vector field u(x) requires storing d N parameters, compared
to just d(d + 1) parameters for an affine transform. This necessitates spatial regularization R(u) to ensure that
the deformation field is smooth and physically plausible. These transformations are typically used to align the
fine-grained details of the images after the global transformation has been applied. Despite what the name
might suggest, local does not imply ‘‘small’’ - in fact, many local deformation models are expected to capture
‘large deformations’ (when compared to the scale of the anatomical structure being deformed). The primary
challenge to enable standardization of subsequent morphometric analysis in neuro, pulmonary, cardiac, and
virtually all other organ systems is the high amount of anatomical variability across subjects, or within a
subject across time points. Therefore, the computational challenge of most of the applications of deformable
registration lies in optimizing an expressive yet regularized high-dimensional transformation spaces.

Elastic models Early works in deformable image matching proposed using geometric transformations derived
from physical models like elastic bodies. Elastic body registration treats the moving image as a flexible, solid
material that deforms under the influence of internal forces generated by image dissimilarities. In a linear
elastic framework, the displacement field u is governed by the Navier-Cauchy equations:

pV2u+ AN+ w)V(V-u)+ f=0 (1.1)

where 1 and A are the Lamé constants representing the material’s shear modulus and bulk modulus, and f is
the external body force derived from the gradient of the image similarity term. Early works on elastic body
registration included Broit (1981); Bajcsy and Kovacic (1989); Gee and Bajcsy (1998); Davatzikos (1997);
Rabbitt et al. (1995); Pennec et al. (2005); Burger et al. (2013) employing a multitude of techniques atop the
Navier-Cauchy equations Eq. (1.1) including multi-resolution optimization, probabilistic formulations, and
hyperelastic models (i.e. where the stress-strain relationship is a differential equation capturing non-linear
instead of a linear relationship). Elastic models are highly effective for capturing small, smooth deformations
and possess a ‘rest state’ or ‘memory,” meaning the energy increases with the magnitude of displacement. This
property is advantageous for maintaining anatomical topology but can become a limitation when attempting
to register images with significant morphological differences, as the restorative forces may prevent the model
from reaching a global optimum.

Viscous fluid models To address the limitations of elastic models in scenarios involving large deformations,
viscous fluid models were introduced. In this paradigm, the transformation is not viewed as a static displace-
ment but as the result of a velocity field v(x, t) acting over a virtual time interval. By penalizing the velocity
rather than the displacement directly, fluid models allow the ‘material’ to flow and undergo substantial shape
changes without a buildup of restorative energy. The seminal work of Christensen et al. (1996, 1997) used a
modified Navier-Stokes equation

- dv
V25 + AN+ p)V(V - 0) 4+ b(@d) = Vp + p (;;) + U (1.2)

and made a number of simplifying asumptions for very low Reynold’s number flow neglecting the pressure



gradient and the inertial terms such that the equation becomes
V25 + A+ ) V(V - 0) + b(@) = 0 (1.3)

This is similar to Eq. (1.1) but with the velocity field v replacing the displacement field u. The displace—
ment field u is then obtained by integrating the velocity field v over time, i.e. u(x,t) fo x,t)dt'.
Other works (Bro-Nielsen and Gramkow, 1996; Crum et al., 2005; Cahill et al., 2007, Wang and Staib, 2000;
D’agostino et al., 2003) used similar derivations but made different simplifying assumptions, like usage
of a convolution filter in scale-space, multi-grid approach to handle anisotropy, using Fourier methods to
solve linear Navier-Stokes equations, inverse consistency, using other regularization terms under Dirichlet,
Neumann, or periodic boundary conditions. This approach is particularly effective for registering images with
significant morphological differences, as the fluid flow can adapt to the shape of the anatomical structure.

Diffusion models Diffusion-based registration, pioneered by the ‘‘Demons’’ algorithm (Thirion, 1998), offers
a computationally efficient alternative to full physical simulations. For diffusion models, the deformation is
modeled by the diffusion equation:

Vi+F =0 (1.4)

Note that unlike other formulations, Eq. (1.4) is not explicitly modeled in the objective. However, this equation
allows for modeling the Gaussian kernel as the Green’s function of the diffusion equation. Most diffusion-based
methods are inspired by the ‘Demons’ algorithm, an analog to Maxwell’s demons (Thirion, 1998) wherein
the Demon forces were computed for each particle (which becomes the displacement field at that location) ,
followed by an update of the displacement field using the calculated forces. A gaussian filter is applied to the
nonparametric displacement field after every iteration for regularization. Several methods utilized Maxwell’s
demons as a building block for computing the deformation field, proposed diffeomorphic updates, and accurate
numerics (Thirion, 1998; Pennec et al., 1999; Vercauteren et al., 2007a,b, 2009; Dru et al., 2010). However, a
major limitation is that the optical flow equation and demons algorithm in the aforementioned formulations are
well-defined only for monomodal images, significantly limiting their applicability to multimodal registration.
Follow-up studies have attempted to use normalized mutual information or image translation as criteria for
defining the demons forces either in the multi-modal or pseudo-monomodal settings (Modat et al., 2010b;
Guimond et al., 2002).

Flows of diffeomorphisms Flows of diffeomorphisms have also been proposed to model the deformation.
These methods have been by far the most popular and successful models used for both iterative and non-
iterative formulations. In this case, the deformation is modeled by considering its velocity over time according
to the transport equation:

du

dt
where 3 is a smooth velocity field at time ¢. The transport equation describes the dynamics of a set of
particles in the Langrangian frame of reference, which are typically considered to be the lattice points of
the image, or a set of control points. The velocity field is then integrated to obtain the deformation field.
To ensure that the velocity field is smooth, a regularization term is added: R(v;) = [, [|0t]|3d€2, where
|| - ||V is a suitable norm on the velocity field, typically a second order differential operator. A remarkable
property of this formulation is that the final deformation field is a diffeomorphism by construction, i.e. it is
invertible and its inverse is also a diffeomorphism. This is a highly sought after property for registration, as it
ensures that the transformation is physically plausible and anatomically consistent and does not introduce any
tearing or folding of the anatomy. Seminal works on the variational formulation (Dupuis et al., 1998) and

= 4 o (id + @) (1.5)



landmark matching via large deformation diffeomorphisms (Joshi and Miller, 2000; Beg et al., 2005) provided
a rigorous variational and geometric formulation of registration. This was followed by groupwise analysis
(Marsland and Twining, 2004), sparse LDDMM optimization (Sommer et al., 2011), and simultaneous multi-
scale registration (Risser et al., 2011). A limitation of the vanilla LDDMM formulation is that it is not scalable
to large datasets, and is computationally expensive due to storage of a 4D velocity field for a 3D image. To
address this, several methods proposed to drop the time dependence and optimize either a time-independent
velocity field directly or solved the geodesic equation which provides a shortest length time-dependent velocity
field that depends only on an initial momentum (Goos et al.; Ashburner and Friston, 2011; Ashburner, 2007;
Marsland and McLachlan, 2007; Cotter and Holm, 2006; Arsigny et al., 2006).

Discrete optimization approaches While continuous variational methods have dominated the field, discrete
optimization has emerged as a powerful alternative that addresses some of the inherent limitations of gradient-
based optimization. These methods reformulate deformable registration as a labeling problem on a graph, often
utilizing Markov Random Field (MRF) theory (Glocker et al., 2011). Most formulations like Zikic et al. (2010)
proposed a discrete optimization of an approximated energy function in an iterative loop, or used graph-cuts
(So et al., 2011) to find globally optimized solutions to the underlying energy function. Linear programming
formulations are also proposed with a multi-scale incremental approach to account for large deformations and
high-resolution images (Glocker et al., 2008). In these methods, image matching is formulated as a graph
matching problem, where nodes correspond to the voxels in the lattice, neighborhoods define the edges,
and the labels are the deformation fields. Other methods use coupled convex optimization with brute-force
discrete optimization with hand-engineered or learned image features (Modersitzki, 2009; Siebert et al., 2024;
Li et al., 2023b).

Interpolation based transformations In contrast to geometric motivations for representing deformation
fields, another line of work considers interpolation theory to formulate optimizable transformation models,
among which thin-spline-based transformations (Bookstein, 2002, 1991; Johnson and Christensen, 2001;
Donato and Belongie, 2002) are one of the most popular models. Thin-plate splines are also studied in the
context of decomposition of deformations (Bookstein, 2002) into a set of principal warps i.e. orthogonal
components of the deformation. Comparative study of transformation functions (Zagorchev and Goshtasby,
2006) compare the characteristics of thin-plate splines, multiquadric, piecewise linear, and weighted mean
transformations and the effectiveness of these transformations depending on the spacing between control
points.

However, most of these methods were not built for contemporary applications which require high computa-
tional throughput, and are not scalable to large datasets. For instance, one of the major feature requests for
the ANTs framework (Pellman et al., 2016; NirutaDhimal and contributors, 2023) is to have GPU support
for fast image registration to enable large-scale registration pipelines. This is especially timely, owing to
the dramatic adoption of GPU hardware both in academia and industry, significantly lowering the cost of
parallel computing and democratizing access to high-performance computing. Moreover, there have been
significant innovations in adaptive optimization for deep learning (Kingma and Ba, 2014; Tieleman et al.,
2012; Yao et al., 2021; Gupta et al., 2018b) that are not leveraged for spatially regularized and ill-conditioned
problems like deformable image registration, motivating the need for a stronger class of optimizers deployed
on fast SIMD-friendly GPU hardware to enable large-scale registration pipelines.

Deep Learning for Image Registration Contrary to iterative registration, which is formulated as a varia-
tional optimization problem, deep learning for image registration is almost universally modeled as a statistical
learning problem using feedforward inference. In contrast to most classical methods, earliest Deep Learning



for Image Registration (DLIR) methods employed supervised learning for registration tasks (Cao et al., 2017,
Krebs et al., 2017; Rohé et al., 2017; Sokooti et al., 2017) where the deformation field is obtained either
manually or from a classical method. Voxelmorph (Balakrishnan et al., 2019) was one of the first approaches
that introduced unsupervised learning for registration of in-vivo brain MRI images. Subsequent research
expanded upon this paradigm, exploring diverse architectural designs (Chen et al., 2022b; Lebrat et al., 2021;
Jia et al., 2022; Mok and Chung, 2022), loss functions (Zhao et al., 2019b,a; Joshi and Hong; De Vos et al.,
2019; Mok and Chung, 2020a; Zhang et al., 2021b; Qiu et al., 2021; Chen et al., 2022a), and formulations
based on incorporating inverse-consistency or symmetric transforms (Mok and Chung, 2020b; Kim et al.,
2021, 2019; Tian et al., 2023a; Zhao et al., 2019b). However, hyperparameter tuning became a challenge
for DLIR methods since the methods had to be retrained for every new value of the regularization pa-
rameter. This motivated techniques such as conditional hyperparameter injection which addressed hy-
perparameter tuning (Mok and Chung, 2021; Hoopes et al., 2021), while domain randomization and fine-
tuning (Hoffmann et al., 2021; Uzunova et al., 2017; Pérez de Frutos et al., 2023; Fu et al., 2020b) aimed to
addressed generalizability of DLIR methods across domains. Recently, pretrained or foundation models are
also proposed to address the generalizability of DLIR methods across different imaging and anatomy (Liu et al.,
2021a; Tian et al., 2023b). However, these methods perform a monolithic prediction of the warp field from
the input images, losing feedback from the intermediate stages of the registration process as done in classical
methods. To refine the warp fields, recurrent or cascade-based architectures were proposed (Zhao et al.,
2019a,b; Zhang et al., 2021b; Chen et al., 2022a). Cascade-based methods create a substantial memory over-
head due to backpropagation through the entire sequential registration operations and storage of intermediate
volumes (Bai et al., 2022). Another line of work considers using iterative optimization methods but using
neural networks to impose an implicit structural or functional prior on the deformation field. This leverages the
idea of deep implicit priors (Ulyanov et al., 2020) within optimization frameworks to improve the performance
of optimization methods or incorporate implicit constraints of the optimized warp field (Wu et al., 2022a;
Wolterink et al.; Joshi and Hong; Hu et al., 2024). Another promising avenue in deep learning for registration
methods to ensure good domain generalization is the identification of registration-specific designs (Jian et al.,
2025, 2024; Liu et al., 2025a) playing a more prominent role than ‘trend-driven architectural designs’ in
domain generalization. Newer designs (Honkamaa and Marttinen, 2023; Liu et al., 2024c) utilize learnable
versions of correlation volumes or multi-scale deformation composition to achieve large deformations. This
is an active area of research, which can effectively bring the best of both worlds of iterative and deep learning
methods.

However, all these methods have a very high memory footprint even at inference. For example, a clinical
MRI scan of size 34MB can consume upto 10GB of GPU memory at inference. In contrast, the resolution of
images discussed in Section 1.1.2 are typically an order or two magnitudes larger than the resolution of clinical
MRI scans, requiring significantly more memory. Although methods like Jia et al. (2023) aim to produce a
bandlimited deformation field requiring less memory, its scalability to a high-resolution image is not well
studied. These modern frameworks have also not been widely adopted in clinical settings, which could be due
to multifactorial issues like lack of interpretability of the deformation field, brittleness to out-of-distribution
datasets, high computational requirements, and lack of distributed computing capabilities - highlighting
an unmet need for a robust and accurate (theory), interpretable and steerable (theory and empirics), and a
distributed image registration inference framework (systems).



1.3. Statement of Contributions

A holistic view of performance of various registration frameworks In the following (second) chapter,
we perform a systematic study of the strengths and weaknesses for both iterative optimization and deep
learning methods for unsupervised image registration (i.e. using only image based similarity loss functions).
We show that several deep learning methods in the literature suffer from instrumentation bias for running
iterative methods, leading to the performance of these methods being misrepresented in the literature. Our
study performs a careful and thorough re-evaluation and finds that deep learning methods are no better than
iterative methods when recommended parameters are used for the latter. Furthermore, we show that the
optimization of deep learning and iterative methods are trained essentially with the same training gradient
with different Jacobian projections, and we conjecture that the training gradient is the bottleneck for accurate
registration. This is combined with the observation that the mutual information of the intensity and labelmaps
are highly correlated with the Dice score overlap of registered labelmaps using unsupervised registration.
These observations imply that no method can provide consistently superior performance in the unsupervised
case. This is followed by the behavior of deep learning methods in the supervised case, and whether the
improvements in performance lead to gains for out-of-distribution datasets. The results imply that deep
learning methods provide a significant benefit only when a lot of auxiliary labelmap data is available, and if
the test data distribution does not deviate from the training data distribution - assumptions that are very unlikely
to occur in many clinical and translational scenarios. Moreover, other work shows that deep learning for
registration trained with labelmap supervision learns implausible deformations to maximize the labelmap score
- which makes the weakly supervised registration less attractive. This is followed by rigorous independent
evaluation of similar claims made for out-of-distribution generalization across T2w, T2*, FLAIR, 9.4T MRI
images in the LUMIR challenge (Chen et al., 2025). We show that the principal conclusions still hold.

FireANTs In the third chapter we introduce FireANTSs, a powerful framework for registration of the long-tail
of modalities. FireANTSs is motivated as a framework that unlike deep learning-based methods, is not limited
to certain bespoke registration tasks, and can be applied to a wide range of registration tasks. In most of the
registration literature, ill-conditioning is mentioned as a potential problem but never formally addressed. Our
work directly addresses and quantifies some of the theoretical properties of the image registration problem
- most notably the ill-conditioned nature of deformable registration, which has mostly been speculated but
never been explicitly quantified. This strongly motivates the use of first-order adaptive optimization on the
space of diffeomorphisms that are represented as integrals of time-dependent flows. Since the space of
diffeomorphisms is a Lie group and therefore lies on a non-Eucliean Riemannian manifold, applying adaptive
optimization is not trivial. We explore a few alternate designs - specifically using a stationary velocity field to
represent the diffeomorphism, and using Riemannian Adam on diffeomorphisms. We identify computational
and numerical challenges with each alternative, and propose a novel Eulerian descent formulation to derive
adaptive optimization on diffeomorphisms directly. This leads to a state-of-the-art framework that is more
accurate than ANTs due to its powerful optimizer, and is highly efficient compared to other iterative and deep
learning methods both in terms ofmemory footprint and runtime. FireANTs shows state-of-the-art zero-shot
performance on multiple systems, challenge datasets and benchmarks, often beating specialized methods
that are designed for bespoke applications across both 2D and 3D registration tasks. FireANTs allows much
faster hyperparameter grid searches, template building, and distributed optimization, and its efficiency allows
running registration on high-resolution datasets like rodent and zebrafish images.

Deep Implicit Optimization for backpropagation through registration solvers The fourth chapter builds
upon the robust and efficient nature of FireANTSs to convert FireANTSs from an isolated blackbox optimizer
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to a fully differentiable solver. We formulate the mathematical framework necessary for enabling a fully
differentiable multi-scale registration solver that can be used to learn multi-scale feature extractors using
neural networks. These neural networks produce features that are provided to the solver, and the final warp is
used to minimize task-specific losses, such as labelmap overlap or landmark distance. Our method, named
DIO, allows FireANTs or any iterative solver to be used “in-the-loop” to learn task-specific image features,
allowing the best of both worlds - higher fidelity of learned features, with robust performance and convergence
guarantees of the iterative solver. This paradigm presents a few more benefits compared to a typical deep
learning registration framework - namely, interpretability of image features, hotfixing arbitrary solvers and
regularizations at test time, the ability to use auxiliary labelmaps or landmarks available at test time, and superb
robustness to out-of-distribution datasets. This work alleviates one limitation of iterative solvers (i.e. the
ability to be integrated end-to-end with learned features) by making the solver a differentiable plug-and-play
module.

Scalable registration for arbitrarily large images The fifth chapter introduces core systems level con-
tributions to scale registration methods to arbitrarily large images. Over the past decade, there has been a
tremendous growth in image acquisition capabilities for various biomedical and life science applications, includ-
ing MRI, CT, PET, microscopy (Balchandani and Naidich, 2015; Esquivel et al., 2022; Badawi et al., 2019;
Gambarotto et al., 2019; Wassie et al., 2019). Ultra-high resolution imaging technology has enabled acquisi-
tion of images beyond three orders of magnitude larger than macroscopic biomedical domains (Kleven et al.,
2023; Wang et al., 2020b; Mansour et al., 2025; Kleinfeld et al., 2011). For instance, a typical clinical scan
registration requires solving ~ 20M parameters, while a high-resolution ex-vivo human brain scan requires
solving upto 11B parameters. However, current approaches work reliably only at the scale of macroscopic
biomedical domains (~ 50M warp parameters) and quickly run out of memory on larger problems due to
high computational and memory requirements. This leads to a significant gap in the ability to accurately
register images at high resolutions. Under the current status quo, several life science applications use heavily
downsampled versions of their acquired image datasets and perform registration on these downsampled
datasets, losing many key insights. Our work identifies key computational bottlenecks in a typical image
registration pipeline - a composite interpolator, the local normalized cross correlation and mutual information
loss functions, and proposes hardware-aware CUDA kernels that reduce the additional memory requirement
from O(n) to O(1) for an image with n voxels. This leads to a significant improvement in the capability
to register images upto two orders of magnitude larger than existing methods on a single GPU. However,
for larger datasets that do not fit on a single GPU, we need additional considerations. Inspired by Model
Parallel techniques proposed in the Large Language Models training literature, we propose Grid Parallel, a
distributed primitive that allows sharding all variables associated with the optimization problem (moving
and fixed images, displacement grid) uniformly across G GPUs. The Grid Parallel allows optimizing the
sharded problem without any approximation as if registration were performed on a single GPU. To perform
deformable interpolation of the moving image without performing an allgather operation (that would not
scale for large problems), we propose a Ring Sampler that uses a principle of superposition to interleave
communication of image shards and computation and accumulation of partial bilinear interpolation terms
to perform mathematically correct interpolation without imposing any assumptions or constraints on the
deformation fields. Our novel operational contributions allows us to perform multimodal registration of a
100pm human ex-vivo MRI scan in a minute, an unprecedented result in large scale registration. Due to the
lack of evaluation criteria, we also design a synthetic high resolution dataset and show that our method shows
monotonic improvement in performance with increasing resolution, while deep learning methods degrade in
performance.
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Applications on “’in-the-wild” registration tasks The sixth chapter ties all the algorithmic and system-
level contributions together to showcase complex end-to-end “in-the-wild” workflows. The first of these
workflows is a multi-modal, multi-scale registration of in-vivo MRI to histology sections. Such registration
workflows require extensive access to intermediate modalities like in-vivo MRI, ex-vivo MRI, blockface
photographs, binarized and progressively subtracted blockface image sequences after performing block cuts
(Huszar et al., 2023) for initialization of blockface registration, and histology sections. Registration of the
histology sections that rely on neuropathology information pertinent to the spatial distribution of protein
aggregates-specifically amyloid-beta plaques and tau tangles in AD, or TDP-43 and tau inclusions in FTD —
to morphological 3D volumes requires a complex end-to-end workflow that leverages the algorithmic and
system-level contributions of the thesis. Our work provides a robust and flexible framework that can be used to
perform this registration without the need for manual intervention or annotation-based bookkeeping, allowing
researchers to prevent spending enormous labor and extensive resources on sophisticated ex-vivo workflows,
and instead build flexible workflows that do not compromise on accuracy or performance. A second application
is the registration of distorted echo-planar MRI images (EPI) only along the phase-encoding direction, to
recover the “true geometry” of the image. Since EPI imaging is fast compared to conventional MRI images
at the cost of distortion, this allows rapid acquisition of imaging and recovery of the “’true geometry” of
the image. A third application is the registration of lung CT scans using a shallow learnable model trained
using evolutionary algorithms to minimize landmark error of a sparse set of landmarks, which is hard to
achieve using gradient-based methods. Sparse landmark-guided registration is also increasingly popular in
highly hetereogenous datasets like mouse brains (Tustison et al., 2024) but integrating this information in
intensity-based registration is relatively underexplored. These range of applications show the potential impact
of using our contributions to real-world applications.

The material in this thesis has been disseminated in the following articles:

1. Rohit Jena, Pratik Chaudhari, and James C. Gee. "FireANTs: Adaptive riemannian optimization for
multi-scale diffeomorphic registration.” Accepted at Nature Communications.

2. Rohit Jena, Pratik Chaudhari, and James C. Gee. “Deep implicit optimization enables robust learnable
features for deformable image registration.” Medical Image Analysis (2025): 103577.

3. Rohit Jena, Vedant Zope, Pratik Chaudhari, and James C. Gee. ”A Scalable Distributed Framework for
Multimodal GigaVoxel Image Registration.” In International Conference on Learning Representations
(ICLR 2026 Oral).

4. Rohit Jena, Deeksha Sethi, Pratik Chaudhari, and James C. Gee. ”Deep learning in medical image
registration: Magic or mirage?.” Advances in Neural Information Processing Systems 37 (NeurIPS
2024).

5. Rohit Jena, Pratik Chaudhari, and James C. Gee. "The LU-Mirage - An independent evaluation of the
zero-shot claims in the LUMIR challenge”, Medical Imaging for Deep Learning (MIDL 2026).

6. Chenyang Li, Huize Pang, Tianyu Gao, Rohit Jena, Dominique Leitner, Thomas Wisniewski, Arline
Faustin, Henrieta Scholtzova, Laura Gould, Orrin Devinsky, James Gee, Youssef Z Wadghiri, Jiangyang
Zhang, Yulin Ge, ”Whole-Brain Mapping of Formaldehyde Fixation Using Multiparametric MRI”,
“International Society for Magnetic Resonance in Medicine” (ISMRM 2026).
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Rohit Jena, Pratik Chaudhari, and James C. Gee. “Factored Levenberg-Marquardt for Diffeomorphic
Image Registration: An efficient optimizer for FireANTs”, preprint.

Other works that are published and/or disseminated during the PhD, but not part of the thesis are:

1.

10.

Rohit Jena, Zhornyak, L., Doiphode, N., Chaudhari, P., Buch, V., Gee, J. and Shi, J., 2023. Beyond
mAP: Towards better evaluation of instance segmentation. In Proceedings of the IEEE/CVF Conference
on Computer Vision and Pattern Recognition (pp. 11309-11318). (CVPR 2023 Oral)

. Rohit Jena, Yifan Wu, John C. Greenwood, Pratik Chaudhari, and James Gee. ”Automated estimation

of microcirculation capillary density using relative perfusion maps.” In Medical Imaging 2024: Image
Processing, vol. 12926, pp. 188-194. (SPIE 2024 Oral)

. Rohit Jena, Ali Taghibakhshi, Sahil Jain, Gerald Shen, Nima Tajbakhsh, and Arash Vahdat. ”Elucidat-

ing optimal reward-diversity tradeoffs in text-to-image diffusion models.” In 2025 IEEE/CVF Winter
Conference on Applications of Computer Vision (WACYV 2025 Oral)

Min Chen, Nicholas J. Tustison, Rohit Jena, and James C. Gee. “Image registration: Fundamentals
and recent advances based on deep learning.” Machine Learning for Brain Disorders (2023): 435-458.
(book chapter)

. Yifan Wu, Rohit Jena, Mehmet Gulsun, Vivek Singh, Puneet Sharma, and James C. Gee. ”Towards

Establishing Dense Correspondence on Multiview Coronary Angiography: From Point-to-Point to
Curve-to-Curve Query Matching.”, Data Curation and Augmentation Workshop at CVPR 2024
(Oral)

Changhyun Lee, Juergen Biederer, Yoshiharu Ohno, Joon Beom Seo, Grace Parraga, David L Levin,
James C Gee, Rohit Jena, Yoshiyuki Ozawa, Mark O Wielpuetz, Eric A Hoffman, Edwin JR van Beek
“Functional Lung Imaging Using CT: An Update”, Radiology: Cardiothoracic Imaging

. Bailiang Jian, Jiazhen Pan, Rohit Jena, Morteza Ghahremani, Hongwei Bran Li, Daniel Rueckert,

Christian Wachinger, Benedikt Wiestler. ”Disentangling progress in medical image registration: Beyond
trend-driven architectures towards domain-specific strategies” submitted to Medical Image Analysis.

. Yue Li, Pulkit Khandelwal, Rohit Jena, Long Xie, Michael Duong, Amanda E Denning, Christopher A

Brown, Laura EM Wisse, Sandhitsu R Das, David A Wolk, Paul A Yushkevich. “Achieving detailed me-
dial temporal lobe segmentation with upsampled isotropic training from implicit neural representation”.
Submitted to NeuroImage.

Rachel Blue, Nehal Doiphode, Rohit Jena, Peter Madsen, John YK Lee, Jianbo Shi, Vivek Buch
”Designing and Developing a Novel Deep Computer Vision Platform for Intraoperative Prediction and
Analytics in Skull Base Surgery”, Journal of Neurological Surgery Part B: Skull Base

Rohit Jena, Ganesh Subramanian Iyer, Siddharth Choudhary, Brandon Smith, Pratik Chaudhari, James
Gee. "Splatarmor: Articulated gaussian splatting for animatable humans from monocular rgb videos”.
Preprint.
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CHAPTER 2

An Empirical Study and Evaluation of Image Registration paradigms

In this chapter, we go beyond a comprehensive literature review and provide a unified formulation to view
the two prevailing paradigms of image registration. In deformable image registration, the two prevailing
paradigms are iterative optimization and deep learning. While classical optimization-based methods are based
on solving a variational optimization problem, deep learning-based methods are based on learning a deep
network to formulate the inverse optimization problem as a statistical learning problem. While deep learning
methods provide good performance on in-distribution datasets, their large scale clinical adoption is limited
due to their brittle performance on out-of-distribution datasets. We first examine the performance of classical
and deep learning methods on a variety of datasets, with and without labelmap supervision, and whether the
performance transfers to out-of-distribution datasets. The performance of supervised deep learning methods
performing poorly on OOD datasets compared to their own unsupervised counterparts has spurred a lot of
research to develop unsupervised image registration benchmark datasets (Chen et al., 2025) and to develop a
new class of image registration networks (Liu et al., 2024c; Honkamaa and Marttinen, 2023; Jian et al., 2025)
that improve domain generalization capabilities. We study some of the recent claims made in the literature,
and provide a holistic view of the image registration evaluation landscape.

2.1. The two prevailing paradigms of Deformable Image Registration

Classical optimization-based and learning-based methods are the two reigning paradigms in deformable
image registration (DIR). Classical image registration methods are based on solving a variational optimization
problem, where a similarity metric is optimized to find the best transformation that aligns the images. Most
classical methods are formulated without any particular domain knowledge encoded in the optimization
problem, and are therefore general and applicable to a wide range of problems. For instance, the popularly
known registration toolkit ANTs (Avants et al., 2009) has been successfully applied to structural and functional
neuroimaging data (Klein et al., 2009; Yassa et al., 2010; Jiang et al., 2013), CT lung imaging (Murphy et al.,
2011), cardiac motion modeling (Likhite et al., 2015), developmental mouse brain atlases utilizing MRI
and light sheet fluorescence microscopy (Kronman et al., 2023) with virtually no change in the optimization
algorithm. Due to their generality, flexibility, and robustness to varying degrees of imaging, these methods are
well poised to tackle a wide range of clinical and research problems alike. Most clinical workflows routinely
use tools like SPM, Elastix, and ANTSs for image registration (Liisebrink et al., 2017; Tustison et al., 2019).

Most classical iterative methods were developed before the widespread adoption of deep learning, and
therefore, have not been adapted to leverage the benefits of deep learning. Specifically, their multi-threaded
CPU implementations have slow convergence which has been a major bottleneck for their adoption in larger-
scale studies. Since classical methods rely on photogrammetric loss functions for similarity matching, their
performance is limited by the fidelity of image intensities, and they cannot incorporate learning to leverage a
training set containing weak supervision such as anatomical landmarks, label maps or expert annotations.
Deep Learning for Image Registration (DLIR) is an interesting paradigm to overcome these challenges. DLIR
methods take a pair of images as input to a neural network and outputs a warp field that aligns the images, and
their associated anatomical landmarks. The neural network parameters are trained to minimize the alignment
loss over image pairs, label maps, and landmarks from a training set. During inference, an image pair is
provided and the network predicts a warp field, with the parameters of the network encoding the transform
to apply to align the image and labelmaps. A primary benefit of this method is the ability to incorporate
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weak supervision like anatomical landmarks or expert annotations during training, which performs better
landmark alignment without access to landmarks at inference time. This is a notable paradigm shift where
image registration requires task-awareness via explicit correspondence matching of labelmaps and landmarks
that have semantically meaningful information.

However, several recurring patterns in recent work complicate direct comparison between these paradigms.
First, since most publications in recent literature propose to employ deep networks for this task, they typically
report the performance of iterative optimization methods by using suboptimal parameters. For example,
VoxelMorph (Balakrishnan et al., 2019) compares performance with ANTS using regularization parameters
and number of iterations that are different than the recommended ANTs parameters by an order of magnitude.
Even so, VoxelMorph reports performance that is only slightly worse than ANTSs, and presents amortized
optimization (i.e. spend a lot of time and compute to predict the warp field for a dataset simultaneously and
perform quick inference) as the primary benefit of deep learning methods over classical methods. Other
methods unlocked the ability of deep learning methods to maximize ROI overlap as part of the amortized
optimization process (Mok and Chung, 2020c), outperforming than classical methods that operated on photo-
metric similarity alone. However, this trend started to emerge in other unsupervised deep methods (Jia et al.,
2022; Mok and Chung, 2020b; Chen et al., 2022b) without clear theoretical justification. The proposition
in these methods is that progressively advanced computational blocks” are the primary driving factor for
the performance improvements over an iterative solver with convergence and minimization guarantees. We
re-examine these claims in this chapter. Deep learning methods also claim to provide amortized optimization
since classical methods are extremely slow to run, however, modern GPU implementations (Mang et al.,
2019b; Siebert et al., 2024; Modat et al., 2010a; Jena et al., 2026) have overcome this shortcoming of classical
methods while providing state-of-the-art performance. Recent studies have even claimed that simply training
a deep network on T1-weighted images can zero-shot generalize to other modalities such as T2-weighted or
ultra high-field (UHF)images (Chen et al., 2025), a claim that defies established statistical learning theory and
is grounded neither in theory nor in practice. In this chapter, we show that almost all empirical justifications
for the superiority of DLIR methods over classical methods suffer from instrumentation bias (Tustison et al.,
2013), and are therefore based on a misrepresentation of the performance of classical methods. We also
provide a unified formulation to view the two paradigms of image registration, and recipes for fairly evaluating
both deep learning and iterative methods that are more aligned with real-world clinical practice.

2.2. A unified formulation of optimization and deep learning image registration algorithms

We rehash the image registration problem statement to unify both classical and deep learning methods.
Consider a dataset of image pairs D = {(It, 1) | f € {1,2,..., N}, m € {1,2,..., Ny, }}, where I;
and I,,, are the fixed and moving images defined over a spatial domain 2 € R?, and f and m are the indices
of the fixed and moving images in the dataset. Also consider segmentation maps Sy and Sy, for the fixed
and moving images, respectively, defined over 2. Given a family of transformations 7°(2), the goal of image
registration is to estimate transformations @y (f, m) € T'(€2) parameterized by 6 that minimize the following
objective:

argmin ) | L(Iy, I 0 @o(f,m)) + R(go(f,m)) @.1)

fm

where L is a dissimilarity function such as mean squared error, or negative local cross correlation, and R
is a regularization term that encourages desirable properties of the transformation, such as smoothness or
elasticity. We call Eq. (2.1) the image matching objective, since the transformations only need to align the
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intensity images. We can also call this the unsupervised objective, since it does not require any labeled data.
If a suitably chosen label alignment loss D is added as well, the optimization problem becomes:

arg min > L(If, I 0 0y (f,m)) + D(Sy, Sm o @a(f,m)) + Rlpa(f,m)) (2.2)
fim

We call Eq. (2.2) the label matching objective, or a weakly-supervised objective. The image matching objective
can subsume both DLIR and classical methods by choosing

fol¢, Iy,), for deep networks,
eo(f.m) ={ s, Im) b (2.3)

P(fm)> for classical methods.

where fy is a deep network parameterized by 6 and ¢, are optimizable free parameters that are indexed
by the 2-tuple (f, m), i.e. § = Uf,m{SO(f,m)}-
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Figure 2.1: Correlation between Dice Score and Mutual Information. Classical registration methods like ANTs show
a strong correlation between the Dice Score of registered pairs, and the mutual information between the corresponding
image and label across 4 brain datasets.

In this chapter, we consider methods that solve Eq. (2.1) using gradient-based methods. The gradient of
Eq. (2.1) with respect to 6 is given by (we remove the R term for simplicity):

90 fz;; dpo(fim) 00 .

The first term % is the training signal from the dissimilarity function which does not depend on the

parameters 6 for a given value of @g( f, m) and choice of £. The second term W is the Jacobian of the
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transformation with respect to the parameters, which is a projection of the gradient from the space of warp
fields to the space of arbitrary parameters. For classical methods, the Jacobian is the identity matrix, for deep
networks it is determined by the functional relationship of the output with respect to network parameters.
Therefore, the difference in training dynamics and overall performance gap between classical and deep learning

methods is likely to be attributed to the choice of W.

Mutual Information between image intensity and label maps is a good proxy for Label Matching
Performance. Image matching objectives ensure that intensities from the moving image are displaced to
locations in the fixed image where they are most similar, without regard for alignment for any higher order
structures. Intuitively, this will ensure label matching only to the extent that the intensity is predictive of the
label. If an intensity value strongly corresponds to a particular label, then image matching will lead to label
matching. Similarly, if a given intensity value corresponds to multiple possible labels, then image matching
does not tell us which labels are matched via the image matching objective. More formally, considering the
per-pixel intensity ¢ and labels s as random variables, one can compute the mutual information between the
intensity and label maps, denoted as M I(i; s) to determine the predictability of one from the other. We now
show that the label matching performance of classical methods is highly correlated with M 1(i; s). We consider
a widely used classical method, ANTs (Avants et al., 2008a, 2009), to eliminate the effect of any Jacobian
term. We consider four brain datasets - OASIS, LPBA40, MGH10, and IBSR18, which are acquired under
different scanners, under different resolutions, and have different preprocessing, labelling and postprocessing
protocols (Marcus et al., 2007b; Klein et al., 2009). For each dataset, we use ANTs for registering all pairs
within the dataset and then evaluate the Dice score as an indicator of label matching performance. For
each image I and its corresponding label map S, we compute the probability maps p(i), p(s), p(i, s) using
histogram binning, followed by the mutual information M I(i;s) = H(s) — H(s|i). A Pearson’s correlation
coeflicient between the Dice scores and the mutual information of the image and label (Fig. 2.1) reveals a
strong linear (r = 0.886) and logarithmic (r = 0.933) relationship between the two quantities, shown by the
gray and black lines respectively. Image matching improves label matching performance only to the extent of
the information about the label obtained from the image (i.e. M1(i; s)). At a first glance, the Jacobian term

W seemingly does not have a role in improving this mutual information further.

2.3. Instrumentation Bias in Image Registration

If the performance of a method is highly correlated with M I(i; s), then the Jacobian projection term does not
presumably provide any additional benefit beyond operating on the assumption that the task-relatedness of
different image pairs will lead to a Gestalt effect during inference. However, checking this hypothesis requires
careful and fair evaluation of the performance of iterative methods. We demonstrate that most state-of-the-art
deep learning methods exhibit significant instrumentation bias in their reported performance of tools like
ANTs and NiftyReg. Acknowledging instrumentation bias is important (Tustison et al., 2013) because the
evaluation in challenge datasets may be significantly different than how a practitioner uses the methods in
clinical and research workflows. Primary sources of instrumentation bias include:

* Choosing suboptimal or non-recommended hyperparameters: Most iterative optimization methods
provide recommended hyperparameters for common tasks like in-vivo neuroimaging MRI, pulmonary
CT, and cardiac sine MRI. However, several DLIR works choose to use suboptimal or non-recommended
hyperparameters, which may be done to tradeoff accuracy for speed, or due to lack of expertise. However,
this leads to subtle to significant misrepresentation of the performance of classical baselines. For instance,
(Balakrishnan et al., 2019) mention that the default parameters of ANTs are not optimal, and choose a very
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different set of parameters (a Gaussian smoothing of 9 pixels, followed by an extremely small 0.4 pixels at
the next scale). By stark contrast, we found the recommended parameters to work extremely well for all
datasets considered in this chapter (see Table 2.1).

* Running multimodal registration with unimodal similarity functions: Iterative solvers will catas-
trophically fail if multimodal images are attempted to be registered using unimodal losses. For example,
the Ultracortex dataset (Mabhler et al., 2024) contains a mix of MP-RAGE and MP2RAGE sequences for
different subjects, which are qualitatively and quantitatively distinct in terms of contrast and resolution. Our
independent evaluation on this dataset for iterative optimization methods considers the effect of choosing
different similarity functions for multimodal registration.

* Evaluating registration algorithms on low resolution images: Most modern registration challenges
downsample the data into a standard isotropic resolution and attempt to fit their training data, due to high
memory requirements. Two major benefits of using iterative optimization methods is their very low memory
footprint at inference, and that they perform better at high resolutions. In almost every practical scenario, a
practitioner would desire the images to be registered at the highest resolution possible to obtain high fidelity
warp fields. Running optimization solvers on downsampled resolutions therefore constitutes intentional
weakening of the baseline. Instead, DLIR proponents must focus on improving the capabilities of deep
learning to register large scale images, rather than weakening optimization solvers.

* Labelmap bias due to non-existent intensity boundaries: In the LUMIR challenge, SLANT (Huo et al.,
2019) is used for labelling, which uses the BrainCOLOR protocol to obtain a comprehensive segmentation
of the brain. However, cortical parcellation is performed by lifting the atlas to the subject coordinate
frame; the cortical boundaries do not exist as intensity features in the in-vivo MRI. This leads to spurious
results when Dice score is computed due to the low mutual information between the image and label maps,
already discussed in Section 2.2. For in-vivo intensity images, cortical and subcortical structures that can
be delineated must be included in evaluation.

On several state-of-the-art DLIR methods, we observed markedly better results (Fig. 2.3) for classical baselines
than reported in the literature simply by using their recommended scripts. We compare the discrepancy in
performance between the baselines reported in the literature and the ones we obtained in Table 2.1. We
follow the guidelines in (Tustison et al., 2013) to evaluate all methods. To ensure our work does not introduce
its own instrumentation bias for DLIR baselines, we compare the performance of our trained/pretrained
models to the ones reported in the literature (Table 2.1). In the LUMIR dataset, we observe a few sources of
instrumentation bias related to selection of test datasets and generated label maps for evaluation. The LUMIR
challenge claims to perform evaluation on a variety of resolutions, but the text mentions that all datasets
are resampled to the Imm MNI space, essentially discarding the effect on performance due to the varying
resolution of the datasets. Moreover, we find that registering the PRIME-DE dataset to the MNI template is
somewhat unjustified. Consequently, our evaluation adopts a different preprocessing protocol which leads to
improved performance of the deep learning method and a smaller discrepancy in performance between deep
and iterative methods for this particular dataset. Furthermore, the LUMIR challenge uses SLANT (Huo et al.,
2019) that uses a deep learning model to segment a T1 MRI scan into 133 labels based on the BrainCOLOR
protocol (Klein et al., 2010). The SLANT network is trained only on 45 T1-weighted MRI scans from the
OASIS dataset, which is already markedly different than many other T1w datasets. This training set bias can
lead to a significant lack of generalization to other modalities like T2w, T2*, FLAIR, and Ultra High Field
(UHF) MRI. While label fusion can help, systematic bias in the multi-atlas fusion step can propagate into the

18



Evaluation of classical methods reported by baselines

Method Evaluated Baseline Statistic Reported value QOur eval Difference
SymNet ANTs Mean 0.680 0.787 0.107
PIRATE ANTs Mean 0.699 0.787 0.088
LapIRN Demons Mean 0.715 0.802 0.087
LapIRN ANTs Mean 0.723 0.787 0.064
NODEO Demons Mean 0.764 0.802 0.038
NODEO ANTs Mean 0.729 0.787 0.058
Voxelmorph ANTs Mean 0.749 0.787 0.038
Voxelmorph NiftyReg Mean 0.755 0.776 0.021
SynthMorph ANTs Median 0.770 0.797 0.027
Evaluation of DLIR baselines reported by us
Method Dice supervision Statistic Reported value Our eval Difference
SynthMorph - Median 0.780 0.785 0.005
TransMorph-Regular v/ Mean 0.858 0.855 -0.003
LKU-Net v Mean 0.886 0.904 0.018
LapIRN X Mean 0.808 0.788 -0.020
SymNet X Mean 0.743 0.748 0.005

Table 2.1: Instrumentation bias in evaluation of image registration algorithms. We highlight a significant difference
in evaluation metrics reported by baselines and our evaluation on the OASIS validation dataset. This difference can
be attributed to deviation in hyperparameters from the recommended parameters or early stopping to save time. In
either case, this misrepresentation leads to incorrect conclusions about the performance of the algorithm. The reported
dice scores are anywhere from 2 to 10 Dice points lower than our evaluation, showing a non-trivial instrumentation
bias. We report our own evaluation of DLIR algorithms and compare them with reported values to avoid introducing
instrumentation bias in our evaluation.

learned UNet. We observe degradation in performance of the SLANT algorithm on the Ultracortex dataset.
Therefore, a different labelling protocol must be chosen that is (a) robust to variety of contrasts, (b) represent
intensity-based boundaries such as gray/white matter boundaries and subcortical structures, and (c) is not
biased towards a particular dataset.

In the next section, we validate some behaviors of both unsupervised and supervised DLIR methods, address
the instrumentation bias in the LUMIR challenge, and highlight their implications in the context of realistic
and practical clinical and research scenarios.

2.4. Supervised DLIR methods do not lead to better domain generalization

One of the benefits of DLIR methods is that their representation allows learning to leverage label maps as extra
supervision to improve performance on unseen data. This is a key strength over using photometric similarity
alone, since most studies typically perform morphometric analysis on certain anatomical regions of interest.
When label matching is introduced as an objective in Eq. (2.2), DLIR methods show superior performance
than classical methods. Unlike the previous discussion, where only a pixelwise definition of M I(i; s) was
used to quantify the coaction of image intensities and label maps, we consider the entire image I and label
volume S as high-dimensional random variables. Label maps are now a deterministic function of the image,
i.e. S = f(I), where f is the labelling protocol. In addition to image intensity, label maps are a function of
morphological features, location, contrast, and the labelling protocol itself — properties that are beyond the
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scope of photometric similarity alone. When trained with the label maps as extra supervision, the network can
infer these deterministic relationships to output a warp field that maximize both image similarity and label
overlap. Classical intensity-based methods, on the other hand, do not have any mechanism to encode this
additional relationship. Aligning intensities or intensity patches discards any functional relationship between
high-level image features and labels.

Empirical Validation. We verify this claim empirically on the OASIS dataset, by minimizing Eq. (2.1) in
both DLIR and classical methods. We split the OASIS dataset into a training set of 364 images and a validation
set of 50 images. We choose 50 instead of 20 images as in the original split (Hering et al., 2022) to compute
statistical significance. Dice score over 35 subcortical structures is used as the label matching metric. We
choose SynthMorph (Hoffmann et al., 2021), LapIRN (Mok and Chung, 2020c), SymNet (Mok and Chung,
2020b), LKU-Net (Jia et al., 2022) and TransMorph (Chen et al., 2022b) as state-of-the-art DLIR baselines
and ANTs (Avants et al., 2009), NiftyReg (Modat et al., 2010a), Symmetric Log Demons (Vercauteren et al.,
2009), Greedy (Yushkevich et al., 2016), FireANTs (Jena et al., 2026) as state-of-the-art classical baselines.
For all DLIR methods, we use pretrained models if they are trained with Eq. (2.1), or train them with the
architecture and hyperparameters provided in their original source code. The only exception is SynthMorph,
which is trained on synthetically generated data and Dice loss of its corresponding synthetic labels (shapes-
sm model). To compare SynthMorph’s domain generalization capabilities with only the image matching
objective, we add another model, dubbed ‘shapes-sm-ncc’ that is trained on synthetically generated data as
in the original pretrained model, but with the normalized cross-correlation of the synthetic images. For all
classical methods, we follow their recommended hyperparameters and run till convergence. All experiments
are run on a cluster with 2 AMD EPYC 7713 CPUs and 8 NVIDIA A6000 GPUs.

Results. Fig. 2.2(top) shows the Dice scores for supervised classical and DLIR methods trained on the OASIS
dataset, sorted by median validation performance. In this case, state-of-the-art DLIR methods outperform
classical methods by a large margin, with notably higher Dice score on the trainval set than the val set, due
to overfitting to the label matching for the training set. These differences are statistically significant, with
the exception of SymNet, which diverged under many training settings with the Dice loss, and only works
marginally better than its unsupervised counterpart. SynthMorph is not trained on real data, and is added
only as a reference for domain-agnostic performance.

This is an unsurprising result — the label matching objective provides additional training signal to the
registration task, which is a highly ill-posed problem. Classical methods cannot incorporate this additional
signal from a training dataset, and learning-based methods exploit this to achieve better registration on unseen
data. Classical methods are, however, agnostic to modalties, intensity distributions, voxel resolutions, and
anisotropy. The same registration algorithm (with possibly modified parameters) is applied to datasets with
different characteristics, and they still retain their state-of-the-art performance. A related question arises for
DLIR methods trained with label matching — does label matching performance transfer to other datasets?

Supervised DLIR methods do not generalize across datasets A key strength of classical optimization
registration algorithms is their agnostic nature to the image modality, physical resolution, voxel sizes, and
preprocessing protocols. Most DLIR methods, on the contrary, have been evaluated extensively on the same
distribution of validation datasets as the training data, it is unclear if the performance improvements transfer
to other datasets of the same anatomy. To this end, we evaluate the performance of both the classical and
DLIR methods on four brain datasets - CUMC12, LPBA40, MGH10, and IBSR18. These datasets represent
community-standard brain mapping challenge data (Klein et al., 2009) for a comprehensive evaluation of 14
nonlinear classical registration methods, across various acquisition, preprocessing and labelling protocols.
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Figure 2.2: Performance of classical and supervised DLIR methods on OASIS data. Boxplots (top) show that
DLIR methods show superior performance compared to classical methods. Unlike the unsupervised case, the effect of
overfitting is clearly visible in the gap between the trainval and val splits. Tables (bottom) of p-values show the results
of a pairwise two-sided t-test between the performance of classical and DLIR methods on the trainval and val splits.
denotes a cell where the classical method is significantly better than the DLIR method (p < 0.01), a . denotes the
opposite, . denotes no significant difference. State-of-the-art DLIR methods show significantly better performance
than classical methods when label supervision is added.

21



Each dataset contains a different set of labeled regions acquired manually using different labeling protocols.
For each dataset, all previously considered registration algorithms are run on all image pairs, and the mean Dice
score over all labeled regions is computed. The methods are then sorted by median validation performance
in Fig. A.1. For DLIR methods, we plot the performance with models trained with and without the label
matching loss in the OASIS dataset, shown as blue and green boxplots respectively. Across all datasets,
FireANTs, Greedy, ANTs and NiftyReg consistently perform better than DLIR methods, regardless of whether
they are trained with or without the label matching loss. Among the DLIR methods, SynthMorph performs
consistently better due to its domain-agnostic training paradigm. Remarkably, even though DLIR methods
outperform classical methods on the OASIS dataset with label matching objective, the performance does not
transfer to other datasets, even compared to its own unsupervised variant. This is a negative result — implying
that to improve performance on a new dataset, one must collect label maps from that dataset and retrain the
model — existing collections of label maps are not sufficient to improve performance on new datasets.

2.5. Properties of unsupervised DLIR methods

In the previous section, we showed that although DLIR methods show superior performance on the in-
distribution dataset, they do not generalize to other datasets. This is problematic because the method might
be trained on brains from a particular scanner, resolution, and preprocessing protocol, and might be deployed
elsewhere with different imaging characteristics. Moreover, convolutional networks like Jia et al. (2022);
Mok and Chung (2020c,b) showed increased propensity to produce implausible deformations with supervised
training (Jian et al., 2024; Liu et al., 2025a), which are not observed in classical methods. This makes
convolutional networks unsuitable for clinical deployment. A new generation of DLIR methods has emerged
that moves away from ‘‘advanced computational deep learning blocks’” and towards more registration-specific
designs (Jian et al., 2024; Liu et al., 2025a; Jian et al., 2025). The limitation of supervised deep learning
methods has also prompted the development of large-scale unsupervised registation challenges like LUMIR
(Chen et al., 2025) focusing on zero-shot domain generalization which are highly beneficial for clinical
deployment.

While these developments are highly promising, we show that the claims of the current state-of-the-art methods
are often overstated and are not supported by empirical evidence. We explore some of these properties in this
section.

2.5.1. Unsupervised DLIR does not improve label matching performance over iterative opti-
mization

Deep learning methods posit that they can provide better label matching performance on a given dataset
by training a network to minimize Eq. (2.1) in an unsupervised setting. Such improvements are claimed to
come from architectural designs, which correspond to choice of Jacobian W. A variety of architec-
tures and parameterizations (Chen et al., 2022b; Mok and Chung, 2020c, 2021, 2022; Heinrich et al., 2015;
Teshima et al., 2020; Wu et al., 2022a) have been proposed to this effect. First, we show that for convolutional
networks, this is indeed not the case. To show this, we use the same experiment setup as in Section 2.4
on the same splits, but only with the image matching objective. Next, we show that the zero-shot domain
generalization capabilities of the top performing methods in the LUMIR challenge (Vector Field Attention
(Liu et al., 2024c¢)) are not superior to classical methods.
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Results on OASIS dataset.

For all methods, we compute the Dice score of all 35 subcortical regions on images in the validation set
(denoted as val), and all images (denoted as trainval). These Dice scores are sorted by median validation
performance in Fig. 2.3(top). Moreover, we perform a two-sided t-test for each (classical, DLIR) pair, both on
the trainval and validation sets, shown in Fig. 2.3(bottom). Fig. 2.3 shows the following conclusions: (a) the
top performing classical method (Greedy) and the top performing DLIR method (TransMorph) achieve similar
label matching performance on the val and the trainval set, i.e. the differences are not statistically significant
(p = 0.161), (b) classical methods almost always perform better than DLIR methods, even on the training set
showing that the Jacobian term does not improve label matching more than the mutual information between the
image and label, and (c) for unsupervised DLIR methods, there is no improvement label matching performance
in the training set compared to val set. The only role of the Jacobian term is to perform amortized learning,
provide implicit regularization through the parameterization and architecture choice, and possibly leverage
any potential task-relatedness of the image pairs in the dataset. However, without supervised objectives, this
does not guarantee any additional boost in label matching.

Results on NIMH T1w dataset.

The LUMIR challenge shows zero-shot evaluation on a variety of datasets spanning different contrasts, two
species, and three tasks (inter-subject, atlas-to-subject, and subject-to-atlas registration). However, the labeled
data generation and evaluation are not discussed in sufficient detail to ensure reproducibility. There are also
few oversights in the dataset descriptions and evaluation criteria that we discuss, and consider their effect in
our evaluation. For each dataset, we also consider the primary sources of instrumentation bias that can affect
evaluation, and how we control for these conditions.

Baselines. Chen et al. (2025) predicate that the new generation of deep learning architectures surpass
optimization solvers on all registration tasks. To carefully evaluate this claim, we consider independently
evaluating the top performing methods ranked in Table 1 of the LUMIR challenge paper, with Fire ANTs
(Jena et al., 2026) which is reported as the best performing iterative solver. We will discuss more about
FireANTs in the next chapter. However, at the time of writing this chapter, out of the top eight best performing
methods, only two implementations are available in the public domain: SITReg (Honkamaa and Marttinen,
2023) (Rank 1) and Vector Field Attention (Rank 4) (Liu et al., 2024c). Despite SITReg providing an open-
source implementation, it does not provide user friendly interfaces for evaluation on arbitrary datasets and
despite our best efforts at modifying the codebase, we could not run the trained model on our evaluation
setup. VFA on the other hand provided highly customizable configurations that allowed us to seamlessly run
evaluations with minimal changes to the original codebase. FireANTs (Rank 12) provides both CLI-based and
Python-based scripts for evaluation of arbitrary datasets, and we use the Python-based script for consistency.
Therefore, we use VFA as the primary deep learning method for comparison with FireANTs.

Dataset Description. The National Institute of Mental Health (NIMH) Data Archive uses human subject
data collected from hundreds of research projects across many scientific domains. We use the Research
Volunteer Dataset that characterizes healthy adult research volunteers in clinical assessments using mood-
related psychometrics, cognitive function neurophysiological tests, structural and functional MRI, DRI, and
MEG. We use a subset of the T1w MRI dataset for inter-subject registration.

T1w MRI provides excellent gray/white matter contrast, and is routinely used for structural segmentation, and
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Figure 2.3: Performance of classical and unsupervised DLIR methods on OASIS data. Boxplots (top) show that
classical methods on average are ranked higher than DLIR methods, both on the trainval and val splits. Interestingly,
the performance of unsupervised DLIR methods does not improve on the trainval split compared to val split — showing
that deep learning does not have an intrinsic advantage in label alignment. Tables (bottom) of p-values show the results
of a pairwise two-sided t-test between the performance of classical and DLIR methods on the trainval and val splits.

denotes a cell where the classical method is significantly better than the DLIR method (p < 0.01), a . denotes
the opposite, . denotes no significant difference. Most of the cells are | |, indicating that classical methods are
significantly better than DLIR methods.
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morphometry. Similar to most methods, we use overlap of cortical and subcortical structures for evaluation.
The LUMIR challenge’s evaluation protocol uses a tool called SLANT (Huo et al., 2019) that uses a deep
learning model to segment a T1 MRI scan into 133 labels based on the BrainCOLOR protocol (Klein et al.,
2010). However, there are a few issues with using SLANT for evaluation. First, SLANT produces 133 labels,
but is trained only on 45 T1-weighted MRI scans from the OASIS dataset. This can lead to a significant lack
of generalization to other modalities like T2w, T2*, FLAIR, and Ultra High Field (UHF) MRI. While label
fusion can help, systematic bias in the multi-atlas fusion step can propagate into the learned UNet. We observe
degradation in performance of the SLANT algorithm on the Ultracortex dataset. Second, measures like Dice
Scores are highly sensitive to the volume of the structures, and consequently the choice of interpolation method
can significantly affect the score. For example, in our experiments, changing the interpolation method from
trilinear to nearest neighbor in VFA leads to a drop of about 10 points in Dice score for the SLANT labelmaps.
To ensure fair comparison, we fix the label interpolation scheme wherein we first convert each labelmap to a
binary mask, perform trilinear interpolation to obtain probability maps for each label, and for each voxel select
the label with the highest probability. This interpolation scheme avoids blocky artifacts introduced by nearest
neighbor interpolation, considers partial volume effects of the probability maps, and assigns a single label to
each voxel. Third, our previous work Section 2.2 shows that the mutual information between images and
label maps is correlated with Dice Score of registration. The BrainCOLOR protocol used in SLANT provides
extensive fine grained structures including sulcal/gyri boundaries, and various lobe boundaries, which cannot
be delineated by intensity features alone. This can lead to Dice scores of registration methods capturing
spurious associations rather than anatomical relationships that can be delineated by intensity features since
we are interested in evaluating intensity-based registration methods.

Evaluation. To address all these issues, we choose three labelling protocols with varying degrees of granularity
and anatomical coverage: (1) SLANT as used in the original LUMIR challenge, (2) SynthSeg (Billot et al.,
2023) for a comprehensive segmentation of various subcortical structures while segmenting the cerebral cortex
as a single label for each hemisphere, and (3) DeepAtropos (Tustison et al., 2021) that provides a coarse
six label segmentation of CSF, GM, WM, deep GM, brainstem, and cerebellum. We randomly choose 100
subjects from the dataset, resample to 1mm isotropic resolution, and apply all three segmentation protocols to
obtain labelmaps. This provides us a total of 9900 image pairs for evaluation. To provide robust estimates,
we crop the bottom five percentile of the Dice scores for each registration method. We provide common
statistical measures (mean, median, standard deviation) for the Dice scores of the three registration methods
in Table 2.2, and violin plots in Figure 2.4.

Significance Tests. To evaluate the practical impact of the differences in labelling protocols, we perform
a paired t-test and a Wilcoxon signed rank test between the Dice scores of the three registration methods.
For such a high sample size, statistical significance (p < 0.05) is almost guaranteed for any difference,
and we observed p-values lower than 10~ for all method pairs. To report statistical significance, we take
inspiration from Klein et al. (2009) and perform permutation tests (Menke and Martinez, 2004) to determine
if the means of a small set of independent overlap values obtained by each of the registration methods are
the same. The subset of brain pairs was selected so that each brain was used only once, and we fixed the
number of permutations to 1024, and calculate 10,000 p-values for each method pair. We report the fraction
of p-values less than 0.05 (represented as 1) for each method pair as a proxy for statistical significance, as
suggested by Klein et al. (2009), with higher values indicating greater statistical significance. To measure
practical impact, we measure Cohen’s d (that represents effect sizes) for practical significance (d > 0.2) for
each pair of registration methods.
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Figure 2.4: Comparison of the three registration methods on the NIMH T1w dataset. Left shows violin plots of
the Dice scores of the top iterative and deep learning registration methods on the NIMH T1w dataset. Right shows
Cohen’s d scores for all method pairs, quantifying the practical significance of the differences in Dice scores between
the three registration methods.

SLANT DeepAtropos SynthSeg
Mean Median Std Mean Median Std Mean Median Std
Greedy | 0.7289 0.7393 0.0547 | 0.8717 0.8755 0.0219 | 0.8356 0.8384 0.0232
SyN 0.7090 0.7437 0.1178 | 0.8511 0.8735 0.0844 | 0.8300 0.8593 0.1183
VFA 0.5950 0.6421 0.1700 | 0.8764 0.8964 0.0507 | 0.8227 0.8575 0.0933

Method

Table 2.2: Registration method performance across different labelling protocols on the NIMH T1w dataset. Table
shows the mean, median, and standard deviation of the Dice scores of the top three registration methods on the NIMH
T1w dataset.

Discussion. Interestingly, VFA performs significantly worse on the SLANT labelmaps (Table 2.2), in
direct contrast to the results in the LUMIR challenge. Since the conditions for evaluation of the original
challenge are unspecified, we can only speculate that the differences are due to preprocessing conditions
and label interpolation schemes. On the SynthSeg and DeepAtropos labelmaps, the performance of VFA
is comparable to (but still lower than) Greedy and SyN, with minor differences in the Cohen’s d scores
(Figure 2.4). Permutation tests in Table 2.5 show that VFA significantly underperforms Greedy and SyN
on the SLANT labelmaps indicated by high p values, while lower p values for DeepAtropos and SynthSeg
labels suggest that the differences in Dice scores for these labelmaps are not statistically significant. This is
an indicator that modern deep methods like VFA are able to register coarse anatomical structures well, but
may struggle with highly parcellated structures. However, deep methods are comparable to iterative methods
on inter-subject registration of in-distribution contrast, showing maturity of deep learning methods in terms
of task understanding for image registration, compared to the previous generation of methods that performed
well on the training data but failed to generalize to modest and practical amounts of domain shift (Jena et al.,
2024; Jian et al., 2024; Jena et al., 2025; Jian et al., 2025; Liu et al., 2025a).

Results on PRIME-DE dataset.
A natural extension of zero-shot evaluation from the T1w human MRI is to evaluate registration performance
on a human-adjacent mammalian species like the Macaque. To that end, the PRIME-DE dataset provides a

collection of T1w MRI images of the Macaque brain, with original resolutions varying from 0.3 to 0.8mm.
This is in contrast to Chen et al. (2025) which incorrectly claims that the brain images are originally acquired
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Figure 2.5: Comparison of the three registration methods on the PRIME-DE dataset. Left shows violin plots of
the Dice scores of tissue overlap (GM, WM, CSF), Right shows violin plots of the Dice scores of subcortical overlap
between the registered and reference labelmaps.

Method Cortical Subcortical
Greedy v.s. SyN 1.0 1.0
Greedy v.s. VFA 1.0 0.6873

SyN v.s. VFA 0.0512 0.9990

Table 2.3: Statistical significance on the PRIME-DE dataset represented as fraction of p-values less than 0.05 for each
method pair using permutation tests. Higher values represent greater statistical significance.

at lmm isotropic resolution, indicating a potential lack of quality control in the original evaluation. We
download data from the five different sites mentioned in the original challenge, followed by brain extraction
and segmentation using the nBEST (Zhong et al., 2024) tool. All subjects are affinely registered using
FireANTs to a manually chosen subject with 0.3mm resolution, to maximize the field of view and resolution
for subjects with lower resolution. We obtain 116 brain images, resulting in 13,340 (= 116 x 115) image pairs
for evaluation. We include preprocessing and affine alignment scripts in our provided code. The nBEST tool
provides two segmentations: (1) segmentation of three cortical labels (GM, WM, CSF) and (2) segmentation
of six subcortical labels, including thalamus, caudate, putamen, pallidum, hippocampus, and amygdala.

Discussion. We include violin plots, summary statistics, and Cohen’s d scores of Dice score overlap between
inter-subject registered labelmaps for both the cortical and subcortical segmentations in Figure 2.5 and
Figure 2.6. We note a small gap between the performance of Greedy and VFA for both cortical and subcortical
segmentations, showing that modern deep learning methods demonstrate improved task understanding on a
familiar modality but unseen anatomy (i.e. T1w MRI of the macaque cerebrum). The Cohen’s d scores in
Figure 2.6 show that although small, the performance difference between Greedy and VFA is of practical
significance for both cortical and subcortical segmentations, with d scores of 0.308 and 1.016, significantly
outside the accepted standard for ‘‘small effects’” (d < 0.2). Permutation tests in Table 2.3 also indicate that
the difference in Dice scores between Greedy and VFA are statistically significant for independent subsets of
image pairs for cortical segmentations, and slightly less but still significant for subcortical segmentations.
However, SyN underperforms VFA significantly for the subcortical segmentations, indicating that Greedy
is a better overall choice for iterative registration. This modest performance gap is in contrast to the results
in Chen et al. (2025) where VFA underperformed Fire ANTsGreedy substantially, which could be attributed
to poorly designed preprocessing conditions in the original evaluation. This underscores the importance of
careful design of preprocessing conditions for zero-shot evaluation, and the need for a standardized evaluation
protocol for inter-subject registration.
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Figure 2.6: Quantitative comparison of the three registration methods on the PRIME-DE dataset. Left shows
the mean, median, and standard deviation of the Dice scores of the top three registration methods on the PRIME-DE
dataset. Right shows Cohen’s d scores for all method pairs.

2.5.2. Unsupervised DLIR does not generalize to novel contrasts

While T1-weighted imaging provides excellent anatomical detail with superior gray-white matter contrast ideal
for morphometric analysis and structural segmentation, it exhibits limited sensitivity to many pathological
processes. T2-weighted and FLAIR sequences offer complementary contrast mechanisms that are essential for
detecting white matter lesions, edema, inflammation, and demyelination—pathologies that often have subtler
appearance on T1w scans. For example, T2* imaging is sensitive to magnetic susceptibility effects, making it
useful for detecting hemorrhages, iron buildup, and other magnetic substances that are not visible in T1w
scans. T2 weighted images are particularly useful for visualizing fluid-filled structures, such as cerebrospinal
fluid (CSF) and white matter lesions that appear isointense with the background on T1w scans. FLAIR images
on the other hand suppresses signal from CSF, highlighting abnormalities like lesions, tumors, and stroke
against a more homogeneous background. In these modalities, the GM-WM boundary is often less distinct
than in a T1w scan. In clinical practice, multimodal protocols combining these contrasts are standard precisely
because no single sequence provides comprehensive tissue characterization: T1w reveals anatomy while
T2/FLAIR/T2* reveal pathophysiology.

The LUMIR challenge uses the NIMH dataset with T1w, T2w, T2*, and FLAIR sequences for zero-shot
evaluation of out-of-distribution contrasts, where they use the SLANT segmentation from the co-registered
T1w images to the T2w, T2*, and FLAIR images to obtain labelmaps. However, since the majority of labels
in the SLANT segmentation are cortical parcellations and the T2w, T2*, and FLAIR images do not provide
sufficient GM-WM contrast compared to T1w images, we argue that this parcellation is not representative
of the registration task. Moreover, our experiments in subsection 2.5.1 show that the performance of deep
learning methods (VFA) on the SLANT labelmaps is significantly worse than iterative methods (Greedy
and SyN). Therefore, we consider SynthSeg for labelmap generation on the T2w, T2*, and FLAIR images.
SynthSeg is a general purpose segmentation model that is trained on a wide range of contrasts, and is suitable
for accurate segmetnation for all three contrasts. Moreover, VFA performs comparably to iterative methods
on the SynthSeg labelmap on T1w images, setting a benchmark for performance comparison between in-
distribution and out-of-distribution contrasts. Initially, we segmented 438 images from each contrast, leading
to a total of 191,406 (= 438 x 437) image pairs for evaluation of each contrast. We evaluate the average Dice
Score overlap between the registered and reference labelmaps on a randomly chosen (and fixed) subset of
5,000 pairs for each contrast to reduce computational cost.
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Discussion. Violin plots and pairwise Cohen’s d scores are reported in Figure 2.7 and statistical summaries are
shown in Table 2.4. Compared to T1w images, the performance of the top deep learning method VFA drops
significantly for unseen contrasts. The largest difference in performance is observed in T2w images, followed
by T2* and FLAIR images. The Cohen’s d scores in Figure 2.7 underscore that the practical impact of the
performance difference is significant for all three contrasts, contrary to the results in the T1w dataset where
the differences are minor and do not have significant practical impact. For example, on the T2 and T2* images,
the Cohen’s d scores are in the range of 0.70-1.51, significantly outside the accepted standard for ‘‘small
effects”” (d < 0.2). Permutation tests (Table 2.5) further confirm that these performance gaps are statistically
significant. The consistently large mean test statistics () for T2 and T2* reinforce that the observed differences
reflect systematic performance degradation rather than sampling variability. In contrast, both Cohen’s d and
permutation test results indicate smaller effect sizes and weaker statistical significance for FLAIR. This aligns
with the long-tailed Dice distribution observed in the violin plots (Figure 2.7), suggesting higher variability
but less consistent separation between methods. We hypothesize that this behavior stems from the contrast
properties of FLAIR imaging: FLAIR emphasizes T2-hyperintense pathology (e.g., white matter lesions,
edema, periventricular abnormalities) while providing comparatively weak contrast at morphometric tissue
boundaries such as the GM-WM interface and deep subcortical structures. The resulting boundary ambiguity
likely increases registration variability of morphometric boundaries without producing a consistent directional
performance gap between methods.

These results are in stark contrast to the results in the LUMIR challenge, where VFA performed better than
iterative methods on out-of-distribution contrasts, with seemingly no empirical consideration or theoretical
justification for the observed difference. Domain shift is an established problem in deep learning, and is a
well-studied phenomena that is pervasive in a broad range of application areas, and has garnered significant
resources to systematically study and mitigate it (Beery et al., 2020; Zech et al., 2018; AlBadawy et al.,
2018; Jadon et al., 2025). The LUMIR challenge asserts that a variety of deep learning architectures are
robust to domain shift just by training on a large set of T1w images, a direct contradiction to the extensive
literature on domain shift and domain adaptation in deep learning. A crucial question therefore emerges:
can this seemingly absurd conclusion from the original challenge be extended to other tasks like lung CT
or abdomen registration? Moreover, the LUMIR challenge did not explicitly discuss or account for the
interaction between registration performance and image contrast. In particular, T1w and FLAIR images
emphasize qualitatively different structures—T 1w highlights morphometric boundaries, whereas FLAIR
emphasizes T2-hyperintense pathology. Because these contrasts are complementary rather than equivalent,
registration difficulty and evaluation metrics may reflect modality-specific contrast properties rather than
purely methodological differences. Our results are consistent with the expectation that deep methods learn a
distribution of T'1w (task) specific features that is then used in conjunction with registration-aware modules
(Jian et al., 2025, 2024) to achieve generalization to T1w images. Moreover, VFA exhibits significantly higher
variance (a proxy for predictive variance) than Greedy and SyN for all three contrasts, which is consistent with
the literature on predictive uncertainty and entropy estimation of deep learning methods on out-of-distribution
data (Lakshminarayanan et al., 2017; Maddox et al., 2019; Malinin and Gales, 2018).

2.5.3. Unsupervised DLIR does not scale with increasing resolution
The Ultracortex dataset (Mahler et al., 2024) includes a collection of 9.4T ultra-high field MRI images of the

human brain, with resolutions varying from 0.6 to 0.8mm. The images are acquired using a 9.4T MRI scanner,
and the data consists of both MP-RAGE and MP2RAGE sequences. The dataset includes high-quality manual
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Figure 2.7: Comparison of the three registration methods on out-of-distribution contrasts on the NIMH dataset with
labels generated by SynthSeg.

T2 T2* FLAIR
Mean Median Std Mean Median Std Mean Median Std
Greedy | 0.7961 0.8038 0.0292 | 0.7012 0.7148 0.0608 | 0.7049 0.7222 0.0732
SyN 0.8203 0.8241 0.0213 | 0.7161 0.7292 0.0606 | 0.6662 0.7087 0.1245
VFA 0.5524 0.5865 0.1792 | 0.6072 0.6450 0.1287 | 0.6373 0.6907 0.1509

Table 2.4: Registration method performance across different out-of-distribution contrasts on the NIMH dataset with
labels generated by SynthSeg.

Method

segmentations for 12 subjects - which include both gray and white matter segmentations for each hemisphere
- leading to 4 labels.

The LUMIR challenge uses SLANT to obtain labelmaps for the Ultracortex dataset, and downsamples the
images to 1mm isotropic. However, this preprocessing has two undesirable effects. First, submillimeter
resolution images can provide additional cytoarchitectural detail and act as a bridge between low resolution
in-vivo scans and high resolution histology images. Lowering the resolution can lead to loss of this information
and defeats the purpose of using high-resolution scans in the first place. Moreover, this is not representative of
clinical and research workflows where high-resolution blockface scans are used as an intermediate modality
between in-vivo scans and histology slides (Puonti et al., 2025; Alegro et al., 2016). Second, the MP2RAGE
sequences in the dataset are both qualitatively and quantitatively different compared to the MP-RAGE
sequences seen in the OASIS or LUMIR datasets. This constitutes a significant source of domain shift that
leads to poor performance of SLANT on the Ultracortex dataset, making it unsuitable for robust evaluation.
This aspect is not discussed and possibly unaccounted for in the original evaluation. We examine the volumes

Method SLANT DeepAtropos SynthSeg

T1 T1 T1 T2 T2*  FLAIR
Greedy v.s. SyN  0.1870 0.6383 0.0031 0.5930 0.4292 0.0443
Greedy v.s. VFA  1.0000 0.0222 0.1258 0.4244 0.2407 0.0280
SyN v.s. VFA 0.9781 0.2143 0.0025 0.6035 0.4629 0.0292

Table 2.5: Statistical significance on the NIMH dataset represented as fraction of p-values less than 0.05 for each
method pair using permutation tests. Higher values represent greater statistical significance.
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and histograms of the subjects and show that the MP-RAGE sequences (corresponding to subjects sub-
37, sub-45, sub-57) indeed look qualitatively different than the MP2RAGE sequences in Figure 2.8.
Specifically, histograms of the MP2RAGE sequences are characterized by two or three peaks, close to the
extreme values of the intensity range, while the MP-RAGE sequences have a more unimodal distribution with
a single dominant peak.
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Figure 2.8: Multimodal characterization of the Ultracortex dataset. Left shows axial slices of subjects from the
Ultracortex dataset. Out of 12 subjects with labeled segmentations, 3 subjects have MP-RAGE sequence data, and 9
subjects have MP2RAGE sequence data. Right shows histograms of the intensity values of the subjects. The MP2RAGE
sequences are characterized by two or three peaks close to the extreme values of the intensity range, while the MP-RAGE
sequences have a more unimodal distribution with a single dominant peak. The qualitative differences in both the
intensity values and histograms are indicative of the multimodal nature of the dataset.

Evaluation. To account for the possible effect of domain shift on the performance of SLANT, we perform
an alternative evaluation that leverages the high-quality manual segmentations already provided as part of
the dataset. MP2RAGE sequences in the dataset provide excellent gray/white matter contrast, making it a
practical testbed for evaluating performance of registration algorithms. Resolution: First, we affinely register
all images to the sub-3 subject’s MP2RAGE image. This brings all images to a 0.6mm isotropic resolution.
Initially, we proposed evaluation of both the Greedy and SyN modes in Fire ANTs, and VFA on the 0.6mm
isotropic resolution images. Unfortunately, VFA runs out of memory for 0.6mm isotropic registration on a
GPU with 48GB of memory, highlighting the limitations of deep learning methods for high-resolution image
registration. Therefore, we further resample the dataset and labels to 1mm isotropic resolution, and evaluate
the performance of the same methods on the 1mm isotropic resolution images. Multimodality: Moreover, in
the dataset, 3 out of the 12 subjects have MP-RAGE sequences, while the other 9 subjects have MP2RAGE
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Figure 2.9: Comparison of the three registration methods on the Ultracortex dataset.

sequences. Registration of and MP-RAGE to an MP2RAGE sequence constitutes a multimodal task, and we
use MIND features for FireANTs for every pair of images that have different modalities. VFA does not support
any other feature images other than intensities as input, and the evaluation for VFA remains unchanged. We
report the Dice scores on four splits of the dataset - (a) MP-RAGE to MP-RAGE (n = 6), (b) MP2RAGE to
MP2RAGE (n = 72), and (c) MP-RAGE <—— MP2RAGE (n = 54), and (d) all subjects (n = 132).

Table 2.6: Registration performance on Ultracortex dataset across different split types and methods

Split Greedy (0.6mm) SyN (0.6mm) Greedy (Imm)  SyN (Imm) VFA (1mm)

All splits 0.784 +£0.096  0.794+ 0.073 0.768 £0.080 0.769 + 0.071 0.633 4+ 0.100
MPRAGE to MPRAGE 0.804 £0.017 0.803+0.015 0.788+£0.016 0.787+0.015 0.648 £0.037
MPRAGE to MP2RAGE 0.679 £0.060 0.7104+0.026 0.674+£0.014 0.685+0.015 0.535+ 0.065
MP2RAGE to MP2RAGE  0.860 +0.012  0.857 £0.010 0.836 +£0.010 0.831 +0.009 0.706 + 0.051

Discussion. The results in Table 2.6 and Figure 2.9 highlight three key insights. First, MPRAGE to MP2RAGE
registration is a significantly harder task than either MPRAGE to MPRAGE or MP2RAGE to MP2RAGE
registration, illustrated by about an 18 point drop in Dice score compared to the MP2RAGE-MP2RAGE split.
The MP2RAGE images are well poised to register gray and white matter boundaries due to the excellent
contrast, reaching an average Dice score of upto 0.86 for Greedy version of FireANTs. Second, high-resolution
registration leads to around a 2 point increase in Dice score for both Greedy and SyN versions of FireANTs
essentially obtained for ‘free’ without any additional domain-specific considerations. Third, the results show
that beyond the poor generalization of a representative top performing deep learning method on out-of-
distribution contrasts, the methods cannot accomodate multimodal images out-of-the-box. Furthermore, these
methods do not scale beyond 1mm isotropic resolution, limiting their applicability to the broad range of
high-resolution images and the insights provided by advanced high resolution scanners, ex-vivo imaging
studies, and multimodal integration. With improved efficiency of iterative optimization methods, able to
register 0.6mm isotropic images in seconds, they are well positioned to tackle the scale of high resolution
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Figure 2.10: Ablation study on the NIMH dataset showing the effect of preprocessing choices on the performance of
the model. Left shows the performance of VFA on the cropped images, on the original images (denoted as no crop),
and on images in the LPS orientation (denoted as LPS) on the T1w modality. Right shows the performance of VFA on
the cropped and original images on the T2w, T2*, and FLAIR modalities.

imaging workflows pertinent in MRI to histology workflows.
2.5.4. Unsupervised DLIR methods are sensitive to preprocessing choices

An often overlooked limitation of deep learning methods is their sensitivity to preprocessing choices. Most
deep learning methods are trained on a fixed set of preprocessing steps, and may perform poorly if the
preprocessing steps are not the same as the ones used during training. In contrast to highly controlled
evaluation environments like registration challenges, real-world data such as ex-vivo hemispheres, histology,
and blockface images are rarely standardized to the same preprocessing steps or stereotaxic coordinates. Other
domains like MRA imaging can have limited field of view and are highly anisotropic, making it difficult to
standardize the preprocessing steps across modalities. Sensitivity to preprocessing choices shifts the burden
of preprocessing from the model to the practitioner, who may not be familiar with the preprocessing protocol
used during training and might produce suboptimal results.

Evaluation. To demonstrate the sensitivity of state-of-the-art deep learning method VFA to preprocessing
choices, we perform an ablation study on the NIMH dataset using the SynthSeg segmentation protocol. The
NIMH dataset originally contains 208 x 256 x 256 voxels when resampled to 1mm isotropic resolution. Our
preliminary experiments with VFA on the original 1mm isotropic T1w images resulted in significantly worse
performance than expected. Upon further investigation, we found that VFA performs registration well only if
the images are cropped to 192 x 160 x 224 voxels. Therefore, we cropped the images to a smaller region of
interest (ROI) of 192 x 160 x 224 voxels and evaluated the performance of VFA on these cropped images,
upon which we obtained significantly better performance. We also note that VFA was trained on images
oriented in RAS frame, and therefore evaluated its performance on the DICOM-standard LPS orientation.

Discussion. Our results in Figure 2.10 show that VFA performs significantly better on the cropped images
across all modalities, and that the performance is significantly worse on the original images, implying that the
model is ‘locked in’ to a particular voxel size. This poses a practical limitation wherein the practitioner may
not be able to use the model if the anatomy of interest does not fit inside the field of view of the cropped image.
In contrast, iterative methods suffer from no such limitation, and can be readily used by the practitioner without
worrying about esoteric preprocessing choices. Fortunately, there is no significant difference in performance
by changing the orientation of the images, demonstrating some task understanding and generalization by the
model.
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2.6. Summary and Conclusions

OASIS and Klein et al. (2009) data. Preceding experiments show that classical methods provide an unprece-
dented level of robustness and generalizability across datasets, but are limited by the fidelity of the image
matching objective. DLIR methods provide a promising step towards improving registration performance of
anatomical regions by implicitly discovering these structures and predicting appropriate warp fields. However,
this anatomical-awareness on the training dataset does not help in generalizing to other datasets, limiting the
practical utility of these methods. The usability of anatomical landmarks and labelmaps to obtain domain-
invariant registration performance still remains an open research problem. At the current state, a practitioner
should choose DLIR methods only if they have access to a large labeled dataset, and their application is
limited to the same dataset distribution. In all other cases, classical optimization-based methods are the more
accurate and reliable choice.

LUMIR challenge. Our conclusions are rather unsurprising, but strikingly different than in Chen et al. (2025).
First, we observe that the performance of SOTA deep learning methods on T1 weighted MRI imaging is
indeed comparable with iterative optimization methods, even on a human-adjacent species like Macaque -
showing that the next generation of deep learning algorithms for registration demonstrate substantially better
task understanding. However, deep learning methods can show inferior performance on highly parcellated
regions like the SLANT segmentation, compared to other segmentation labels like DeepAtropos or SynthSeg.
Second, the task understanding does not translate to better performance on out-of-distribution contrasts,
contrary to the results shown in Chen et al. (2025). Third, scalability remains an issue with deep learning
methods as demonstrated on the high-resolution Ultracortex dataset, while iterative optimization methods
enjoy improved performance by registering high resolution brains due to their low memory footprint. The
scalability makes iterative optimization method a more practical choice for high-resolution image registration
pertinent in histopathological workflows and life sciences research. Fourth, we show that deep learning
methods are highly sensitive to even trivial changes in image preprocessing, including retaining padding from
the original dataset. These modes of sensitivity puts a burden on the practitioner to ensure the data conforms
to the emulated preprocessing standards during training, potentially limiting its applications to high variability
pertinent in real clinical scenarios.
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CHAPTER 3

FireANTs: Adaptive Riemannian Optimization for Multi-Scale Diffeomorphic Matching

In the previous chapter, we performed a holistic empirical evaluation of the strengths and weaknesses of deep
learning-based image registration methods in comparison to optimization-based methods. The supervised
learning methods show high propensity to overfit to the training data, even in relation to its in-distribution
validation set. Although this has steered researchers to improve unsupervised deep learning registration, such
methods typically show no real benefit over optimization-based methods - their performance on in-distribution
data does not significantly surpass optimization-based methods, they do not reliably generalize to novel
contrasts, they do not scale well with resolution, and are highly sensitive to preprocessing choices, which
are less than ideal factors for real-world clinical deployment. Although iterative solvers seem tempting, they
are slow and utilize first-order gradient descent approaches, and do not leverage differentiablity to enable
end-to-end learning of multi-scale features.

In this chapter, we introduce FireANTs, a multi-scale Adaptive Riemannian Optimization framework for
diffeomorphic registration. Our method captures the full expressivity of time-dependent velocity fields for
modelling diffeomorphisms, and enables adaptive optimization on this space directly, while maintaining high
computational efficiency and low memory overhead for inference. We formally introduce the registration
problem and its mathematical challenges including high-dimensionality and ill-conditioning, discuss properties
of dense diffeomorphisms, and quantify the extent of ill-conditioning of image registration. This sets the stage
for adaptive optimization on the space of diffeomorphisms, where we first discuss a few alternate designs for
adaptive optimization on diffeomorphisms and identify their limitations. This is followed by a novel Eulerian
descent formulation to derive adaptive optimization on diffeomorphisms directly. The chapter concludes with
a detailed empirical evaluation of FireANTs on multiple benchmarks and datasets, showing its state-of-the-art
performance, scalability, and robustness to hyperparameters.
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3.1. Preliminaries of Diffeomorphic Image Registration

Recall from the previous chapter that given d-dimensional images Iy : 2 — RX and I,,, : © — RX where
the domain €2 is a compact subset of R? or R?, image registration is formulated as an optimization problem
to find a transformation ¢ that warps I,,, to I¢. The transformation can belong to an algebraic group, say
G, whose elements g € G act on the image by transforming the domain as (1, o g)(z) = I,,(g(z)) for all
x € (). The registration problem solves for

" = argmin L(p) = C(If, Im 0 ) + R(p) 3.1
where C'is a cost function, e.g., that matches the pixel intensities of the warped image with those of the fixed
image, or local normalized cross-correlation or mutual information of image patches. There are many types of
regularizers R used in practice, e.g., total variation, elastic regularization (Gee et al., 1993), enforcing the trans-
formation to be invertible (Christensen and Johnson, 2001), or volume-preserving (Haber and Modersitzki,
2004) using constraints on the determinant of the Jacobian of ¢, etc. If, in addition to the pixel intensities,
one also has access to label maps or different anatomical regions marked with correspondences across the two
images, the cost C' can be modified to ensure that ¢ transforms these label maps or landmarks appropriately.

Properties of the considered Transformation Group A diffeomorphism is a smooth and invertible map
with a corresponding differentiable inverse map (Banyaga, 2013; Leslie, 1967; Younes, 2010). We denote the
set of all diffeomorphisms on 2 as Diff(Q2; R?). It is useful to note that unlike rigid or affine transforms that
have a fixed number of parameters, diffeomorphisms require dense and variable parameterization, typically
proportional to the size of the image. When groups of transformations on continuous domains are endowed
with a differentiable structure, they are called Lie groups. Diffeomorphisms are also examples of Riemannian
manifolds, and are amenable to Riemannian optimization. This property is explored in Section 3.3.3 in the
context of Riemannian gradient descent.

In this chapter, we only consider a subgroup of diffeomorphisms. Consider the set of continuously differ-
entiable functions u € C} (€2, R?) such that u, J(u) = 0 on 92, where J(u) is the Jacobian of u, such that
[J(w)(2)]ij = ng)i . These functions can be extended to have u = 0 outside 2. Then, for a small enough

€ > 0, x + eu(x) is a diffeomorphism. We refer the reader to Proposition 8.6 in (Younes, 2010) for a succinct
proof. Although these diffeomorphisms are close to identity, diffeomorphisms with larger deviations from the
identity can be constructed by composing these ‘small diffeomorphisms’. Therefore, we study the subgroup
of diffeomorphisms of the form

b = (id + eur) o ... o (id + equy) (3.2)

where u;s are defined as before. We denote this subgroup as G/(£2, R?). This subgroup retains the group
structure with identity element id, the composition operation o induced from Diff(2, R?), and the inverse
group element: gb%_l) = (id+ entn) "o, o (2d + elul)(*l) (as each individual id + €,u,, is shown to
have an inverse (Younes, 2010)). The elements of this subgroup can be thought of as diffeomorphisms arising
from time-varying continuously differentiable flows.

However, the rate of convergence of these algorithms are contingent on the severity of ill-conditioning of
Eq. (3.1). In the following text, we first show the extent of ill-conditioning for diffeomorphic registration
which subsequently warrants adaptive optimization over this subgroup of diffeomorphisms.
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3.2. The IlI-Conditioned Nature of Image Registration objectives

The ill-conditioned nature of image registration represents a comparatively neglected domain of inquiry within
the extant literature. As of writing this chapter, recent works in the literature (Mang and Ruthotto, 2017b;
Mang and Biros, 2017) speculate the ill-conditioned nature of registration, especially for high-resolution
heterogeneous datasets but do not quantify it. Computing the ill-conditioning requires us to analyze the Hessian
of the registration cost function. This is infeasible in general due to the high dimensionality of the problem; the
full Hessian of a MRI brain registration problem requires more than 15 petabytes of memory to store. However,
we consider a typical scenario of T1-weighted 3D MRI image registration with the L2 loss (Balakrishnan et al.,
2019; Avants and Gee, 2004; Beg et al., 2005): i.e. C(If, I, ) = >_;(If(xi) — Im(¢(x;)))?. In this case,
the gradient of C w.r.t. p(x;) is (I ((xi)) — If(x;)) VI (@(2;)), which does not depend on ¢(z;),j # 1.
Therefore, the full Hessian is simply a block-diagonal matrix containing pixelwise Hessians H; = Vfa(xi)C
with eigenvalues {\;;7 = {1,2,3}}. This makes the conditioning analysis tractable. We calculate the
per-pixel condition number, defined as x; = |A¥|/|A|; and investigate the relationship between the
fraction of foreground pixels and x; across multiple spatial resolutions of the images. The study considers
three downsampling factors: 1x (original resolution), 2x, and 4x, in accordance with existing multi-scale
optimization techniques. Fig. B.1 shows that across all resolutions, more than 60% of foreground pixels have a
condition number greater than 10. To elucidate the impact of poor conditioning on optimization, we construct
a simplified example of an ill-conditioned two-dimensional convex optimization problem, detailed in the
Appendix Section B.1. The toy example shows the difficulty of optimization of ill-conditioned problems
using first-order methods like SGD. A typical MRI registration task with L2 loss has a £ > 10%, making it
extremely ill-conditioned, and strongly motivating the need for first-order adaptive optimization.

3.3. Adaptive Optimization for Diffeomorphisms

We provide a brief overview of the mathematical frameworks employed to optimize parameters that reside
on Riemannian manifolds like diffeomorphisms, followed by a novel algorithm that exploits the group
action to define a gradient descent algorithm that eliminates computationally expensive steps. This novel
formulation of the ‘gradient descent’ algorithm can then be formulated to incorporate adaptive algorithms
such as Adam (Kingma and Ba, 2014) to optimize diffeomorphisms.

3.3.1. Euclidean gradient descent using the Lie algebra in shooting methods

Each Lie group has a corresponding Lie algebra g which is the tangent space at identity. This creates a locally
one-to-one correspondence between elements of the group g € G and elements of its Lie algebra v € g given
by the exponential map exp : g — G effectively to reach g = exp(v)id from identity id € G, the exponential
map dictates that the group element has to move along v for unit time along the manifold. Exponential
maps for many groups can be computed analytically, e.g., Rodrigues transformation for rotations, Jordan-
Chevalley decomposition (Chevalley, 1951), or the Cayley Hamilton theorem (Mertzios and Christodoulou,
1986) for matrices. For diffeomorphisms, the Lie algebra is the space of all smooth velocity fields v :
Q) — R?. There exist iterative methods to approximate the exponential map called the scaling-and-squaring
approach (Ashburner, 2007; Balakrishnan et al., 2019) which uses the identity

N
@ =exp(v) = lim_ (id + %) (3.3)
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to define a recursion by choosing NV to be a large power of 2,i.e. N = 2M as

e1/2Y) = id 4y /2M (3.4)
/25 = H1/20F0) o SO2E) ke 10 1L M~ 1Y, (3.5)
This can be thought of as a special case of Eq. (3.2) withn = 2M7 €= % andu; = ... =u, = 0.

By virtue of the exponential map, we can solve the registration problem of finding ¢ € G by directly optimizing
over the Lie algebra v. This is because the Lie algebra is a vector space and we can perform, for example,
standard Euclidean gradient descent for registration (Moler and Van Loan, 2003; Hall and Hall, 2013; Hall,
2000). Such methods are called stationary velocity field or shooting methods. At each iteration, one uses the
exponential map to get the transformation ¢ from the velocity field v, computes the gradient of the registration
objective with respect to ¢, pulls back this gradient into the tangent space where v lies
0

VoL = 8—‘5va (3.6)
and finally makes an update to v. Traditional methods like DARTEL (Ashburner, 2007) implement this
approach. This is also very commonly used by deep learning methods for registration (Balakrishnan et al.,
2019; Krebs et al., 2019; Niethammer et al., 2019) due to its simplicity. Deep learning methods typically
produce outputs that lie on some Euclidean vector space, and intrepreting the output as a Lie algebra element
and using the exponential map to obtain the diffeomorphism is therefore common practice. Geodesic shooting
methods are more sophisticated implementations of this approach where ¢ is the solution of a time-dependent
velocity that follows the geodesic equation; the geodesic is completely determined by the initial velocity
vg € g. Therefore, Eq. (3.6) is a valid gradient computation (with a different form of ‘g—f) for optimizing
geodesic or momentum based representations of diffeomorphisms as well.

Adaptive optimization algorithms can be applied to the Lie algebra since it a Euclidean vector space g.
However, there are a number of challenges with this method. First, this method requires computing the
exponential map and its derivative, both of which need to be iteratively evaluated at each step of gradient
descent. This is evident in Fig. 3.4 where direct optimization with ANTSs runs much faster than the Lie-algebra
counterpart. Moreover, the exponential map is only locally diffeomorphic, meaning it is suitable for modelling
deviations close to the identity but not for large deformations — this leads to less expressivity and poor
performance. In Fig. 3.4, the greedy SyN method which employs direct optimization significantly outperforms
the Lie algebra-based DARTEL. In Fig. 3.1 we observed that across a large variety of hyper-parameters
evaluated via grid search, direct optimization consistently led to better target overlap compared to its Lie
algebra counterpart on the LPBA40 dataset. Therefore, Lie algebra based methods are typically empirically
observed to be suboptimal in representational power.

3.3.2. Limitations of Stationary Velocity Fields

A common approach in diffeomorphic registration is to use stationary velocity fields, i.e. velocity fields that
are constant in time. This velocity field is also an element of the Lie algebra that can be used to generate a
diffeomorphism using the exponential map. Since the velocity field itself resides in Euclidean space, adaptive
optimization algorithm like Adam can be applied to optimize the velocity field. Many deep learning methods
employ this approach since it is hard to produce valid diffeomorphic transforms using a network but it is easy
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to produce a valid stationary velocity field. CLAIRE (Mang, 2024) mentions the limitations of this approach
without further elaboration. We discuss three limitations of the SVF based optimization approach:

Computational Cost Optimizing the velocity field requires computing the exponential map using the
scaling-and-squaring approach (Eq. (3.5)) to obtain the diffeomorphism. Typical registration pipelines run
scaling-and-squaring 6-8 times to obtain the diffeomorphism, and the backprop requires another 6-8 steps of
iterative backward calls to compute the gradient of the velocity field. This is a significantly expensive operation
performed every iteration of the optimization, leading to a substantial slowdown in runtime. In contrast, direct
optimization requires only one warp composition to perform the diffeomorphic update ;1 = ¢y 0 (id+nvy).
The significant difference in runtime is observed for ANTs and DARTEL in Fig. 3.6b. SVFs also cannot
represent diffeomorphisms that are integrals of time-dependent velocity fields, which are more flexible and
can represent a wider range of deformations (Wu et al., 2022a, 2024; Mang, 2024).

Tradeoff between Numerical Accuracy and Computational Cost Exponential maps of SVFs are math-
ematically diffeomorphic in nature, but it is observed that numerically SVFs may not be diffeomorphic.
Other works (Wu et al., 2022a) show that SVF based baselines like Log Demons have significantly more
non-diffeomorphic voxels than time-dependent velocity fields like SyN and NODEO. We see similar trends in
Fig. 3.4c, where the SVF based DARTEL has significantly more non-diffeomorphic voxels than the direct
optimization in ANTs and FireANTs. This numerical inaccuracy traces back to the discretization error in
the scaling and squaring approach, which is essentially Euler integration of the velocity field. In the base
case of the scaling-and-squaring approach (Eq. (3.4)), ¢/ 2M) = jd + vo/2M is not guaranteed to be a
diffeomorphism unless the Lipschitz constant of vy, denoted as LP(vg) is less than 2V, The inductive
recursion step (Eq. (3.5)) only preserves the diffeomorphic property if the base case is a diffeomorphism,
otherwise the non-diffeomorphism can propagate throughout the subsequent steps to the final diffeomorphism.
Here, we provide a proof that the base case is a diffeomorphism only for vy with Lipschitz constant less than
2M showing that velocity fields with large deformations or highly variable deformations require finer Euler
integration steps (i.e. larger M) to ensure numerical diffeomorphisms.

Theorem 1. For a C>(Q, R?) velocity field vg with compact support on 2 such that vg(z) = 0 on z € 99,
the transform ¢ = id + evy is a diffeomorphism for |¢| < 1/LP(vy), where LP(vp) is the Lipschitz constant
of V0.

Proof. Since v is a C*=(Q,R?) (is continuously differentiable and is compact on €2) velocity field, the
Jacobian of the velocity exists, and is denoted as .J(vg). We invoke the Hadamard’s global inverse function
theorem (Hadamard, 1906) (HGIF theorem) to show that ¢ is a diffeomorphism for |e| < 1/LP(vy).

The HGIF theorem requires that ¢ is smooth (true by our definition), and the Jacobian of the transformation
is non-singular for all x € Q, and that || Jo(z)~!|| is bounded for all z € €. Since vy is defined only on
a compact domain 2, we use the Whitney extension theorem (Whitney, 1992) to extend vy to a C>(R%)
velocity field by simply setting vg(x) = 0 for z € R\ €.

For x € R?\ €, we have p(z) = z, and therefore J(z) = I which is invertible, and || Jp(x) 1| = 1 which
is bounded.
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For x € ), we have

Jo(x) =1+ eJvy(x) 3.7)
= [[Jo(x) — I|| = |e|| Jvo(2)]| < €| LP(vo) <1 (3.8)

since |e¢| < 1/LP(uvp). Since ||Jo(x) — I|| < 1, Jp(z) is non-singular for all € 2 from the Neumann
convergent series of matrix (I — A) (i.e. A=1 =322 (I — A)%).

For A = Jp(z), we have || — A|| < 1 from the above inequality. Let || — A|| < ¢ for some § < 1. Using
the Neumann convergent series of matrix (I — A) (i.e. A=t = >3 (I — A)* for ||[I — A|| < 1), we have

JATH <D I = A (3.9)
k=0
> 1
k __
<k§::06 =1 (3.10)

This shows that || Jo(z) || < 115 forall 2 € Q and is bounded.

Since ¢ is C°°(R%, R?), and the Jacobian is non-singular and its inverse is bounded for all z € R?, we have
that ¢ is a diffeomorphism for all 2 € R%. O

If |e] > 1/LP(uvp), then || Jp(z) — I]] < 1 may not hold and the Jacobian may be singular for some z € €,
breaking local invertibility. When scaling-and-squaring is employed, the velocity field might have large
magnitudes to capture large deformations during optimization, leading to a large Lipschitz constant. Fixing
the number of integration steps M can lead to numerical non-diffeomorphisms if the Lipschitz constant
exceeds 2M . In principle, M should adaptively chosen to the lowest value such that 2" > LP(vg). We
validate this empirically in Section B.2.

Sensitivity to Perturbations and limits of Expressivity Another potential source of numerical instability
arises from the sensitivity of diffeomorphisms to perturbations in their underlying velocity fields. While
perturbation and sensitivity analyses are well established for matrix exponentials, often showing that output
deviations grow exponentially with the norm of input perturbations (Van Loan, 1977; Zhu et al., 2008). Several
works have also investigated the singularities of the Euler equation (Drivas and Elgindi, 2023; Preston, 2004;
Lee, 2018) that leads to blowups in geodesic flows that represent diffeomorphisms. Unlike finite-dimensional
Lie groups, the derivative of the exponential can fail to be surjective, possibly producing ill-conditioning and
numerical instability near certain vector fields representing conjugate directions (Ebin et al., 2006). SVFs
have a few limitations in regards to expressivity. For example, there are diffeomorphisms arbitrarily close to
the identity that are not contained in flows (1-parameter subgroups or SVFs) (Milnor, 1984), showing that the
exponential map is not surjective to the group of diffeomorphisms even locally. The strong dependence on
initial conditions and parameters observed in such systems suggests that analogous sensitivities may contribute
to numerical instability and inexpressivity in SVF-based optimization methods. This is empirically observed
in Fig. 3.1, where the exp representation underperforms for the same cost function and dataset, potentially due
to instability and inexpressivity being factors in the small performance degradation since the other parameters
of the optimization (loss function, regularization) are kept constant or determined using cross-validation
(optimal learning rate, for example).
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Direct optimization of diffeomorphisms do not suffer from these limitations, since the perturbations of the
diffeomorphism (outputs) are controlled directly by the magnitude of the velocity field in the update rule
Yrr1 = @t o (id + €;v¢), and any diffeomorphism close to the identity can be obtained trivially by controlling
vt and €; appropriately.

3.3.3. Riemannian Gradient Descent

Solving the registration problem directly on the space of diffeomorphisms avoids repeated computations to
and fro via the exponential map. The downside however is that one now has to explicitly account for the
curvature and tangent spaces of the manifold. The updates for Riemannian gradient descent (Boumal et al.,
2014) at the ¢ iteration are

Pr+1 = €XP,, (—77 Proj%(vch))

3.11
where V,L = _187[/ ( )
2

where one pulls back the Euclidean gradient g—{; onto the manifold using the inverse metric tensor g (which
makes the gradient invariant to the parameterization of the manifold of diffeomorphisms) before projecting it
to the tangent space using Proj,, . Since the tangent space is a local first-order approximation of the manifold’s
surface, we can move along this descent direction by a step-size 7 and compute the updated diffeomorphism
+1, represented as the exponential map from ¢; computed in the direction of —Proj,, (V,L).

However, there are a few challenges in optimizing diffeomorphisms using Riemannian gradient descent.
First, adaptive optimization algorithms such as RMSProp (Tieleman et al., 2012), Adagrad (Duchi et al.,
2011) and Adam (Kingma and Ba, 2014) have become popular because they can handle poorly conditioned
optimization problems in deep learning. Variants for optimization on low-dimensional Riemannian manifold
exist (Bonnabel, 2013; Zhang et al., 2016; Bécigneul and Ganea, 2018; Kochurov et al., 2020). In contrast
to these manifolds, diffeomorphisms are a high-dimensional variable-sized group (e.g., the parameterization
of the warp field scales with that of the image size). Therefore, operations like computing the Riemannian
metric tensor, and parallel transport of the optimization state variables (momentum and curvature) are very
computationally expensive. For diffeomorphisms, computing the parallel transport requires solving a system
of partial differential equations, which is computationally expensive. For these reasons, we do not consider
direct Riemannian optimization for diffeomorphisms in our work.

3.4. Exploiting the group structure of diffeomorphisms

Diffeomorphisms are imbued with additional structure compared to a Riemannian manifold — they are a Lie
group as well. Not all Riemannian manifolds are Lie groups - notable examples of non-Lie group Riemannanian
manifolds include the sphere S™, fixed-rank matrices, and the Stiefel and Oblique manifolds (Boumal et al.,
2014). The additional Lie group structure of G(£2,R%) allows us to exploit the group action to define a
gradient descent algorithm that eliminates computationally expensive steps. In the following text, we provide a
novel method to compute a descent direction in the group of diffeomorphisms that is computationally efficient
and can be used with adaptive optimization algorithms.

Minimizing the Eulerian differential. Consider a function U : G — R that we aim to minimize. Let V' be
an admissible Hilbert space of vector fields on {2 embedded in C¢ (Q2, R?). We define an Eulerian differential
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Figure 3.1: Comparison of exponential versus direct optimization on LPBA40 dataset: We run the hyperparameter
grid search on the LPBA40 dataset using direct Eulerian updates with Adam optimizer (denoted as rgd), and optimizing
the velocity field by computing the exponential map to represent the diffeomorphism (denoted as exp) across all the
configurations shown in Fig. 3.7(a). The average target overlap for each configuration is then stored, and a histogram
of target overlap values of the dataset is constructed. Note that the rgd variant has a significantly more number of
configurations near the optimal value, and the average performance and the overall distribution of our optimization is
better for the rgd variant than exp. Similar trends can be observed for the EMPIRE10 lung challenge in Fig. 3.4, where
the exp representation underperforms for the same cost function, data, etc. Therefore, we recommend direct Eulerian
optimization for diffeomorphisms.

in V if there exists a linear form U € V* such that for all v € V:

(0U(p)v) = U (w0 0te)|,_ (3.12)

and ¢f, (x) = exp;4(tv)(z) =z + fg v(pgs(x))ds is the flow of the vector field v starting from the identity.
This definition of Eulerian differential is different from the one in (Younes, 2010) to perform all updates
(v) in the tangent space at identity and leverage Jacobian-free descent (see later). The goal is to choose a
suitable v such that the directional change of the Eulerian differential along v is negative, making v a descent
direction. A more familiar rate of change of U along a curve v is given by the Gateaux derivative:
ou
Op =

v) =0 U(p + tv) (3.13)
G
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The Eulerian differential is closely related to the Gateaux derivative of U at ¢ as:

ou J(so)v)
G

OU(p)Iv) 5 = <3¢

using chain rule. The right side is further expanded as:

]
@U@= [ (Ww)(x)) J(o(2))o(x)da

where J(¢)(z) = J(p(x)) with slight abuse of notation. We introduce the Gateaux derivative and relate
it to the Eulerian derivative because we typically have access to the Gateaux derivative using automatic
differentiation tools like PyTorch, but to perform optimization on the group of diffeomorphisms, we need to
compute the Eulerian differential. Choosing

vale) = ()T ‘;Z«o)(x)

gives us:

rou

J () 89z)(s@)(a?) dr <0

(OU(#)|va) , = — /

Q

This choice of v,4(z) is therefore a descent direction for the Eulerian differential of U at . To perform
gradient descent on the Eulerian differential at ¢, we need to compute the descent direction v4, perform the
exponential map with a small learning rate 7;, and perform the update:

Qi1 = Pt 0 exXpig(N1va)

For small enough 7, the exponential map can be approximated with a retraction map (i.e. exp;;(n:vq) ~
id + nyvg), which is quick to compute.

We quickly contextualize the key differences between Gateaux gradient descent and our proposed Eulerian de-
scent. First, the steepest descent direction in Gateaux gradient descent is — g—g (), whereas itis —J (¢) " g—g (p)

in Eulerian descent. Second, the update rule in Gateaux gradient descent is @¢41 = ¢ — nt‘g—g(go), whereas
itis @441 = ¢ 0 exp;4(nrvq) in Eulerian descent. These two differences capture the essence of performing
optimization on the group of diffeomorphisms in contrast to optimizing on the (Euclidean) ambient space
directly.

Adaptive optimization on diffeomorphisms. Note that for small enough ¢, the descent direction v4(x)
can also be interpreted as a vector in the tangent space at identity, with f, = exp,,(tv) since ¢f}, = id, and

Orpilt=0 = v. Descent directions over gradient descent iterations ¢ denoted as vg) all lie on the same vector
space, i.e. the tangent space at identity. Therefore, first order algorithms like Adam can be applied on the
sequence of descent directions vu(;) which now lie in the same vector space, without requiring computing
the metric tensor, parallel transport or change of coordinates (charts) throughout the optimization process.
This framework leveraging the group structure forms the core of our adaptive optimization algorithm for

diffeomorphisms. Our framework is therefore a significant advantage over Riemannian optimization methods
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which require parallel transport of the momentum and curvature vectors at each iteration.
Jacobian-Free Eulerian Descent

We provided an obvious choice of descent direction vg(x) for the Eulerian differential of U at . The Gateaux
derivative ‘g—g is readily obtained using automatic differentiation tools like PyTorch. However, the descent
direction requires us to multiply this derivative with the Jacobian of the diffeomorphism .J(¢), which may be
computationally expensive. However, in most diffeomorphic image registration applications, the role of the
diffeomorphism is warp the image by performing local translations, scaling and shearing without introducing
large local rotations. Mathematically, we consider the polar form of the Jacobian J(¢)(z) = U(x)P(x)
where U (z) is a unitary matrix, and P(z) is a positive definite matrix. We assume that for most applications,
U(z) = Ijxq4, making J(p)(x) positive definite. With this assumption, we can choose the modified descent

direction
oU

vglw) = ~ 9, @)

and the Eulerian differential at ¢ is

:
(@01) =~ | (gZ«o)(m) J@(x»ggwm <0

since v)y(x) T J(¢(x))v)y(x) > 0 for all 2 € Q, owing to the (assumed) positive definiteness of J(¢)(z). For
all experiments, Jacobian-free descent directions v/,(x) are used, and they provide faster runtime and with
same accuracy. Adaptive first-order optimization can now be performed on this modified sequence on descent

directions v;(i) (z), saving significant computational and memory overhead by avoiding computation of J(¢).

Note that this algorithm using the Eulerian differential is only possible due to the group structure of diffeo-
morphisms. For an arbitrary Riemannanian manifold M and points ¢, ¢f, € M, the operation ¢ o g, does
not make sense. The additional group structure of G(€2, R?) allows us to propose a novel Eulerian descent
algorithm without performing Lie algebra optimization, or Riemannian gradient descent, both of which are
computationally expensive for diffeomorphisms.

Alternative formulations for Eulerian differential

Our definition of Eq. (3.12) is different from the one in (Younes, 2010) in two subtle but important ways. First,
we do not define the registration objective in terms of the group action or pullback image ¢.I = I(p~!(z)),
and instead define the objective in terms of the pushforward image I(¢(x)). This is to avoid computing and
storing both ¢ for autodifferentiation and ¢! for computing the objective, implementational simplicity, and
consistency with more modern registration framework formulation. FireANTs provides additional functionality
to compute ¢! post hoc using a multi-scale objective function similar to the image matching objective:
o~ =argmingea Y, cq ¥ (@(z)) — /13 + [|¢(¥(x)) — z||3. This allows researchers to obtain an inverse
transform on a post hoc basis without computing ¢! during optimization. This subroutine is also used
in the symmetric registration objective to compute the final transformation ¢ = s o (10;1. The second
difference is the definition of the Eulerian differential itself - note that we use the composition U (¢ o ¢g,) in
Eq. (3.12) instead of U (g, o ¢). Defining the Eulerian differential using the second formulation without
using the group action ¢.I implies that we will compute the velocity field in the Langrangian frame, i.e.
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V(y) = v(p(z)) = —g—g. To compute adaptive optimization updates and Lipschitz constant to scale the
learning rate (see Section 3.3.2), we need to compute the corresponding velocity field in the Eulerian frame, i.e.
v(z) = V(¢ (y)) which requires computing ¢~ 1. Therefore, we choose a definition that avoids computing
¢~ ! and allows inexpensive adaptive optimization updates.

3.5. Interpolation strategies for multi-scale registration

Classical approaches to deformable image registration is performed in a multi-scale manner. Specifically, an
image pyramid is constructed from the fixed and moving images by downsampling them at different scales,
usually in increasing powers of two. Optimization is performed at the coarsest scale first, and the resulting
transformation at each level is used to initialize the optimization at the next finer scale. Specifically, for the
fixed image I and the moving image I’ and K levels, let the downsampled versions be {1 }X_| and {I} }1 ,,
where k is the scale index from coarsest to finest. At the k-th scale, the transformation ¢y, is optimized as

¢y = arg min L(Iy, I} o ¢x)
PrEG

where ¢y, is initialized as

_Jid ifk=1
ok Upsample(py—1) otherwise

Unlike existing gradient descent based approaches, our Riemannian adaptive optimizer also contains state
variables my, corresponding to the momentum and vy, corresponding to the EMA of squared gradient, at the
same scale as g, which require upsampling as well.

Unlike upsampling images, upsampling warp fields and their corresponding optimizer state variables requires
careful consideration of the interpolation strategy. Bicubic interpolation is a commonly used strategy for
upsampling images to preserve smoothness and avoid aliasing. However, bicubic interpolation of the warp
field can lead to overshooting, leading to introducing singularities in the upsampled displacement field when
there existed none in the original displacement field. In contrast, bilinear or trilinear interpolation does not lead
to overshooting, and therefore diffeomorphism of the upsampled displacement is guaranteed, if the original
displacement is diffeomorphic. We demonstrate this using a simple 2D warp field in Fig. 3.2(b). On the left,
we consider a warp field created by nonlinear shear forces. This warp field does not contain any tears or folds -
and is diffeomorphic. We upsample this warp field using bicubic interpolation (top) and bilinear interpolation
(bottom). We also plot a heatmap of the negative of the determinant of the Jacobian of the upsampled warp,
with a white contour representing the zero level set. Qualitatively, bicubic interpolation introduces noticable
folds in the warping field, leading to non-diffeomorphisms in the upsampled warp field. The heatmap shows
a significant portion of the upsampled warp field has a negative determinant, indicating non-invertibility.
On the other hand, bilinear interpolation looks blocky but preserves diffeomorphism everywhere, as also
quantitatively verified by the absence of a zero level set in the heatmap. The complete algorithm is described
in Algorithm 5.

3.6. Results
Fire ANTSs represents the next generation of frameworks superseding the widely established and successful

adoption of the ANTSs ecosystem spanning the gamut of biomedical and life sciences research. We evaluate
our method on fourteen datasets spanning more than 15,000 image pairs, three organs (brain, lung, abdomen),
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(a) Trick to avoid parallel transport in Riemannian Adaptive Optimization using Eulerian differentials
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Figure 3.2: Overview of tricks for multi-scale adaptive optimization for diffeomorphisms: (a) We exploit the group
structure of diffeomorphisms to define an Eulerian differential that avoids the need for parallel transport in adaptive
optimization algorithms. (b) We show the effect of downsampling on the warp and determinant of the Jacobian for
a single image pair. The first column shows the initial warp, and the second and third columns show the warp and
determinant of the Jacobian for the cubic and bilinear interpolations, respectively.
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seven modalities (T1w MRI, T2*w MRI, CT, expansion microscopy, LSFM, fMOST, 9.4T MRI), six species
(human, ovine, zebrafish, mouse, rat, non-human primates), and show remarkable generalization across all
datasets without any domain-specific enhancements. Since our method is a methodological improvement
over ANTs, we evaluate FireANTSs against established benchmarks where ANTs is one of the top performing
methods, among other winning methods for the respective challenges.

FireANTs demonstrates remarkable runtime efficiency compared to ANTs on both CPU and GPU, while also
outperforming most deep learning methods at inference runtime and consuming up to a tenth of the GPU
memory, setting a new standard for runtime and memory efficiency. This unprecedented efficiency allows a
multitude of novel capabilities including registering 50 x larger volumes in minutes on a single GPU, faster
amortized runtimes over large batches enabling scalable registration of large datasets, efficient hyperparameter
grid search studies, and high-resolution atlas building in under 25 minutes.

3.6.1. Experiment Setup

We briefly describe the significance, existing state-of-the-art and challenges associated with the chosen
benchmarks to demonstrate the efficacy of FireANTs. More details about the datasets and evaluation metrics
are outlined in Section B.3.

In-vivo brain mapping challenges (Klein et al., 2009; Marcus et al., 2007b) Klein ef al. (Klein et al.,
2009) in their landmark paper reported an extensive evaluation of fourteen state-of-the-art registration
algorithms on four neuroimaging datasets. The four neuroimaging datasets (IBSR18, CUMC12, MGH10,
LPBA40) comprise different whole-brain labelling protocols, eight different evaluation measures and three
independent analysis methods of over 2000 brain volume pairs. The Learn2Reg (Hering et al., 2022) version
of the OASIS dataset (Marcus et al., 2007b) is another large scale dataset with 414 subjects for inter-subject
brain MRI registration, routinely used as a training dataset for deep learning algorithms (Balakrishnan et al.,
2019; Jia et al., 2022; Tian et al., 2024). Evaluating on these challenges is therefore imperative to establish
FireANTs as an effective, versatile and robust algorithm for neuroimaging applications. In total, we compare
with state-of-the-art baselines on over 2500 brain volume pairs, with varying number of labeled anatomical
regions and resolutions.

PRIMatE Data Exchange (PRIME-DE) (Milham et al., 2018b) The overarching goal of PRIMatE Data
Exchange (PRIME-DE) is to create an open science resource for the neuroimaging community to facilitate the
mapping of the non-human primate connectome. The dataset features a familiar modality and anatomy (T1w
MRI brain) but different structural organization (non-human primate). This presents a challenge to compare
the generalization capabilities of domain-agnostic or foundational registration algorithms with FireANTs.

Ultracortex (Mahler et al., 2024) The Ultracortex dataset hosts a unique collection of ultra-high field (9.4
Tesla) MRI data of the human brain. This challenge provides a complementary problem to PRIME-DE -
familiar anatomy and structural organization (human brain) but different modality (9.4T MRI) and resolution
(sub-millimeters).

Waxholm Rat Brain and Allen CCFv3 mouse brain datasets (Kleven et al., 2023; Wang et al., 2020c¢)
The datasets feature high-resolution atlases of the rat and mouse brain with different modalities (T2*w MRI
and STPT) respectively. The motivation for using these datasets is to provide a benchmark for cross-species,
multimodal registration. This addresses the growing need to map neuroanatomy across species (Mezias et al.,
2024; Beauchamp et al., 2022), which is central to revealing the core evolutionary computational motifs and
unique adaptations to handle specific ecological and behavioral demands.
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(a) Overview of the datasets used in the work
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(¢) Raw performance (measured by Dice Score, Mutual Information of Labelmap
and Intensity, Landmark Distance) of state-of-the-art registration algorithms
across various datasets. In all datasets except NLST, higher scores are better.
Colorbars are shown in Section 3.6.1 with lightgray denoting zero displacement
(baseline).

Figure 3.3: FireANTs can generalize to a large variety of modalities and datasets: Registration quality is validated
by measuring either the labelmap overlap, Mutual Information between aligned labelmap for different labelmaps across
datasets, or anatomical landmark distance between the fixed and warped coordinate frames. We consider two community
standard challenges where ANTs was the winner, two analogous contemporary challenges to enable broader comparison
with deep learning methods, and five other scenarios spanning a broad set of challenges. Across six datasets spanning a
spectrum of anatomical systems, species, and modalities, FireANTs achieves the best performance across all evaluation
criteria, showcasing its generalization capabilities.
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Lung CT mapping challenges (Murphy et al., 2011; Team, 2011) Pulmonary registration has significant
clinical applications, including aligning breath-hold scans for visual comparison, modeling lung expansion,
and tracking disease progression. Murphy et al. introduced the EMPIRE10 challenge (Murphy et al., 2011) to
facilitate the evaluation of CT lung registration algorithms, including inspiration-expiration, breath-hold over
time, 4D, ovine, contrast-noncontrast, and artificially warped scans. EMPIRE10 provides only scan pairs and
binary lung masks, withholding fissures and landmarks for private evaluation. The scans vary in spatial and
physical resolution, necessitating a registration algorithm agnostic to anisotropy in both voxel and physical
space. The National Lung Screening Trial (NLST) (Team, 2011) subset curated by Learn2Reg challenge is
another widely used community-standard dataset. It consists of 210 intra-subject lung pairs, with low-dose
helical CT scans with limited field of view and high-dose scans with full field of view, supplemented with
more than a thousand keypoints per subject pair. This challenge provides a benchmark for comparison of
methods beyond the neuroanatomical domain.

RnR ExM Mouse Isocortex Dataset (rnr) The RnR-ExM challenge evaluates the ability to perform non
linear deformable registration on ultra-high-resolution images. Out of the three species (mouse brain, C.
elegans, zebrafish), the mouse isocortex dataset is the only dataset with non-trivial non-linear deformations.
Registration of high-resolution sub-micron volumes is imperative to creating and understanding the compre-
hensive cell atlas of the mammalian brain at scale. The voxel size of each image volume is 2048 x 2048 x 81
and the voxel spacing is 0.1625pum x 0.1625um x 0.4pm. These volume sizes are about two orders of
magnitude larger compared to existing biomedical datasets, representing a significant challenge in quick and
scalable registration.

AZBA and ZBrain datasets (Kenney et al., 2021a; Randlett et al., 2015) The ZBrain atlas is an anatomi-
cal and functional reference constructed from high-resolution confocal microscopy images of larval zebrafish
(6 days post fertilization) expressing nuclear and cytoplasmic fluorescent markers. The AZBA atlas, in
contrast, represents the adult zebrafish brain at cellular resolution. Registration of these templates enables
a powerful cross-developmental comparison between the larval and adult zebrafish brains. Conceptually,
this tsak establishes spatial correspondence between larval and adult brain regions, providing a foundation
for developmental neuroanatomy. We use this dataset to conduct preliminary experiments to access the
generalization capabilities of registration algorithms to cross-developmental data on an unseen species and
modality.

BICCN Mouse Dataset The high-throughput and high-resolution fluorescence micro-optical sectioning
tomography (fMOST) platform (Zheng et al., 2013; Gong et al., 2016a) was used to image 55 mouse brains
containing gene-defined neuron populations. The brains are imaged at a resolution of 0.35 x 0.35 x 1.0um?>.
The dataset is used to generate a 25um-resolution atlas of the mouse brain in under 25 minutes. This un-
precedented scale, enabled by Fire ANTs, will advance multimodal integration, standardize cross-species
comparisons, and drive scalable, reproducible neuroscience research highly pertinent to large-scale collabora-
tive efforts such as BICCN and BICAN.

Learn2Reg Abdomen MRCT registration (Hering et al., 2022) The dataset features intra-patient mul-
timodal abdominal MRI and CT registration (122 scans in total) for diagnostic and follow-up. We use this
dataset as a testbed to ablate the effect of Jacobian-free optimization on abdominal MRCT registration.

3.6.2. Results on generalization to long-tail of modalities

Generalization to unseen modalities, species, resolutions, and anatomical organization is a central requirement
for accessible and scalable registration algorithms. Model-free optimization algorithms generalize well on
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clinical datasets, but the increased heterogenity on large-scale datasets presents a significant challenge in
terms of convergence and runtime. Deep Learning methods typically do not generalize well beyond the
data distribution seen during training (Balakrishnan et al., 2019), although domain-agnostic or foundational
methods (Hoffmann et al., 2021; Tian et al., 2024) have shown promising results. Other methods (Liu et al.,
2024c) claim generalization due to architectural design encoding inductive biases for the task. Therefore, we
compare FireANTs against ANTs, VoxelMorph as a DL baseline, and SynthMorph, unigradICON, and VFA
as other methods that claim generalization to unseen data.

Fig. 3.3 shows the performance on six datasets - LPBA40, NLST, Ultracortex, PRIME-DE, Zebrafish (ZBrain
and AZBA), and Rodents (Waxholm and CCFv3) encompassing four evaluation criteria (Anatomical Label
overlap, Landmark Distance, Mutual information of registered Intensity and Labelmap volumes). The
normalized performance is obtained by rescaling the performance of the baseline to 0 and the best performing
method to 1. The radar chart shows the generalization of Fire ANTs across all datasets, and individual plots
show unnormalized performance on each dataset. SynthMorph, unigradlCON, and VFA perform at par
with ANTSs on the brain datasets (Ultracortex, PRIME-DE), but severely underperform on the Zebrafish and
Rodent datasets. Surprisingly, VFA also underperforms compared to other methods on the LPBA40 dataset,
showing a potential weakness in registering highly parcelled anatomical regions. FireANTs achieves the best
performance on all datasets, and performs significantly better on the multimodal cross-species registration
task. This establishes Fire ANTs as a general-purpose registration algorithm that can be used across a wide
range of modalities, species, and resolutions.

3.6.3. Results on state-of-the-art biomedical benchmarks

FireANTs proposes an algorithmic improvement over the state-of-the-art ANTSs toolkit. As such, we compare
FireANTs with ANTs on community standard benchmarks where ANTs is established as one of the top perform-
ing methods. This include Klein et al. (Klein et al., 2009) neuroimaging challenge, EMPIRE10 (Murphy et al.,
2011) pulmonary challenge. We also add comparisons on two contemporary benchmarks for neuroanatomy
(OASIS) and pulmonary (NLST) datasets from the Learn2Reg (Hering et al., 2022) challenge, which is of
high relevance to the neuroimaging and pulmonary communities.

In-vivo brain MRI mapping We compare FireANTs with two state-of-the-art optimization algorithms on
Klein et al. (Klein et al., 2009): ANTs - which won the original challenge, and Symmetric Log Demons (Vercauteren et al.,
2007b), and two widely used deep learning algorithms: VoxelMorph (Balakrishnan et al., 2019) and Synth-
Morph (Hoffmann et al., 2021) using their provided pretrained models. Since no methods utilize label maps,
we run registration on all 414 image pairs prescribed in the dataset. Results for the brain datasets are shown in
Fig. 3.4a, Fig. B.8. Our algorithm outperforms all baselines on four out of five datasets, with an improvement
in all metrics evaluating the volume overlap of the fixed and warped label maps. The improvements are
consistent across varying parcellations and relative sizes of anatomical label maps. In the IBSR18 and
CUMCI12 datasets, the median target overlap of our method is better than the third-quantile of ANTs. Fig. B.8
also highlights the improvement in label overlap per labeled brain region across all datasets. For deep learning
methods, a noticable performance drop is observed when the anisotropic volumes are fed into the network,
which is undesirable as the trained model is essentially ‘locked’ to a single physical resolution - which limits
the generalizability of the model to various modalities with different physical resolutions. For Demons, ANTs,
and FireANTs (Ours), we do not perform any additional normalization or resampling. On the OASIS dataset,
all methods perform at par with each other with no significant differences. SynthMorph is more robust to
the domain gap than VoxelMorph due to its training strategy with synthetic images, but still underperforms
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optimization baselines when their recommended hyperparameters are chosen.

Lung CT mapping challenges The EMPIRE10 lung dataset(Murphy et al., 2011) consists of volumes that
are about 10x larger than the brain dataset, thereby presenting a scaling challenge for deformable registration
algorithms. Evaluation is done with privately withheld labels; we use the provided results from the leaderboard
to compare with other methods. We evaluate three criteria: (1) fissure alignment errors (%)—the fraction of
misaligned fissure voxels (Figs. 3.4b and 3.4e), (2) landmark distance in mm (Fig. 3.4d), and (3) singularity
errors—the fraction of non-diffeomorphic voxels (Fig. 3.4c). Fig. 3.4 highlights the impact of representation
choice in modeling diffeomorphisms. DARTEL, using an exponential map, performs significantly worse than
ANTs across all metrics by three orders of magnitude. In contrast, our method reduces fissure alignment
error by 5x compared to ANTs and outperforms it in 5 out of 6 landmark subregions. While all methods
theoretically ensure diffeomorphism, SVF-based approaches introduce singularity errors due to non-adaptive
scaling-and-squaring. We discuss the numerical limitations of SVF-based approaches in Section 3.3.2.
ANTs: also introduces some singularities, whereas our method computes numerically perfect diffeomorphic
transforms. Finally, Fig. 3.4e compares fissure alignment errors among EMPIRE10 submissions, showing
FireANTSs achieves the lowest landmark errors and the fastest runtime among the top 10 methods, setting
new benchmarks in computational efficiency and accuracy. NLST: For the NLST dataset(Team, 2011), we
compare with representative state-of-the-art optimization and deep-learning baselines. We use the evaluation
criteria provided by the challenge, and measure results on the Robust Target Registration Error (TRE30)
in millimeters between the registered keypoints. Results in Fig. 3.4f show that Fire ANTs outperforms all
baselines on the NLST dataset, with improvements of upto 51.6% in robust target registration error (TRE30)
of provided keypoints compared to state-of-the-art deep learning benchmarks including Im2Grid, Vector-Field
Attention, RWC-Net, and a 50.8% improvement in TRE30 over foundation models like unigradICON. This
demonstrates the broad applicability of FireANTs beyond neuroimaging applications.

3.6.4. Evaluation on high-resolution mouse isocortex registration

Expansion Microscopy (ExM) is an emerging super-resolution fluorescence imaging technique that enables
3D nanoscale visualization of cellular and molecular structures (Chen et al., 2015). While ExM provides rich
structural data, its large-scale images remain challenging for existing registration algorithms due to repetitive
textures, highly non-linear hydrogel deformations, imaging noise, and size constraints. The Robust Non-rigid
Registration Challenge for Expansion Microscopy (RnR-ExM) (rnr) offers a benchmark dataset, where we
focus on registering mouse isocortex images, characterized by hydrogel-induced deformations and staining
intensity loss. Each volume (2048 x 2048 x 81 voxels) has a voxel spacing of 0.1625um x0.1625um x0.4um
and is 40.5 times larger than brain imaging datasets. Current state-of-the-art methods either register small
independent chunks (Fleishman, 2023), losing inter-chunk information, or process highly downsampled
images (Jia et al., 2022), significantly reducing resolution (by 64 x in-plane).

In contrast, FireANTSs is able to register the volume at native resolution. We perform an affine registration fol-
lowed by a diffeomorphic registration step. The entire method takes about 2-3 minutes on a single A6000 GPU.
As shown in Fig. 3.5, our method secures the first place on the leaderboard, with a considerable improvement
in the Dice score and a 4.42x reduction in the standard deviation of the Dice scores compared to the next
best method. Fig. 3.5 also shows qualitative comparison of our method compared to Bigstream (Fleishman,
2023), the winner of the RnR-ExM challenge. Bigstream performs only an affine registration, leading to
inaccurate registration in one of three test volumes, leading to a lower average Dice score and higher variance.
Moreover, the affine registration leads to boundary in-plane slices being knocked out of the volume, leading
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(a) Following the evaluation setup of Klein et al. paper, we validate registration performance using the average volume overlap
of all anatomical label maps between the fixed and warped label maps. We consider ANTs (the winner of the challenge), and
Diffeomorphic Demons as state-of-the-art optimization algorithms, and Voxelmorph and Synthmorph as state-of-the-art unsupervised
deep learning baselines. Evaluation is shown for five metrics with 1 denoting a higher score is better, and | signifying a lower
score is better. For deep learning baselines, appropriate preprocessing (intensity normalization, alignment, and resampling to lmm
isotropic) is performed to ensure a fair comparison, whereas no such preprocessing is required for optimization methods, including
FireANTs. FireANTs shows significant gains in performance that are consistent across all four datasets, with the median overlap
scores outperforming the third quartile of all other methods for IBSR18 and CUMC12 datasets. Comparison of overlap metrics by
specific anatomical regions are in Fig. B.8. For the overlap aggregation mentioned in Klein et al. (2009), results are shown in Fig. B.7.
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(b) FireANTs achieves substantially lower inter-quartile range of fissure
errors, defined as the percentage of marked pixels that are registered to %o Error DARTEL ANTs Ours

points on the opposite side of the fissure boundary.

. Left Lung 3.9983 0.0069 0.0000
[ DARTEL [ ANTs [ FireANTs (Ours)
025 Fissure alignment errors (in %) Lower Lung 2.7514  0.0177 0.0000
Right Lung 2.4930 0.0107  0.0000
0.20f
—‘7 Upper Lung 5.2037  0.0000 0.0000
s 0.15F
9
= Score (Overall) 3.0681 0.0088 0.0000
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> (c) Singularity errors are defined as fraction of voxels that
0.05¢ define a non-invertible deformation. Singularity quantifies
l|__l__‘ %l‘ l| the percentage of implausible deformations. FireANTs
0.00 achieves zero percent singularity errors.
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(d) Landmark distance is the Euclidean distance between well-dispersed landmark points between the fixed and warped images.
FireANTs has a lower median and narrower interquartile range than baselines on five out of six subregions.

Method Left Lung Right Lung Score Validation metrics on NLST
(% Error Overall)  Method TRE30 (in mm)

FireANTS (Ours) 0.0185 0.0254 000027 Zero displacement (B aseline) 9.76
MRF Correspondence Fields 0.0824 0.0211 0.04g5  YoxeIMorph Balakrishnan et al. (2019) 4.12
ANTs 0.0249 0.1016 0.0747 1m2Grid Liu et al. (2022) 3.05
Dense Displacement Sampling 0.0578 0.0919 0.0826 ANTs 3.04
ANTs + BSpline 0.0821 0.0848 0.0861  Vector-Field Attention Liu et al. (2024c) 2.31
DISCO 0.1256 0.0499 0.0882 RWC-Net Sivan et al. (2023) 2.11
VIRNet 0.0834 0.0934 0.0890  unigradICON Tian et al. (2024) 2.07
Feature-constrained nonlinear registration 0.1210 0.0758 0.1032  unigradICON + instance optimization 1.77
Explicit Boundary Alignment 0.1063 0.1246 0.1209  FireANTSs (Ours) 1.18
MetaReg 0.1049 0.2224 0.1791

(f) Robust landmark distance (TRE30) comparison
(e) Fissure alignment error on top 10 algorithms in the challenge sorted by of state-of-the-art algorithms highlights the effective
fissure alignment error, averaged on all scan pairs. FireANTSs outperforms a performance of FireANTs on the NLST dataset, out-
wide array of baselines, including direct optimization (ANTs, ANTs+BSpline), performing a plethora of state-of-the-art optimization
neural networks (VIRNet), and explicit correlation volumes (MRF, Disco). and deep learning baselines.

Figure 3.4: FireANTs demonstrates state-of-the-art performance on community-standard neuroimaging and
pulmonary challenges: (a) EMPIRE10: Lung fissure plates are an important anatomical landmark demarcating lobes
within the lung. Fissure alignment errors (in %) denote the percentage of locations near the lung fissure plates that are
on the wrong side of the fissure post-registration. Over all 30 scan pairs, our method performs 5x better than ANTs. (b)
EMPIREI10: Singularity errors defined as percentage of voxels that have a non-diffeomorphic deformation, a proxy for
physically implausible deformations. In the DARTEL baseline, singularities can be introduced for larger deformations
due to numerical approximations of the integration. Even for ANTS, the solutions (deformations) returned are not entirely
diffeomorphic. Our method shows much better fissure and landmark alignment (Fig. 3.4(a,c), Fig. B.9, Fig. B.10)
with guaranteed diffeomorphic transforms. (¢c) EMPIRE10: Landmark distance in mm for selected landmarks. Across
different lung subregions, our method shows results at least at par with ANTs, with slightly better average and median
results across all regions. (d) EMPIRE10: Shows the top 10 algorithms for average fissure alignment error in % in
the EMPIRE10 challenge. Error metrics are taken from the evaluation server. Other methods perform well on one
lung (MREF for right, ANTs for left) but comparatively poorly on the other lung, compared to our method showing both
accurate and robustness to both the left and right lung. = First, = Second, = Third best result. (e¢) NLST:
Landmark distance in mm for provided landmarks. Our method outperforms a variety of state-of-the-art optimization
and deep learning algorithms.
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to poor registration (Fig. 3.5). FireANTSs preserves the boundary in-plane slices during its affine step, and
subsequently performs an accurate diffeomorphic registration at submicron resolution leading to accurate
registration with substantially lower variance. This experiment demonstrates the versatility and applicability
of Fire ANTs for high-resolution microscopy registration.

3.6.5. Runtime and Memory Efficiency Analysis

One of the critical bottlenecks for scalable registration with ANTs is the prohibitively large runtimes for
single-threaded CPU registration (Balakrishnan et al., 2019). Deep learning methods aim to reduce the
runtime by performing feedforward inference, but these methods in turn have steep memory requirements
due to activation overheads (Nouamane et al., 2025; Korthikanti et al., 2023), making them infeasible for
high-resolution registration. Fire ANTs circumvents both these issues using a lightweight implementation on
GPU.

Runtime compared to ANTs We evaluate the efficiency of FireANTs compared to ANTs by running both
algorithms on the CPU with 32 threads, with identical multi-scale optimization settings. Furthermore, we run
FireANTs on the GPU with a batch size of 1 to avoid amortizing runtimes over larger batches. The runtimes on
all five brain datasets (IBSR18, CUMC12, MGH10, LPBA40, and OASIS) are shown in Fig. 3.6a. FireANTs
is upto 7x faster than ANTs on CPU, and 442 x faster on GPU. The runtime improvement on the CPU can
be attributed to faster convergence and better implementation of the optimization since both methods are
run with identical multi-scale optimization settings and capped at the same CPU resources. Fig. 3.6b shows
the runtime of FireANTs compared to ANTs on the EMPIRE10 dataset. Since the runtime for ANTs and
DARTEL are provided in the submission writeup without details on hardware or number of threads, it is not
possible to reproduce the same results, and use their provided numbers as expected runtime for the dataset.
However, FireANTs runs an average of 560x faster than ANTs on the GPU, which is at par with the runtime
improvements on neuroimaging datasets.

Runtime and memory requirements compared to deep learning methods FireANTSs is highly efficient
compared to deep learning methods, both in terms of runtime and memory usage. We highlight the efficiency
using three experiments:

* Accuracy-Runtime tradeoff: We compare the performance, runtime, and memory usage of FireANTs
with SOTA deep learning methods averaged over three neuroimaging datasets (LPBA40, Ultracortex,
PRIME-DE).

* Runtime and Memory requirements with increasing problem sizes: We take an OASIS MRI image
pair and progressively upsample it by factors of 2x,4x,6x, 8% larger and measure the runtime and
memory usage of each method.

* Amortized runtime with increasing batch sizes: Amortized runtime over larger batches can improve
GPU utilization and hide kernel launch and activation cache loading overheads. We perform batched
inference using an OASIS MRI volume for increasing batch sizes, and plot the amortized runtime (i.e.
runtime divided by batch size) as a function of the batch size, and keep increasing the batch size until
we run out of memory.

For all methods, we measure the runtime only for the registration call function, not including image loading,
preprocessing and postprocessing steps, model loading, etc. We note that if these steps were to be included in
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(a) Snapshot of the RnR-ExM leaderboard

# 1 User(Team) Created DSC

1st L rohit.rango & 11 Aug. 2023 0.92049045 +0.00996840
2nd L rohit.rango & 17 Aug. 2023 0.91875541 +0.01803930
3rd 5:3 cwmokab & (Orange) 15March 2023 0.91688563 £0.04410269
4th 5:; cwmokab & (Orange) 12March 2023 0.91544257 +0.04463970
5th @ NLi10Me & (bigstream) 14 March 2023 0.91426871+0.03391914
6th i acasamitjana &’ 23June 2023  0.91321484 +£0.02358535
7th @ NLi10Me & (bigstream) 14 March 2023 0.91209382 +0.03194342
8th 5:; cwmokab & (Orange) 15March 2023 0.91111042 £0.04326616
9th @ NLi10Me & (bigstream) 14 March 2023 0.90968117 +£0.02988877
10th Xi 15March 2023 0.90895331+0.03555638

(b) Qualitative comparison of registration of Bigstream and FireANTs

(a) Fixed (b) Moving » (c) Bigstream (c) Ours

Figure 3.5: FireANTs secures first rank in the RnR-ExM mouse dataset: (a): As of March 1, 2025, our method ranks first in
the mouse brain registration task, which is the only task in the challenge requiring deformable registration. Our top two successful
submissions secure the first and second position, with a 0.361 improvement in Dice score compared to the 3rd ranked submission,
which is 0.261 better than the Sth ranked submission (bigstream). Note that among the top 10 submissions, our method has the lowest
standard deviation (4.42x lower than the second best submission) showing the robustness of our model across different microscopy
volumes. (b) shows a qualitative comparison of FireANTs with Bigstream (Fleishman, 2023), the other top leading method in
the challenge. The moving image volumes have substantially more noise than the fixed image volumes, making intensity-based
registration difficult. The non-rigid deformation dynamics of the hydrogel are clearly visible, as the moving volume has a thicker
boundary than the fixed volume. Bigstream does not capture these dynamics very well — this is illustrated by comparing the thickness
of the cortex at various points (zoomed crops in bottom row), where Bigstream does not deform the cortex enough to match
the fixed image. FireANTs deforms and accurately depicts these morphological changes, which can be crucial for downstream
morphometric studies. Moreover, the affine registration in Bigstream knocks the boundary slices out of the volume (red highlight
in top row), leading to drop in registration performance. On contrary, our method’s affine and deformable stages are more stable,
leading to better registration and avoiding spurious out-of-bound artifacts at the boundary slices.
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the runtime comparison, the efficiency gains of FireANTs would be even more significant.

These results in Fig. 3.6¢c show that FireANTs is upto 10 x more memory efficient than SOTA deep learning
methods, while performing faster than most of them at inference. This is a result that challenges the common
belief that deep learning methods are faster than iterative optimization methods at inference, similar to
results shown in Hering ef al. (Hering et al., 2022). Deep learning feedforward inference can be slow due
to convolutions of large activations, skip connections requiring repeated memory accesses. In contrast, the
iterative optimization updates in FireANTs are lightweight and can be run for more iterations. Since FireANTs
does not generate any feature activations beyond that in the loss function, it is very memory efficient. Over
three brain datasets, FireANTs achieves the best accuracy-runtime performance, showing that a tradeoff is not
necessary for good performance. Amortized inference can further improve efficiency - on the OASIS dataset,
FireANTs can register a batch of 32 image pairs in less than 0.25 seconds per pair, . This unprecedented
efficiency paves the way for rapid prototyping, hyperparameter tuning, and scaling to high resolution datasets.
This sets a new standard for high-throughput image registration on GPUs.

FireANTs enables rapid prototyping and hyperparameter tuning In optimization toolkits such as ANTSs,
correct choice of hyperparameters are key to high quality registration. Some of these hyperparameters are the
window size for the similarity metric Cross-Correlation or bin size for Mutual Information. In our experience,
the Gaussian smoothing kernel 0grad, Owarp for the gradient and the warp field are two of the most important
parameters for accurate diffeomorphic registration. The optimal values of these hyperparameters vary by image
modality, intensity profile, noise and resolution. Typically, these values are provided by some combination
of expertise of domain experts and trial-and-error. However, non experts may not be able to adopt these
parameters in different domains or novel acquisition settings. Recently, techniques such as hyperparameter
tuning have become popular, especially in deep learning (Hoopes et al., 2021).

In the case of registration, hyperparameter search can be performed by considering some form of label/landmark
overlap measure between images in a validation set. We demonstrate the stability and runtime efficiency of
our method using two experiments : (1) Owing to the fast runtimes of our implementation, we show that
hyperparameter tuning is now feasible for different datasets. The optimal set of hyperparameters is dependent
on the dataset and image statistics, as shown in the LPBA40 and EMPIRE10 datasets; (2) within a particular
dataset, the sensitivity of our method around the optimal hyperparameters is very low, demonstrating the
robustness and reliability of our method. We choose the LPBA40 dataset among the 4 brain datasets due to its
larger size (40x39 = 1560 pairs). We choose three parameters to search over : the learning rate (), and the
gaussian smoothing parameters owarp, Tgrad- We use the Ray library (https://docs.ray.io/) to perform
a hyperparameter tuning using grid search. For the LPBA40 dataset, a grid search over three parameters
(shown in Fig. 3.7a) takes about 40.4 hours with 8 parallel jobs. On the contrary, ANTs would require around
3.6 years to complete the same grid search, with 8 threads allocated to each job and 8 parallel jobs. This
makes hyperparameter search for an unknown modality computationally tractable. A deep learning solution
like HyperMorph (Hoopes et al., 2021) can perform amortized training over a predefined hyperparameter
space, but still requires significant GPU hours for training and inference of 1560 pairs for each configuration
to generate a plot like Fig. 3.7a. Fig. 3.7b shows the runtime and memory usage of FireANTs, ANTs, and
HyperMorph on the LPBA40 dataset, showing that even a brute force grid search with FireANTs is about 4 x
faster than state-of-the-art amortized hyperparameter learning.

FireANTs is robust to a wide range of hyperparameters Fig. 3.7a shows a dense red region suggesting the
final target overlap is not sensitive to the choice of hyperparameters. Specifically, the maximum target overlap
is 0.7565 and 58.4% of these configurations have an average target overlap of > 0.74. This is demonstrated in
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(a) Runtime analysis and comparison with ANTs on CPU and GPU on five brain datasets

Ours (asymmetric) Ours (symmetric)
CPU (s) GPU (s) Speedup CPU (s) GPU (s) Speedup
IBSR18 324.39 £16.67 119.65+9.31 1.06+£0.04 2.71/305.76 399.64 +£2.58 2.04+0.02 0.81/159.30
CUMCI12 484.29 +£64.14 83.85£4.08 1.09+£0.07 5.78/442.43 176.64+£7.06 2.09+0.03 2.74/231.29
MGHI10 329.95+119.37  46.75+0.84 1.13+0.06 7.06/291.84 98.17+1.76 1.19+0.44 3.36/278.03
LPBA40 22730 £37.37 153.76 £10.04 1.22+0.06 1.48/186.61 272.98+20.33 2.30+0.12 0.83/98.74
OASIS 131.06 £ 9.01 54.47+1.44  0.75+£0.01 2.41/174.75 94.92+1.018 1.62+0.11 1.38/80.90

Dataset ANTs

(b) Runtime analysis and summary on EMPIRE10 dataset. ANTs and DARTEL take significantly longer to run due to the high-
resolution nature of the CT lung dataset. FireANTS runs a minimum of 320 times faster than ANTSs, saving a substantial amount of
time, at no loss (in fact, with substantial gains) in registration quality.

ANTs DARTEL Ours Speedup (ANTs) Speedup (DARTEL)

Avg  6hr 14m 7hr 16m  Om 39s 562.67 663.77
Min Oh 55m lh8m  OmO9s 320.74 315.23
Max 12h41m 10h 11m Im 5s 1231.27 796.51
(c) Tradeoft between accuracy, runtime, and memory requirements with state-of-the-art deep learning methods.
Runtime vs Memory Tradeoff Across Image Sizes 5 Performance vs Runtime Tradeoff _ Amortized Runtime per Sample vs Batch Size
& 2080 3
B30 o %0.75 . % 2
: & ./’\.\'\‘
%2 A » 3 070 Method i’
> 0 E 0.65 SynthMorph § 20
E l2 " & < 0,60 VFA K]
E 10 i & e ® Voxelmorph 3 2
© 2 o 1 (‘;; 0.55 ® unigradlICON £
2 ® Ours £27
o REX 2 * 5050 . El
o 10 20 30 a 2 4 6 8 2° 2! 2 2 2 2
Memory Usage (GB) Runtime (seconds) Batch Size

Figure 3.6: FireANTs facilitates quick and scalable registrations. We compare the runtime of our implementation
with the ANTs library. (a) shows histogram of speedup (runtime of ANTs divided by runtime of our method) and
statistics of runtimes (in seconds) for the four brain MRI datasets. For all datasets, our implementation runs a minimum
of two orders of magnitudes faster, making it suitable for hyperparameter search algorithms, and larger datasets. Table
(b) shows the runtime of ANTs, DARTEL and our implementation on the EMPIRE10 challenge data. The first three
colums show the actual runtime of the methods, followed by the speedup obtained by our method when compared to
ANTs and DARTEL. Note that our method runs a minimum of 320 times faster than ANTSs, saving a substantial amount
of time, at no loss in registration quality. (¢) shows the runtime and memory requirements of our method compared to
deep learning methods. Left shows the runtime and memory requirements of our method compared to deep learning
methods for increasing problem sizes. FireANTS is upto 10x more memory efficient than SOTA deep learning methods,
while performing faster than almost all of them at inference. Middle shows the plot of average performance over three
brain datasets compared with average runtime, with the size of the bubble indicating average memory usage. FireANTs
performs better while being faster and more memory efficient than all deep learning methods, indicating that a tradeoff
is not necessary for good performance. Right shows that further gains in amortized runtime are possible by increasing
the batch size at inference. FireANTSs achieves less than 0.25 seconds per image pair and runs more than double the
number of image pairs copmared to all other deep methods, showing unprecedented efficiency for high-throughput
registration.

Fig. 3.7a by the white contour line denoting the level set for target overlap = 0.75, and the black contour line
denoting the level set for target overlap of 0.74. The target overlap is quite insensitive to the learning rate
(> 0.4) showing that our algorithm achieves fast convergence with a smaller learning rate. On the EMPIRE10
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(a) Grid search on LPBA40 dataset
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Figure 3.7: FireANTs facilitates feasibilility of extensive hyperparameter search in registration The speed of
FireANTs makes hyperparameter studies like these feasible, which ANTs would take years to complete. (a): We perform
a hyperparameter grid search on three hyperparameters of interest - smoothing kernel for the warp field (o'warp) in pixels,
smoothing kernel for the gradient of warp field (ogaq) in pixels and learning rate 1. The metric to optimize in this case
is the target overlap. For the LPBA40 dataset, we perform a hyperparameter sweep over 640 configurations in 40 hours
with 8 A6000 GPUs. A corresponding hyperparameter sweep with 8 concurrent jobs with each job consuming 8§ CPUs
would take ~3.6 years to complete. The white contour representing the level set for target overlap = 0.75, and the black
contour representing the level set for target overlap of 0.74 show the robustness of our method to hyperparameters -
performance is not brittle or sensitive to choice of hyperparameters. (b): Hyperparameter grid search on the EMPIRE10
dataset over oyap and o, parameters (456 configurations), with a fixed learning rate of 7 = 0.25. The metric to
optimize is the Dice score of the provided binary lung mask. This sweep takes about 12.37 hours on 8§ GPUs, whereas a
corresponding sweep would take 296 days for ANTs and 345 days for DARTEL (more in Fig. 3.6). The white contour
corresponds to the level set for Dice score = 0.96, showing both a huge spectrum of parameters that achieve high Dice
scores, and low sensitivity of the method to choice of hyperparameters.
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dataset, we fix the learning rate and perform a similar hyperparameter search over two parameters, the Gaussian
smoothing parameters Owarp, Ograd> Shown in Fig. 3.7c. We use the average Dice score between the fixed and
moving lung mask to choose the optimal hyperparameters. Fire ANTs can perform a full grid search over
456 configurations on the EMPIRE10 dataset in 12.37 hours with 8 A6000 GPUs, while it takes SyN 10.031
days to run over a single configuration. Normalizing for 8 concurrent jobs and 456 configurations, it would
take ANTs about 296 days, and DARTEL about 345 days. This shows that our method and accompanying
implementation can now make hyperparameter search for high-resolution 3D image registration studies
feasible.

&

a % ,
ANTs FireANTs ANTs FireANTs

Figure 3.8: Comparison of brain templates (atlases) constructed using ANTs (left) and FireANTSs (right). (a—c) Coronal
and sagittal sections of the 25um fMOST mouse brain template illustrate the improved structural fidelity of FireANTs.
In the ANTs template, the internal regions of the lateral ventricles appear blurred (a), and the cerebellar architecture
exhibits intensity bleeding (b, c), whereas Fire ANTS yields crisper delineation of these anatomical structures. (d) The in
vivo human brain atlas further demonstrates the advantages of Fire ANTs, with sharper cortical folding and improved
contrast and realistic intensity features in the cerebellum compared to ANTs. FireANTs generates multiple high-fidelity
templates while being 200-400 times faster than ANTs.

Runtime efficiency due to Jacobian-free optimization A key methodological approach proposed in this
work is the Jacobian-free approximation of the gradient field for faster diffeomorphic optimization (Section 3.4).
A concern that may arise is the effect of this approximation on the accuracy of the registration, specifically due
to the assumption that the Jacobian is positive-definite. We ablate on the effect of this approximation on the
accuracy of the registration on three datasets - OASIS, NLST, and AbdomenMRCT-L2R, spanning three organ
types and modalities. The heterogenity and variable biomechanics and deformation dynamics across multiple
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organ systems is a challenging testbed for measuring the effect of Jacobian-free optimization on registration
accuracy. Fig. 3.7d shows that the Jacobian-free approximation does not significantly affect the accuracy of
the registration, with a maximum Dice score difference of 0.002 and a maximum TRE difference of 0.021
mm. However, avoiding computation of the Jacobian-augmented descent direction significantly reduces the
runtime of the registration, making convergence upto 2.75x faster. Turning on the Jacobian-augmented
descent direction is easy in our implementation by only changing a flag during runtime, but we recommend
turning it off for most applications. In all our experiments except this ablation study, we do not compute the
Jacobian-augmented descent direction.

3.6.6. FireANTs facilitates scalable atlas generation

Atlas generation is an important component of integrating large-scale imaging data — including gene expression,
connectivity patterns, and functional properties -— onto a common spatial coordinate system facilitating
multimodal data alignment and comparison. This requires atlas (or template) generation capabilities that scale
with the unprecedented scale of acquired data. In this section, we showcase the efficiency of atlas generation
by reproducing the fMOST atlas proposed in the ANTsX ecosystem (Tustison et al., 2024) for the mouse
brain. We follow the steps outlined in the ANTsX Ecosystem (Tustison et al., 2024) for generating an fMOST
atlas of the mouse brain, including preprocessing steps like downsampling to 25um resolution, destriping,
flipping along the sagittal plane for left-right symmetry, bias field correction, and affine preregistration to a
common template. Since no parcellations are available for the dataset, we qualitatively compare the atlases
generated by ANTs and FireANTs, and compare their runtimes. We also generate an in-vivo atlas for the
OASIS dataset, to show scalability on smaller datasets and for quantitative evaluation. Fig. 3.8 shows that the
atlas generated by both methods is similar in terms of quality. On a 64-thread core machine, ANTSs takes /41.5
hours to generate the atlas with 6 epochs of template refinement. With the identical number of iterations and
configuration, FireANTSs runs in 22 minutes with a distributed setup on an 8-GPU workstation, showing a
significant improvement in runtime efficiency. On a much lower-resolution OASIS dataset, ANTs takes 2
hours and 16 minutes to generate an atlas with 16 subjects, while FireANTSs runs in 32 seconds. To quantify
atlas fidelity, we evaluate Dice Score overlap of image pairs after registering them to the atlas. While pairwise
Dice score overlap of subjects is 0.704 4= 0.163 with the ANTs template, the Fire ANTs template improves the
Dice score to 0.722 4+ 0.161. This demonstrates that FireANTs can be used to generate high-fidelity atlases
two orders of magnitude faster than ANTs at no loss in image quality, making it a powerful tool for large-scale
atlas generation.

3.6.7. Independent Evaluation

Since the release of our code and documentation, FireANTSs has been independently adopted by researchers in
the field. Few anectodal examples include the registration of high-resolution histology slides, and non-human
primate data (GitHub, 2024a,b). A compelling independent application and evaluation is performed by
NextBrain (Puonti et al., 2025), a tool that utilizes FireANTs to perform Bayesian segmentation of in-vivo and
ex-vivo brain MRI scans. NextBrain uses Fire ANTSs to register input brain MRI scans to an augmented template
with a resolution of 200um and 333 regions of interest, providing a comprehensive structural analysis of the
subject. Quantitatively, incorporating FireANTs in the pipeline leads to no loss in performance as measured
by Dice overlap. The utilization of GPU-based toolkits including FireANTs reduces the runtime from 2-3
days / one week for 1mm in-vivo / 300um ex-vivo scans on a multi-core workstation, to less than 5 minutes
on a GPU. Owing to the robustness and efficiency of FireANTs, it is set as the default registration method
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in NextBrain. Another independent evaluation is performed on the registration of high-resolution X-ray
images (Gopalakrishnan et al., 2025), where FireANTs establishes itself as a strong baseline, outperforming
several baselines specialized for X-ray image registration. This demonstrates the accessibility, scalability and
efficiency of FireANTs in real-world applications.

3.7. Discussion

In this chapter, we presented Fire ANTSs, a powerful and general-purpose multi-scale registration algorithm.
This chapter goes through a deep dive into the numerical challenges of diffemorphic registration, and the impact
of the choice of representation of diffeomorphisms on the performance of the registration algorithm. Our
novel Eulerian descent formulation enables powerful adaptive optimization on the space of diffeomorphisms
directly, while maintaining high computational efficiency and low memory overhead for inference. This
framework brings state-of-the-art performance on a wide range of datasets and modalities, while addressing
the many limitations of deep learning-based registration methods discussed in Chapter 2.
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CHAPTER 4

Deep Implicit Optimization enables Robust Learnable Features for Deformable Image Registration

In the previous chapter, we introduced FireANTS, a fast and efficient iterative solver for robust image registration.
FireANTs provides real-time runtime on many clinical neuroimaging datasets, performs at-par or better than
unsupervised deep learning counterparts in terms of labelmap overlap, optimizes directly over time-dependent
flows of diffeomorphisms yielding higher flexibility of representation, and scales very gracefully to high-
resolution volumes. This addresses a major limitation of iterative optimization methods - the slow runtime of
the optimization process. FireANTs being a solver cannot learn from auxiliary labelmaps or landmarks directly.
However, attempting to use a deep network to predict end-to-end transformation fields does not translate
well to producing plausible or accurate deformation fields for out-of-distribution datasets. A framework that
combines the best of both worlds is therefore highly desirable.

In this chapter, we tackle the second big limitation of iterative solvers, namely their inability to learn task-
specific features from auxiliary labelmaps or landmarks. To this end, we introduce Deep Implicit Optimization
(DIO) !, a framework that transforms FireANTSs into a fully differentiable layer within deep networks. This
allows us to learn task-specific image features from the intensity images directly by backpropagating the
supervised loss directly through the optimization solver. We show that this paradigm allows for a number
of benefits, including significant out-of-distribution robustness across scanners and resolutions, the abil-
ity to switch between different transformation representations at test time, and the ability to use arbitrary
regularization and hyperparameter search or tuning at test time.

'Source Code is available at https://github.com/rohitrango/DIO
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4.1. The ingredients of extensible deep image registration

The success of image acquisition and processing technologies over the past decade has radically trans-
formed various disciplines including in biomedical and biological sciences, including neuroimaging and
neuropathology, pulmonary imaging, spatial transcriptomics and expansion microscopy. This growth has
been complemented by the success of deep learning methods in their ability to learn from large amounts of
data and perform complex tasks with high task-specificity. In the field of image registration, these advances
call for an extensible class of methods that can be used to learn task-specific image features from the intensity
images directly, while retaining a few key properties that we list below.

* Controllable or steerable transformations: The first key property is the ability for the user to be able to
control or steer the transformation family, representation, and parameters at test time. This is to adapt to the
downstream application and the data at hand, for example, a global alignment probably requires using an
affine registration, but a non-linear registration might be required for a local alignment. For time-series
registration, the user might prefer to use LDDMM (Beg et al., 2005), but for static image registration, the
user might prefer to use a diffeomorphic registration like FireANTs (Jena et al., 2026).

* Sublinear memory footprint for optimization iterations: Harder examples might require more iterations
to converge, and therefore a model whose memory footprint does not grow linearly (ideally O(1)) with the
number of iterations is desirable.

* Ability to integrate weak supervisory signals during training: Large amounts of data available for
training deep learning methods are annotated by humans or algorithms to serve as silver standard for
downstream tasks like biomarker tracking, morphometric analysis, and segmentation. These landmarks or
ROIs can be used to guide the optimization process to perform better registration, with the understanding
that they may not be available for a test datum.

* Robustness to domain shift: While we desire the model to internalize task-aware registration, we do not
want it to overfit to the training data and cause catastrophic failure on out-of-distribution data.

* Flexibility in hyperparameter tuning: Users might desire choosing hyperparameters to better fit their
data from bespoke domains and modalities without expensive retraining of the model.

4.2. Implications of different designs for learnable image registration

Recall that Deformable Image Registration (DIR) is typically formulated as a variational optimization problem:
@* =argmin L(If, I, o @) + R(p) = argmin C(p, I, I,,) 4.1)
® @

We call this the image matching objective. If the images [ and Iy, are supplemented with anatomical label
maps Sy and Sy, we call this the label matching objective. Classical methods perform image matching on
the intensity images, but the label matching performance is bottlenecked by the fidelity of image gradients
with respect to the label matching objective.

Deep learning methods mitigate this shortcoming by injecting label matching objectives (for example, Dice
score or landmark distances) into the objective Eq. (4.1) and using a deep network with parameters 6 to predict
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Forward pass: Dual-stream features + closed form warp estimation
Backward pass: Naive backpropagation
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(c) Unrolled iterative optimization: memory intensive, few iterations | (d) Deep Implicit Optimization (Ours): task-aware learning, hundreds of iterations

Figure 4.1: An illustrative comparison of existing methods and our method. (a) Generic features for image
registration leverage the expressiveness and robustness of iterative optimization but do not incorporate task-specific
learning, leading to suboptimal asymptotic performance on the in-distribution task. (b) Feature learning for closed-form
parametric warp representations enable task-aware image features for registration, but are limited in expressiveness
due to limited families of closed-form transforms and lack of error-correcting nature intrinsic to iterative optimization.
(¢) Unrolled iterative optimization using recurrent modules mimic the flavor of traditional optimization and enable
task-aware image features. However, they are limited in expressivity because they can run only for a few number of
iterations due to infeasible computational requirements. (d) DIO (our method) synergizes the expressivity of advanced
iterative solvers and task-aware image feature learning by defining a custom backward pass that does not require unrolling
or iteration. DIO provides the best of both worlds by inheriting the accuracy, expressivity, and robustness of iterative
solvers, and asymptotic performance of learnable features.

o for every image pair as input. In essence, learning-based problems solve the following objective:

0" = argmeinZL(If, I 0 @g) + D(Sf, Sm o g) + R(pg) (4.2)
fim
= i T I Ima y Pm 4.
arglnelnfzm (@97 I Sf S ) ( 3)

where @g(Iy,I,,) is abbreviated to @g. This leads to learned transformations ¢y that perform both good
image and label matching. However, the feature learning and optimization are coupled, and features are
learned implicitly to produce deformation fields. Moreover, this formulation does not explicitly imbue any
task-specific invariance into the learning framework, and the learned features are optimized only for a specific
training domain, leading to poor generalization to domain shift.

Here, we discuss three dominant designs for learnable image registration, and how their key inductive biases
play a role in the benefits and limitations of the methods.
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Monolithic end-to-end transformation prediction This paradigm was dominant in the first generation
of deep learning methods for image registration. The idea is to learn a deep network with parameters 6 to
predict the transformation ¢ for every image pair as input. This is typically done by concatenating the fixed
and moving images and passing them to the network to estimate a parameteric warp representation. The
progress in these family of methods was driven by “computationally advanced blocks” that were adapted for
image registration (Balakrishnan et al., 2019; Jia et al., 2022; Mok and Chung, 2020c, 2021; Guo et al., 2024).
Although this paradigm was very successful in learning from training data, these methods did not generalize
well to out-of-distribution data, or even data from the same contrast (T1w MRI) but acquired from a different
scanner or protocol. Moreover, these designs do not admit steerable transformations at inference, and do not
allow arbitrary hyperparameter tuning at test time, although designs to perform “amortized optimization”
over a pre-defined set of hyperparameters have been proposed (Hoopes et al., 2021; Mok and Chung, 2021).
Other works like Jian et al. (2024); Liu et al. (2025a) and our own previous analysis from Chapter 2 show that
these computational blocks provide no clear justification or motivation, and do not consider the characteristics
of the registration task. Jian et al. (2024) instead advocate for registration-specific architectural designs that
are inspired and battle-tested from iterative solvers in image registration. We discuss a few of these designs in
the following sections. We also refer the reader to a visual summary of these designs provided in Fig. 4.1.

Generic features for iterative optimization One limitation of intensity images is that it doesn’t encode
anatomical details like shape, texture, discernable biomarkers directly. Therefore, a common practice is to
learn features that encode higher-level representations of the images that are more task-specific. Typically,
these features are trained using contrastive learning between synthesized views representing multimodal
contrasts of the same anatomical configuration (Dey et al., 2025), using pretrained networks like DINOv2
followed by feature lifting and projection to a smaller subspace (Song et al., 2024), using self-supervised
anatomical embeddings (Li et al., 2023b; Liu et al., 2021b), hand-engineered features (Heinrich et al., 2012),
or using segmentation-network features (Siebert et al., 2024; Huang et al., 2024). Although these features
are promising alternatives to intensity images, they are not inherently task-specific, and might not be able
to capture the full range of anatomical variations present in the data. For example, a segmentation-based
or contrastive learning-based network focusing on large objects might ignore subtle white-matter lesions or
smaller subcortical structures that are washed out due to noise of partial volume effects.

Closed-form parametric warp representations with dual-stream feature extractor Recent works in-
cluding Jian et al. (2024, 2025); Liu et al. (2025a) have shown that networks that utilize a dual-stream feature
extractor tend to perform better than monolithic models. Dual stream feature extractors allow for decoupling
the feature learning from the optimization, avoiding straightforward memorization of the training data, and
allows for more flexible representations and multi-task learning (Kang et al., 2022; Honkamaa and Marttinen,
2023). However, decoder-based warp field prediction are prone to overfitting to the training data similar to
their monolithic cousins, and are not flexible to different warp representations. A potential solution is to
couple the feature learning from the dual-stream extractor with a closed-form parametric warp representation.
A notable example is KeyMorph (Wang et al., 2023) where the feature extractor returns a set of K keypoints
that represent semantically meaningful landmarks in the image, and have trivial correspondences indexed
by their ordering. Linear fields like affine transformations can be obtained using least-squares fitting of the
keypoints to the target keypoints, which admits a closed-form solution. However, this representation is mostly
limited to linear transformations (thin-plate spline (TPS) transforms can be reduced to a system of linear
equations in the parameters), and cannot represent more complex deformations like non-rigid deformations,
large deformations, or diffeomorphic transformations.
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Unrolled learnable optimization The limitations of the previous two paradigms motivates the use of
an “optimization decoder”. Unlike the dual-stream feature extractors with parametric decoder designs, the
optimization decoder uses a "local search” strategy to iteratively obtain a warp field. This design is very
popular in the optical flow literature (Teed and Deng, 2020; Jia et al., 2021; Lipson et al., 2021; Sivan et al.,
2023). The decoder utilizes a learned correlation volume” design that explicitly weighs features by their
similarity to update the warp field, providing a way to perform iterative optimization on a feature space.
However, these designs are limited to 2D images due to the O(T'N*) complexity of the backpropagation
through time (BPTT) and correlation volume computation. For 3D images, the complexity is O(T'N®), which
is infeasible for large images. This limits their expressivity to a few iterations, and learned correlation volume
might learn associative patterns limited to training data. The primary limitation of these designs is therefore
the high computational cost, but it provides a highly flexible representation.

These designs motivate us to combine the flexibility of the dual-stream feature extractor with a "tried and
tested” optimization solver (i.e. FireANTSs). To avoid the O(T") complexity of the optimization, we propose
using the implicit function theorem to backpropagate gradients through the optimization solver directly using
a custom backprop rule. The following section discusses the technical details of our method.

4.3. Our Method

In this section, we introduce the methodological details of our framework. Our framework consists of three
main components: (1) a dual-stream feature extractor network that processes fixed and moving images
independently to produce dense multi-scale feature maps, (2) an implicit differentiation approach that enables
backpropagation through arbitrary iterative optimization solvers without unrolling or storing intermediate
optimization steps, and (3) a multi-scale optimization strategy that leverages pyramidal features from the
network to improve convergence. We detail how implicit differentiation allows us to compute gradients
through the optimization solver efficiently by exploiting the block-diagonal structure of the Hessian for mean
squared error objectives, enabling efficient computation of feature gradients via vector-Jacobian products. We
also describe implementation details including Jacobian-free backpropagation for stable training and handling
double-backward passes through the grid sampling operator.

4.3.1. Dual-stream Feature Extractor Network

The first component of our framework is a dual stream feature network that extracts dense features from the
intensity images. This network is parameterized by 6, and takes an image I € R¥*W*xDxCin a5 input and
outputs a feature map F' € RTXWxDPXC \where C is the number of feature channels, i.e. F' = gg(I). Unlike
parameteric DLIR methods where moving and fixed images are concatenated and passed to the network to
estimate a parameteric warp representation, our feature network processes the images independently. This
allows the fixed and moving images to be of different voxel sizes. The feature network can also output
multi-scale feature maps F = go(I) = [FO, F!, ..., FN], where F* € RH/2"xW/2"xD/2xCx \which can
be used by multi-scale optimization solvers. The overall framework does not dictate a particular choice of
architecture, and we ablate on different popular architectures in the experiments.

Note that in contrast to Eq. (4.1) that has fixed dynamics because of fixed Iy and I,,,, the learned features
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induce a modified learned optimization described as follows:

argmin C'(p, /'y, 1) (4.4)
i ,

Since Iy and F}, are learned using a deep network, we can now explicitly imbue the task-specific inductive
biases into arbitrary learned features.

In this work, we focus on the iterative refinement stage for end-to-end optimization of the learned image
features from a task-specific training dataset.

4.4. Implicit Differentiation through Optimization

(a) Multi-scale feature extraction (b) Optimization solver

o* = argmin C(Fr, Fm, @) A

]:fv}—m) Im,Sm

(d) Image and label loss (c) Resampling

J

Figure 4.2: Overview of our framework. (a) A neural network extracts dense multi-scale features from the input
images. (b) These features are used to optimize warp fields using a multi-scale differentiable optimization solver. (c)
The optimized transform is used to warp the moving image and labels. (d) The warped image/label are compared with
the fixed image/label using a similarity metric.

Due to the inherent limitations of parameteric warp field representation, prior works like (Qiu et al., 2022;
Sivan et al., 2023; Blendowski et al., 2021) have proposed to use recurrent architectural designs to mimic the
flavor of traiditonal iterative optimization algorithms. The iterative optimization is designed to minimize
the image and label matching dissimilarity from the training data. However, these methods are still different
from traditional optimization in a few fundamental ways. First, traditional optimization algorithms have a
well-defined stopping criteria (i.e. convergence to a local minima). This usually requires hundreds of iterative
optimization steps over multiple resolutions. In contrast, existing works employing recurrent architectures
have a few number of fixed iterations at each step. Second, an instance optimization solver does not require the
entire optimization path, in contrast to recurrent architectures where the entire unrolled path must be stored
to perform backpropagation-through-time (BPTT). These reasons limit the expressive capacity of iterative
optimization while allowing backpropagation through the solver.
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We propose to close the gap using an implicit differentiation approach to leverage powerful image registration
solver toolkits. Specifically, given the feature maps Iy and F},, extracted from the fixed and moving images
using a neural network, a gradient-based iterative solver optimizes Eq. (4.4) to obtain the optimal transformation

*.  The minimization objective converges when the gradient of the dissimilarity is zero:

e

“ Ff, F) = VoC = —
Q(Soa I ) vcp 8(p
¢

=0 4.5)

*

At this point, subsequent iterations of the optimization do not change the value of ¢*. Therefore, ©* can be
thought of as the fixed point of an ‘infinite-layer’ iterative optimization solver. This value of ¢™* is then used
to compute the loss Eq. (4.2) to minimize image and label matching objective.

Note that the analytical form of the vector-valued function o is induced by the choice of scalar-valued loss
function C used to run the optimization in Eq. (4.4). For example, choosing to minimize the sum of squared
distance loss C(Fy, Fi,09) = || Frnop—Fy||3 induces o(p, Fr, Frn) = (Epop—Fr)(V Eyop). To propagate
derivatives from (™ to the feature images F't, F,,, we invoke the Implicit Function Theorem (Krantz and Parks,
2002):

Theorem 2. For a function g : R” x R™*™2 — R™ that is continuously differentiable, if o(¢*, Fy, Fy,) = 0
and ‘% ‘ |o+ # 0, then there exist open sets U, V, V;,, containing ¢, Fy, F;,, and a function ¢*(Fy, Fyy,)
defined on these open sets such that o(¢*(Fy, Fy,), Fy, Fin) = 0.

Given the Implicit Function Theorem (IFT), we write o(*(F, Fy,), Fy, Fy,) = 0 and differentiate with
respect to F'y to obtain:

do _ 090 9p | o

dF; ~ 0p0F; | 0F; (+6)
1

The forward pass of the layer is simply the iterative solver run without any unrolling or storing of any
intermediate steps. During the backward pass, Eq. (4.9) provides the analytical form for computing the
derivative of ( with respect to the feature images. We explain how to use the result of Eq. (4.9) to compute
the gradients of the network with respect to the training loss in Section 4.4.1.

This design allows maximal expressivity of the iterative optimization solver by allowing hundreds of iterations
until convergence, while being agnostic to the nature of the solver. Moreover, there are no additional memory
overheads for optimization. In contrast, explicit T-step unrolling in prior work requires an O(7) memory
overhead for BPTT, rendering it infeasible for 3D image registration.

To summarize, the implicit optimization’s forward pass directly runs the optimization without additional
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overhead. During the backward pass, the optimal ¢* is used to compute the gradients with respect to the
feature images F'y, Fy,,. The gradients are subsequently passed back to the weights of the neural network.

4.4.1. Computing the Implicit Gradient

There are two parts to computing the feature gradients:

+ Computing the modified gradient v’ = g% (g%) -

* Computing the gradient w.r.t. feature image UT%

We describe how to compute these gradients in the following sections.

Computing the Inverse Jacobian

-1
An important component of the implicit differentiation is the computation of the inverse Jacobian (%) .

(Bai et al., 2019) propose using a quasi-Newton approach to solve the linear system (g—g) v = —3%- This

requires solving another iterative optimization in the backward pass, that can be slow. For general problems,
there are typically no alternatives to performing iterative optimization, since the Jacobian does not have a
reduced form.

However, we exploit a special structure of the Jacobian that allows us to compute the inverse Jacobian efficiently
without any iterative methods. First, we note that since o = %, the Jacobian g—i is the Hessian of the loss

function V?DC (). This quantity is a (n, - d) X (n, - d) matrix, where n,, is the number of voxels in ¢, and d
is the spatial dimension, In a typical 3D registration scenario, n,, is of the order of 107, making this quantity
hard to compute in general. However, for the mean squared error, i.e. C(¢, Fy, Fy,) = || Ff — Fy, 0 |3, the
Hessian % is a block-diagonal matrix, since there are no terms in C' containing both () and ¢(x,) for
voxel indices p # . Specifically, we have

(Q)(@(xp)) = vtp(zp)c(sov Ffv Fm) (4.10)
= (Fm(p(zp)) — Fy(xp))VEm(o(zp)) (4.11)

This quantity is a vector of size d due to the term V F;,,((xp)), and has no terms involving ¢(xz4) for g # p.
We now consider the scalar

gi =Y _(0)(e(xp))[i] (4.12)

p

, where [i] is the i index of a vector. The gradient of g; with respect to ¢(x,) is therefore

Ve(an)(91) = Vory Y (0(@(x))) [i (4.13)
= vcp(acq) (Q(Qp(xq))[zb (4.14)
= (Vi C0)) 1 (415)
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which is the i*" row of the Hessian block corresponding to the voxel Zq.

All the aforementioned operations can be performed efficiently using automatic differentiation libraries. We
compute the gradients of each g; (: = 1,2...d) and stack them to obtain the full blockwise Hessian of size
ny X d x d. Next, we can solve the following d x d system of equations for v, for each voxel p independently:

oT
890(1'17)

Since d is 2 or 3, Eq. (4.16) can be solved efficiently using standard linear algebra methods. Eq. (4.16) allows

= [Vo@,)(91); -3 Via,) (9a)]vp (4.16)

—1
us to compute the modified gradient v7 = g% ((%) .
Computing the Feature Gradients

Note that aaTi is a matrix of size n x my. Here, n = n,, - d is the number of parameters in ¢ and m; = n - C

is the number of parameters in F';. Similar to g—i, this matrix is infeasible to compute in general.

Fortunately, similar to most automatic differentiation libraries, this quantity is not computed explicitly. Instead,
Vector-Jacobian Products (JAX) are used to compute the quantity %} = —oT 89 dlrectly The quantity

" is used during the forward pass to compute the training loss Eq. (4.2) and the backward gradient g%'
This gradient is modified using Eq. (4.16) to obtain the modified gradient v. The backward pass for feature
gradients is then obtained by first computing the scalar quantity h = v” o(F, Fn, ). The derivative

of the scalar h with respect to Fy is ‘% =7 53‘5 This is an apphcatlon of the chain rule to compute

vector-Jacobian product -2 9F; . without exphc1t1y computing the full matrix a Ff The gradients of F},, are
obtained similarly. C.4 outlines the pseudocode for computing the gradients of the feature images with respect
to the training loss. These features can then be propagated back to the network to update the weights.

4.4.2. Multi-scale optimization

Iterative optimization based methods typically use a multi-scale approach to improve convergence and avoid
local minima with the image matching objective (Avants et al., 2006, 2008a; Ashburner, 2007; Beg et al.,
2005). However, the downsampling of intensity images leads to indiscriminate blurring and loss of details at
the coarser scales. We adopt a multi-scale approach by using pyramidal features from the network, which are
naturally built into many UNet-like architectures. We consider two network designs for extracting multi-scale
features:

» Shared decoder: We consider UNet-like architectures, and use the features from the decoder layers
at each resolution as multi-scale features. The decoder features from each resolution are fed to an
additional convolutional layer to obtain multi-scale feature maps for the fixed and moving images. This
allows propagation of dense gradients to multiple decoder layers and feature sharing within the network.
This architecture is illustrated in Fig. C.10(a).

* Independent decoders: We consider a cascade of networks with separate decoders, where each
decoder processes the images at different resolutions. We hypothesize that for multi-scale optimization,
independent consideration of different scales may be necessary to extract relevant features at each scale.
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This architecture is illustrated in Fig. C.10(b).
We perform an ablation study on the choice of network architecture in Section 4.5.4.

Given these multi-scale features 7y = [Ff ... F J%, F }] and F,, = [F" ... F2, FL], we first perform opti-

mization at the coarsest scale n, and store the result ¢*("). For each subsequent level k < n, we first upsample
©*(*1) to the resolution of FJ’? and use this as initialization for the optimization at the next finer scale. Finally,

all the upsampled ¢*(¥) are used to compute the training loss Eq. (4.2). This mimics traditional multi-scale
optimization methods while storing the result of the optimization at each scale for backpropagating to all
feature maps. This asymmetry of the multi-scale features allows the network to learn different features at
different scales, for example, large ventricles at coarser scales and small sulci structure at finer scales. A
comparison of classical registration algorithm and our algorithm is highlighted in Algorithms 6 and 7. More
details about the implementation of our method are discussed in Section C.2.

4.5. Experiments

We show the efficacy of DIO on a comprehensive experiment setup. First, we show that our method can
synthesize dense feature maps from sparse intensity images, facilitating sparse or dense registration. We
illustrate this on a toy dataset where classical optimization methods fail due to the lack of gradients in the loss
landscape. This is especially relevant for incorporating sparse anatomical landmark losses into registration,
where classical methods typically do not provide meaningful gradients. Second, we compare the in-distribution
performance and flexibility of our learned representations with existing methods that aim to leverage either (a)
pretrained features or intensity images for iterative optimization, (b) end-to-end or learned image features for
parametric warp field regression, and (c) learning-based explicit unrolled iterative methods. We choose two
community-standard datasets for this comparison — the OASIS dataset for inter-subject brain MRI registration,
and the NLST dataset for intra-subject lung CT registration. Qualitatively, we show our multi-scale features
are task-aware, interpretable and agnostic to choice of solver, and the implicit differentiation framework allows
high expressive capacity for optimization than baselines. Third, to substantiate the robustness of DIO, we
evaluate its performance on three out-of-distribution (OOD) neuroimaging datasets. Our method demonstrates
remarkable robustness to domain shift, outperforming other prediction-based methods. This robustness is
important in the context for DLIR since domain-shift leads to a shift in the distribution of warps, subseqeuntly
resulting in poor generalization (Fu et al., 2020a; Wolterink et al.; Mok and Chung, 2022; Bigalke et al.,
2022; Hansen and Heinrich, 2021) , limiting deployment in clinical settings. Furthermore, we show that
our method allows zero-shot test-time switching of optimizers and efficacy across architectures, enabling
arbitrary transformation representations and constraints at test time. We also evaluate the inference time of our
method and compare it to explicit recurrent architectures that emulate iterative optimization, and show that our
method is fast, compute-efficient and amenable to rapid experimentation and hyperparameter tuning. Finally,
we examine the effect of choosing different implicit differentiation backends, and show that Jacobian-free
backprop is the most well-conditioned and efficient for our task.

4.5.1. DIO learns flatter loss landscapes from sparse images
A key strength of DIO is the ability to learn interpretable dense features from sparse intensity images for

accurate and robust image matching. This is particularly pertinent for medical image registration, where
intensity images often exhibit significant heterogeneity in their gradient profiles, making registration difficult.
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Figure 4.3: Dense feature learning leads to flatter loss landscapes. Top row shows the intensity image with
the corresponding multi-scale features predicted by the deep network, where the L™ level denotes a feature of size
H /28 xW /28 x Cy,. Bottom row shows the loss landscape as a function of the relative translation between the squares in
the fixed and moving image. Note the flat maxima which occurs when there is no overlap between the fixed and moving
image, making optimization impossible if there is no overlap of the squares at initialization. On the contrary, the loss
landscape for learned features is smooth, even at the finest scale, leading to much faster convergence even when there is
no overlap between the intensity images. This allows registration without any centroid or moment-based preprocessing.

We design a toy task to isolate and demonstrate this behavior. In this task, the fixed and moving images are
generated by placing a square of size 32x 32 pixels on an empty canvas of 128 x 128 pixels. The probability
of the squares in the fixed and moving images having non-zero overlap is set to 50%. The objective is to
find an affine transformation to align the two images. However, classical optimization methods will fail
this task 50% of the time, since there is no gradient of the loss function when the squares do not overlap,
illustrated by the flat loss landscape in Fig. 4.3. In contrast, deep networks learn features that significantly
flatten this loss landscape in the feature space. To demonstrate this, we train a network to output multi-scale
feature maps that is used to iteratively optimize Eq. (4.1) to recover an affine transform. We choose a 2D
UNet architecture, and the multi-scale feature maps are recovered from different layers of the decoder path
of the UNet. Since the features are trained to maximize dice overlap, the loss landscape is much flatter, and
the network is able to recover the affine transform with > 99% overlap regardless of whether there is any
initial overlap or not (Section C.5). This allows registration of labelmaps with sparse gradients without any
centroid or moment-based preprocessing (Legouhy et al., 2023; Yushkevich et al., 2016), which is typically
done to offset the lack of gradients in the loss landscape. Moreover, end-to-end learning also enables learning
of features that are most conducive to registration, unlike existing work (Wu et al., 2015; Ma et al., 2021;
Wu et al., 2013; Quan et al., 2022) that may not contain discriminative registration-aware features about
anatomical labels due to stagewise training.
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Table 4.1: Quantitative performance on OASIS and NLST validation sets. DIO learns high-fidelity features
incorporating both image and label matching into iterative optimization, showing superior performance compared to a

variety of baselines.

Validation metrics on OASIS

Method Dice HD95
Affine (Baseline) 0.572 £ 0.051 3.831 +£0.718
ANTSs Avants et al. (2008a) 0.786 £ 0.033 2.209 £+ 0.534
NiftyReg Modat et al. (2010a) 0.775 £ 0.029 2.382 +0.723
LogDemons Vercauteren et al. (2008) 0.804 +0.022 2.068 4+ 0.448
FireANTs Jena et al. (2026) 0.791 £ 0.028 2.793 4+ 0.602
SynthMorph Hoffmann et al. (2021) 0.785 £0.023 2.311 £ 0.452
ConvexAdam + intensity Siebert et al. (2024) 0.792 + 0.030 2.710 £ 0.555
DINO-reg Song et al. (2024) 0.509 £0.031 5.667 £ 0.638
Cyclic-Reg Bigalke et al. (2023) 0.763 £ 0.033 2.539 4+ 0.723
GradIRN Qiu et al. (2022) 0.746 £ 0.016 8.232 +0.715
SUITs Blendowski et al. (2021) 0.615 £ 0.047 3.923 4+ 0.498
KeyMorph (MSE) 0.608 £+ 0.039 3.886 4 0.458
KeyMorph (Dice) 0.642 +0.021 3.560 4+ 0.394
Ours (UNet backbone) 0.853 +£ 0.018 1.675 + 0.379
Ours (LKU backbone) 0.862 + 0.017 1.584 + 0.351
Validation metrics on NLST

Method TRE30 (in mm)

Zero displacement (Baseline) 9.76

VoxelMorph Balakrishnan et al. (2019) 4.12

Im2Grid Liu et al. (2022) 3.05

SyN 3.04

Vector-Field Attention Liu et al. (2024c¢) 2.31

RWC-Net Sivan et al. (2023) 2.11

unigradICON Tian et al. (2024) 2.07

unigradICON + instance optimization 1.77

FireANTs 1.28

FireANTs + MIND 1.18

ConvexAdam + MIND 1.17

Ours + MIND 1.02

4.5.2. Comparison of in-distribution performance

Datasets We evaluate our method on two datasets - the OASIS dataset for inter-subject brain MRI registration,
and the NLST dataset for intra-subject lung CT registration.

OASIS: The OASIS dataset (Marcus et al., 2007b) contains 414 T1-weighted MRI scans of the brain with
label maps containing 35 subcortical structures extracted from automatic segmentation with FreeSurfer and
SAMSEG. We use the preprocessed version and train-val split from the Learn2Reg challenge (Hering et al.,
2022) where all the volumes are skull-stripped, intensity-corrected and center-cropped to 160x192x224. We
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evaluate the Dice score and the 95th percentile of the Hausdorff distance (HD95) between the warped and
fixed label maps.

NLST: The National Lung Screening Trial (NLST) dataset (Team, 2011) consists of intra-subject inspiration-
expiration pairs. The preprocessed version consists of 200 training pairs and 10 validation pairs, with
corresponding keypoints obtained using automatic landmark detection using the Foerstner operator. Owing to
large variability in lung volume due to inspiration and expiration, the NLST dataset requires large deformation
fields to align the two volumes reliably. We evaluate the 70th percentile of target registration error (TRE30)
of the keypoints between the warped and fixed volumes from the validation dataset.

Baselines We consider a variety of baselines for this comparison. Our primary contribution is enabling the
synergy of task-aware feature learning and powerful black-box solvers end-to-end. Therefore, the baselines
are categorized into three relevant groups — (a) using intensity images or generic pretrained features combined
with iterative optimization-based methods, (b) parametric regression of warp fields using neural network, and
(c) learning-based explicit unrolled iterative methods.

For the OASIS daaset, we consider (a) SyN (Avants et al., 2008a), NiftyReg (Modat et al., 2010a), Log
Demons (Vercauteren et al., 2008), FireANTs (Jena et al., 2026), ConvexAdam (Siebert et al., 2024), DINO-
Reg (Song et al., 2024), (b) SynthMorph (Hoffmann et al., 2021), KeyMorph (Wang et al., 2023), Cyclical
Self-Training (Bigalke et al., 2023), (¢) multimodal SUITS (Blendowski et al., 2021) and GradIRN (Qiu et al.,
2022). For the NLST dataset, we consider (a) ConvexAdam, SyN, FireANTs (b) VoxelMorph (Heinrich and Hansen,
2022), unigradICON (Tian et al., 2024) (with and without instance optimization), Vector-Field Attention (Liu et al.,
2024c), Im2grid (Liu et al., 2022), and (c) RWC-Net (Sivan et al., 2023). All methods are trained with a
combination of intensity and label or keypoint matching losses, wherever applicable.

Results Table 4.1 summarizes the results. On the OASIS dataset, we observe that all iterative optimization
methods perform in the same ballpark without supervision. We run Convex Adam with the intensity images and
do not observe any improvement over the unsupervised baselines. We swap the intensity images with DINO
features (DINO-reg without ensembling) and observe no improvement in performance - bolstering our claim
that generic features do not guarantee task-specific performance. Iterative methods like GradIRN and SUITs
are modified and trained on both the intensity images and label maps, but do not show significant improvement
either, due to the limited expressivity of unrolled optimizations. Supervised parametric baselines like LapIRN
and LKU-Net show much better performance for in-distribution datasets, but completely breakdown for
out-of-distribution datasets (Section 4.5.3). Our method shows a significant improvement over unsupervised
iterative methods, generic features, and explicit unrolling of optimization.

On the NLST dataset, we see a similar trend where unsupervised optimization methods like ConvexAdam and
FireANTs show solid performance, while parametric methods like VoxelMorph, unigradlCON, Vector-Field
Attention, and Im2grid show relatively poor performance. unigradlCON substantially improves with instance
optimization, indicating the necessity of instance optimization for robust registration. RWC-Net being an
iterative method also reports a poorer performance compared to ConvexAdam and FireANTs, showing that
powerful optimization solvers with handcrafted features can surpass learned features with limited expressivity
of unrolled optimization. DIO improves over the unsupervised baselines and parametric warp field estimators,
showing robust performance to multiple anatomical structures and large deformations.

Key differences with closely related methods The closest works to our method are (a) KeyMorph that
emulates feature learning from images for (non-iterative) registration, and (b) GradIRN, RWC-Net, and SUITs
that emulate iterative optimization with explicit recurrent modules. Using a framework like KeyMorph limits
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the warp representation that can be computed using closed-form solutions like affine, or thin-plate splines
(TPS). TPS represents a very limited class of warps, cannot be guaranteed to be diffeomorphic, and a vast
majority of widely used parameterizations (free-form, SVF, geodesic, LDDMM, SyN) do not admit closed
form solutions rendering KeyMorph unsuitable for many advanced registration applications. We compare the
qualitative expressivity of the warp field and transformed images generated by KeyMorph with that of our
method in Figs. C.7 and 4.4. Explicit recurrent modules, on the other hand, are stateful and are limited to few
iterations due to memory constraints. This also limits the expressivity of the generated warp fields despite not
being limited to closed-form solutions. Moreover, we note that KeyMorph is highly compute-intensive, quickly
running out of memory on an A6000 GPU with 512 keypoints, even with a truncated UNet backbone and float16
mixed precision training. GradIRN, RWC-Net, and SUITs face memory contraints because of their explicit
recurrent modules, and are limited to a few iterations. On the other hand, DIO produces dense multi-scale
image features, which would equivalently correspond to about 192 % 224 % 160* (1+1/8+1/64)x16/3 ~ 41
million keypoints for a standard MRI image across multiple scales, and can be run for a hundreds of iterations
without memory constraints. This allows us to express maximal expressivity both in the feature representation
and the capacity of the optimization solver.

KeyMorph

Ours

Moving Image Fixed Image

Figure 4.4: Qualitative comparison of KeyMorph and our method on OASIS dataset. The first row shows the
warped images using KeyMorph and the second row shows the warped images using our method. The third and fourth
rows show the fixed and moving images, respectively. The OASIS dataset consists of skull-stripped T1-MRI brains that
are affinely registered to the Talairach space, consequently we focus on deformable registration. KeyMorph uses 512
keypoints to parameterize a thin-plate spline transformation, while our method uses an optimizer to predict a dense
deformation field. Our method demonstrates high fidelity registration, compared to KeyMorph that only partially warps
large differences in ventricles (last two columns). More qualitative comparisons, including segmenation maps, and
predicted warp fields are shown in Figs. C.7 to C.9.
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4.5.3. DIO inherits robustness to domain shift from iterative optimization

A key requirement of registration algorithms is to be robust to a spectrum of scanner configurations, acqui-
sition, preprocessing and labelling protocols, since there are different standards across institutions. Exist-
ing prediction-based DLIR methods are very sensitive to domain shift (Mok et al., 2023; Jena et al., 2024;
Jian et al., 2024), and catastrophically fail on other brain datasets. On the contrary, DIO inherits the domain
agnosticism of the optimization solver, and is robust under feature distortions introduced by domain shift.

Datasets We evaluate the robustness of the trained models on three brain datasets: LPBA40, IBSR18, and
CUMCI12 datasets (Shattuck et al., 2008; ibs; Klein et al., 2009). Contrary to the OASIS dataset, these datasets
were obtained on different scanners, affinely pre-aligned to different atlases (MNI305, Talairach) with varying
algorithms used for skull-stripping, bias correction (BrainSuite, autoseg), and different manual labelling
protocols for different anatomical regions (as opposed to automatically generated Freesurfer labels in OASIS).
Unlike the OASIS dataset, these datasets also have different voxel sizes for different brain scans, and IBSR18
and CUMCI12 datasets have non-uniform anisotropic volumes. More details about the datasets are provided in
Section C.7. We note that increasing label map overlap with automatically generated labels during training is
easier for DL-based parametric registration methods. Therefore, the performance of DL-based methods on
unseen, manually generated parcellations is crucial for clinical translation. The aforementioned aspects of
the chosen community-standard datasets make them challenging for DLIR methods, and highlight the crucial
shortcoming of these methods, i.e. lack of generalization to domain shift.

Baselines We employ a variety of deep learning baselines for this experiment. We consider the original
VoxelMorph (Balakrishnan et al., 2019) pretrained model that is trained using an unsupervised objective
function, SynthMorph (Hoffmann et al., 2021) that is trained on procedurally generated synthetic data using
upsampled Perlin noise. Cyclical-Reg (Bigalke et al., 2023) is similar to SynthMorph in that it is trained on a
self-supervised objective without any label or image supervision. The training framework emulates a few
consistencies of the predicted warp field like inverse-consistency and matching the results of iterative optimiza-
tion. Furthermore, two pyramidal architectures that mimic multi-scale prediction - LapIRN (Mok and Chung,
2020c) and its conditional counterpart named Conditional LapIRN (Mok and Chung, 2021) are also suitable
prediction-based baselines. A symmetric normalization network dubbed SymNet (Mok and Chung, 2020b)
that performs symmetric predictions from the fixed and moving images is also used to compare with their
non-symmetric counterparts. The pretrained models in SymNet and LapIRN are trained without dice loss; we
also train models that include dice loss for comparison. We also include a large kernel UNet (LKU) (Jia et al.,
2022) which has showed high accuracy in the OASIS dataset, albeit with implausible deformations (Jian et al.,
2024). We also consider three variants of transformer-based TransMorph for registration (Chen et al., 2022b).
Specifically, we use the provided pretrained model for TransMorph-large and two variants of TransMorph-
regular trained with and without Dice loss. Finally, we consider Convex Adam, DINO-reg, multimodalSUITs,
and GradIRN as baselines employing iterative optimization.

This assortment of baselines represent a spectrum of design choices in deep learning for registration, and are
representative of the state-of-the-art in DLIR. These methods show excellent performance on in-distribution
datasets with automatically generated parcellations. To evaluate the generalization to out-of-distribution
datasets, we train all models on the OASIS training split and evaluate on all pairs of the LPBA40, IBSR18,
and CUMC12 datasets.

Owing to the predictive paradigm of most baselines, we also evaluate their performance with and with-

76



out instance optimization. Following VoxelMorph++ (Heinrich and Hansen, 2022), we finetune the output
representation for 100 iterations with the normalized cross-correlation (NCC) loss, and Adam optimizer
with a learning rate of 1073, Note that almost none of these baselines come with instance optimization
postprocessing, therefore we manually implement, evaluate and validate the performance of the instance
optimization solver for each baseline, requiring significant effort.

Evaluation We evaluate across a variety of configurations — (i) preserving the anisotropy of the volumes or
resampling them to 1mm isotropic (denoted as anisotropic or isotropic respectively), and (ii) center-cropping
the volumes to match the size of the OASIS dataset (denoted as Crop and No Crop). The results for all
three datasets are shown in Fig. 4.5 sorted by mean Dice score; quantitative comparison is also shown in
Appendix Table C.1. Fig. 4.5 shows boxplots with each color representing a different method, and a more
translucent shade for the baseline without instance optimization. Note that TransMorph, VoxelMorph, and
SynthMorph do not work for sizes that are different than the OASIS dataset due to design decisions and
implementation constraints, therefore they only work in the Crop setting. The IBSR18 dataset consists of
different volumes with different levels of anisotropy; consequently resampling them to Imm isotropic leads to
different voxel sizes. These volumes cannot be concatenated along the channel dimension, consequently every
DLIR method cannot run under this configuration (Fig. 4.5(a)). In contrast, similar to KeyMorph, our method
employs a dual-stream-like architecture that processes one volume at a time. Since our method utilizes a
dual-stream-like convolutional architecture processing one volume at a time, the fixed and moving images can
have different voxel sizes, i.c. feature extraction is not contingent on the voxel sizes of the moving and
fixed images being equal. The optimization solver can also handle different voxel sizes for the fixed and
moving volumes — which is useful in applications like multimodal registration (in-vivo to ex-vivo, histology
to 3D, pre-operative to intra-operative, microscopy to MRI). This unprecedented flexibility brings forth a
new operational paradigm in deep learning for registration combining feature learning to incorporate label
fidelity with optimization-as-a-layer to be robust, widening the scope of applications for registration with
deep features. This experiment provides a few key insights about existing DLIR methods.

Predictive registration methods do not generalize their performance under domain shift

Image registration is a highly ill-defined and non-convex problem, which is NP-hard to solve in general.
Learning a parametric statistical model to amortize optimization can learn a distribution of warps that are
specific to the training dataset. However, there is no explicit mechanism to ensure that the predicted warp field
indeed performs correspondence in any space of feature maps. For domain shift in the input images, the warp
fields predicted by the model need not be the local minima of any optimization function. This implies that
predictive methods for registration would not easily generalize outside the training domain. Moreover, this
lack of generalization is not mitigated by label supervision during the training phase, as evident by baselines
with supervised label losses underperforming their unsupervised counterparts. This behavior is not noticed
by us alone; (Mok and Chung, 2022) observe that the supervised models are inferior to their unsupervised
models in the LPBA dataset, indicating anatomical knowledge injected to the model with supervision may not
generalize well to unseen data beyond the training data. The need for instance optimization (IO) for improved
performance is shown to be necessary for foundational models as well (Tian et al., 2024). The benefit of
amortized optimization does not hold anymore since IO becomes a necessity and consequently a bottleneck
for generalization to domain shift. In fact, most of the inference time is now dominated by the (sequential) IO
routine. However, instance optimization routines have become fast, motivating a shift towards robust feature
learning paradigm instead.
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Figure 4.5: Boxplots of Dice scores for three out-of-distribution datasets. DIO performs significantly better across
three datasets without additional finetuning. Contrary to other baselines that output warp fields considering 1mm
isotropic data, leading to a performance drop with anisotropic volumes, DIO performs better with anisotropic data due
to the optimization’s resolution-agnostic nature. Even with image-space instance optimization, almost all baselines
underperform compared to DIO.
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DLIR methods do not provide good initialization for out-of-distribution data

Despite the need for instance optimization, one may want to use predictive registration methods for initialization
to reduce the number of iterations required for the subsequent instance optimization. However, predictive
methods do not provide good initialization either, as the performance of baselines does not surpass our
method even with 100 iterations at the finest scale, compared to only 20 iterations at the finest scale for
our method in Fig. 4.5. If the initialization is downsampled to perform multi-scale instance optimization,
most of the initialization information is lost during downsampling. For example, if a multi-scale instance
optimization is performed with the coarsest scale at 1/4™ resolution, around 98.4% (= 63/64) of the
initialization is discarded. This kind of instance optimization then closely resembles classical intensity-based
optimization instead, rendering the initialization from predictive methods redundant. Another limitation of
instance optimiztion is also observed in (Mok et al., 2023) wherein instance optimization typically achieves
minimal improvements on solidly trained neural networks. For out-of-distribution data, our experiments also
corrobate the fact that initialization from learned coarser feature maps (ours) is consistently robust compared
to initialization from predictive methods.

DIO remedies both these issues using high-fidelity multi-scale features

Under our feature learning paradigm, we are able to circumvent the bad initialization problem by not predicting
any warps at all, and instead performing a multi-stage instance optimization with learned features. Figs. 4.6
and 4.7 show that our learned feature maps provide higher-fidelity warps compared to intensity images at all
levels, while being interpretable. Since most of the iterative computation is performed at the coarser scales,
this leads to fast runtimes than baselines with instance optimization. DIO also provides robust performance
and low variance across different datasets, as shown in Fig. 4.5. Our novel methodology sidesteps initialization
using prediction altogether.

4.5.4. Robust feature learning enables zero-shot performance by switching optimizers at
test-time

Another major advantage of our framework is that we can switch the optimizer at test time without any
retraining. This is useful when the registration constraints evolve over time (i.e. initially diffeomorphic
transforms were required but now non-diffeomorphic transforms are acceptable), or when the registration
is used in a pipeline where different parameterizations (freeform, diffeomorphic, geodesic, B-spline) may
be compared. Since our framework decouples the feature learning from the optimization, we can switch the
optimizer arbitrarily at test time, at no additional cost. A crucial requirement is that learned features should
not be too sensitive to the instance optimization routine.

To demonstrate this functionality, we use the validation set of the OASIS dataset and four network architectures.
We consider the vanilla UNet (Ronneberger et al., 2015) and Large Kernel UNet (Jia et al., 2022) networks,
and Encoder-only and Encoder-Decoder architectures for each network. The difference in architectures are
visualized in Fig. C.10. These networks were initially trained using the SGD optimizer without any additional
constraints on the warp field. At test time, we switch the optimizer to the Fire ANTs optimizer (Jena et al.,
2026), that uses a Riemannian Adam optimizer for multi-scale diffeomorphisms. If the features had overfit to
the training dynamics of the SGD optimizer, we would expect a significant drop in performance at test time.
Unlike explicit iterative unrolling, implicit optimization theoretically ensures that the gradient of the inputs to
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Optimizer SGD FireANTs (diffeomorphic)
Architecture DSC HDY5 %(||lJ] <0) | DSC HD95 To(||J]| < 0)
UNet Encoder 0.845 +£0.018 1.790 +0.433  0.7866 + 0.1371 | 0.834 £ 0.018 1.847 £0.410 0.0000 + 0.0000
LKU Encoder 0.849 +0.018 1.733 +0.401 0.8079 + 0.1308 | 0.838 £ 0.018 1.806 +0.373  0.0000 + 0.0000
UNet 0.853 £0.018 1.675+£0.379 1.0718 £0.1662 | 0.842 +0.018 1.748 £ 0.397 0.0000 £ 0.0000
LKU 0.862 +£0.017 1.584 £0.351 0.8646 £ 0.1429 | 0.849 +0.017 1.740 £ 0.345 0.0000 £ 0.0000

Table 4.2: Zero shot performance by switching optimizers at test-time. Our method is trained on the OASIS dataset
with the SGD optimizer to obtain the warp field. At inference time, we use an SGD optimizer for no constraint on the
warp field, and the FireANTs optimizer to ensure diffeomorphic warps. Across all architectures, the Dice Score remains
robust, with only a slight dip attributed to the constraints introduced by diffeomorphic mappings. The SGD optimization
introduces ~1% singularities, while FireANTs shows no singularities.

Figure 4.6: Examples of multi-scale features learned by the feature extractor. Scale-space features (bottom row) obtained
by downsampling the image downsample all image features indiscriminately. Our features (top row) preserve necessary
anatomical information at all scales, and introduce inhomogenity in the feature space for better optimization (watershed
effect and enhanced contrast near gyri and a halo around the outer surface to delineaate background from gray matter).

the solver is independent of the optimization path, and is only dependent on the final result of the solver.

Results in Table 4.2 compare the Dice score, 95th percentile of the Haussdorf distance (denoted as HD95) and
percentage of volume with negative Jacobians (denoted as %(||.J|| < 0)) for the two optimizers. The SGD
optimizer introduces anywhere from 0.79% to 1.1% of singularities in the registration, while the FireANTs
optimizer does not introduce any singularities. A slight drop in performance can be attributed to the additional
implicit constraints imposed by diffeomorphic transforms. However, the high-fidelity features lead to a
much better label overlap than FireANTs run with image features (Table 4.1 and Fig. 4.7). Our framework
introduces an unprecedented amount of flexibility at test time that is an indispensible feature in deep learning
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Multi-scale ablation on OASIS val set
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Figure 4.7: Ablation on fidelity of multi-scale features compared to multi-scale intensity images. To show that
multi-scale features provide more label-aware information than intensity images alone, we perform registration on the
OASIS validation set using multi-scale features and intensity images. For intensity-based multi-scale registration, the
intensity images are smoothed and downsampled at each level. x-axis shows the resolutions at which optimization is
performed, and y-axis shows the distribution of Dice scores. For identical multi-scale optimization routines, feature-
based registration provides better label alignment than intensity images at all resolutions. This demonstrates the efficacy
of task-awareness in features learned using our framework.

for registration, and can be useful in a variety of applications where the registration requirements change over
time, without expensive retraining.

4.5.5. Interpretability of features

Decoupling of feature learning and optimization allows us to examine the feature images obtained at each
scale to understand what feature help in the registration task. Classical methods use scale-space images
(smoothened and downsampled versions of the original image) to avoid local minima, but lose discriminative
image features at lower resolutions. Moreover, intensity images may not provide sufficient details to perform
label-aware registration. Since our method learns dense features to minimize label matching losses, we can
observe which features are necessary to enable label-aware registration. Fig. 4.6 highlights differences between
scale-space images and features learned by our network. At all scales, the features introduces heterogeneity
using a watershed effect and enhanced contrast to improve label matching performance.
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(a) Effect of )\ on different R,, with HyperMorph. (b) Effect of )\ on different R, with DIO.

Figure 4.8: Comparison of regularization at inference time. With HyperMorph, regularizations like Volume
Preservation and Laplacian Registration are not monotonic with the training hyperparameter A, and have to be considered
during training. In contrast, due to the decoupled feature learning and optimization, DIO can be run with arbitrary
regularization families at test time without any retraining, and monotonic trends with A are observed.

4.5.6. DIO provides flexible Regularization Tuning

DLIR methods are typically trained with a fixed loss function and regularization, leading to inflexible regular-
ization for novel image contrasts, resolutions, or anatomy. HyperMorph (Hoopes et al., 2021) introduced a
method to amortize optimization over different hyperparameters in a deep network by providing the regular-
ization parameter A as an input to the network. The HyperMorph network is trained with the following loss
function conditioned on A:

where R, () is the total variation on the velocity field of the diffeomorphic transform.
Ry(po) = Vol o = expiq(vp) (4.18)

However, the regularization is fixed during training, and a model trained to minimize the total variation may
not have similar regularization effects on other unseen regularization families, like Jacobian regularization,
curvature, or Laplacian regularizations. Incorporating n different regularization families would require a
combinatorial amount of conditional inputs to capture the full hyperparameter space. This will require
significant training time, and will still be inflexible for other unseen hyperparameter families. In contrast, our
method can work with arbitrary unseen regularization families and hyperparameters at test time without any
retraining.

To demonstrate this, we consider the pretrained HyperMorph model. For our method, we perform feature
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training on Eq. (4.1) without any regularization, and at inference time, we add a regularization term to the
optimization loss as follows:

CG(‘PM\) = (1_)‘)L(FfaFmO(P)+)\Ru((p) (4.19)
We consider four families of R,,:

« Total variation of the warp field: R,(¢) = [, [V¢||3dQ2. We hypothesize that this term will be
directly affected by the total variation of the velocity field in HyperMorph, as the exponential map of a
smooth velocity field is likely to be smooth, due to the smoothness of the exponential map itself.

* Elastic reg: R, (¢) = [, (a||[Ve|l + B[ VZ¢||) d€2. This term is performed implicitly in the popular
SyN algorithm, and is likely to be affected by the total variation energy in HyperMorph as well. We set
o = 8 =1 for this experiment.

* Jacobian det: R,(p) = |, (]det(Vap) — l\g) d2. This term is used in diffeomorphic registration to

ensure volume preservation, and this term is less likely to have a monotonic relationship with the total
variation of the velocity field.

« Laplacian reg: R,(¢) = [, || A||3d€2. The effects on this regularization are not monotonic with the
total variation of the velocity field.

For the HyperMorph model, we evaluate the regularization losses for each A to see the effect of R, on
other regularization families 1?,,. Results in Fig. 4.8a show that total variation and elastic regularization
follow monotonic trends with \ since reducing ||Vv||3 will induce smoothness to the velocity field, and
consequently smoothness to the warp field due to the smoothness of the exponential map. However, the
Laplacian and Jacobian regularization do not follow monotonic trends with A, indicating that additional
training would be required to incorporate these regularizations. In contrast, Fig. 4.8b shows that DIO can
work with arbitrary regularization families at test time without any retraining, providing immense flexibility
to arbitrary registration constraints at test time.

4.5.7. Ablation on choice of implicit gradient

In all our experiments, we use the Jacobian-free Backprop ( (Fung et al., 2021)) approximation for approximat-
ing the gradient of the feature image. We ablate on the following choices of implicit gradient approximations:
(a) full Hessian, (b) unrolled phantom gradients (Geng and Kolter, 2023; Geng et al., 2021) (UPG), and (c)
Jacobian-free Backprop, on the OASIS dataset. Note that phantom gradients simply correspond to BPTT-like
unrolling over k steps. We train the network with the same architecture and hyperparameters for 100 epochs,
and evaluate the performance on the validation set.

Table 4.3 shows that Jacobian-free Backprop provides the best performance, followed by unrolled phantom
gradients with £ = 3. For the UPG variants, we run out of memory with k£ = 10 at the finest resolution due to
the computational demands of explicit unrolling. The results for UPG also show that explicit unrolling is both
computationally demanding and unstable compared to cheaper variants like JFB. For the full Hessian IFT, we
observe poor training performance due to the ill-conditioning of the Hessian Vﬁ,C’ (o, Ft, Frn) = g—f;. Since

this ill conditioned Hessian’s inverse is multiplied with the incoming warp gradient 8%, the feature gradient
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Figure 4.9: Qualitative comparison of different backward passes for DIO. (Left) Top eigenvalues of the inverse
Hessian skew the feature gradient due to their large magnitude compared to the rest of the eigenspectra, (Right)
qualitatively demonstrates the effect of the Hessian on the gradient of the training loss with respect to the transformation
field ¢ and the fixed feature F’y using different instantiations of the backward pass at the beginning of training. Gradients
w.r.t. feature images from Hessian-based IFT are very sparse and do not facilitate network learning. On the contrary,
gradients obtained using JFB are dense and the network quickly convergences to low training loss.

Method Dice

Full Hessian IFT 0.688
Unrolled Phantom Gradients (UPG) (k = 10*) 0.782
Unrolled Phantom Gradients (UPG) (k = 5) 0.841
Unrolled Phantom Gradients (UPG) (k = 3) 0.842
Jacobian-free Backprop 0.862

Table 4.3: Ablation on choice of implicit gradient approximation. On the OASIS dataset, Jacobian-free Backprop
achieves highest validation score while being computationally efficient. The full Hessian IFT suffers from the ill-
conditioned Hessian of the registration problem, leading to poor convergence. We also observe monotonic decrease in
validation performance with increasing k for UPG. * indicates that the model runs out of memory at finest resolution.

g—ﬁ is sparse and noisy. This severe ill-conditioning of the inverse Hessian is also observed in (Jena et al.,

2026).

We also examine the eigenspectra of the inverse Hessian matrix and its effect on the feature gradient com-
putation in Fig. 4.9. We observe in Fig. 4.9 that although both full Hessian IFT and JFB receive the same
gradients g%’ they both provide significantly different feature gradients. The top eigenvalues of the Hessian
matrix skew the gradient due to their large magnitude compared to the rest of the eigenspectra. This leads to
sparse gradients with respect to the feature images (visualized as bright and dark speckles), consequently
leading to poor training performance. This ablation provides motivation for future work to precondition the
Hessian while addressing its ill-conditioned nature.

4.6. Discussion
DLIR methods provide several benefits such as amortized optimization, ability to leverage weak supervision

and learn from large (labeled) datasets. However, coupling of the feature learning and optimization steps in
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DLIR methods limits the flexibility and robustness of the deep networks. Existing attempts to synergize opti-
mization and feature learning in deep networks have been limited due to two reasons. First, storing the entire
computational graph of iterative optimization of 3D images will require an excessive (and often infeasible)
memory footprint. Second, existing methods have limited mathematical formulation to enable the ability to
backpropagate features from a generic iterative optimization-based solver to learnable, rask-aware features
of images. We highlight the shortcoming of the existing classes of methods that aim to mitigate this issue,
and propose a novel paradigm that incorporates optimization-as-a-layer for learning-based frameworks. This
paradigm allows the use of advanced black-box optimization toolkits in the forward pass, and a mathematically
sound formulation to backpropagate features from the optimization solver to the feature learning network,
without any additional compute or memory overhead.

Our comprehensive experimental setup on multiple datasets measuring both in-distribution and out-of-
distribution performance demonstrates two solid empirical conclusions. First, task-aware learning is required
for task-aware performance. Using generic feature extractors or emulating iterative solvers only for a few
steps cannot achieve asymptotically optimal in-distribution performance. Second, iterative optimization is
necessary for robustness to out-of-distribution data. Regardless of the performance of parameteric deep
learning methods on in-distribution data, most methods fail to generalize on out-of-distribution data. Multi-
scale iterative optimization is therefore necessary for robustness to unseen image characteristics typically
encountered in real-world clinical scenarios. Since DIO combines task-specific feature learning and black-box
iterative optimization end-to-end, our method achieves state-of-the-art performance on the in-distribution
setting, and is robust to out-of-distribution data. Densification of features from our method also leads to better
optimization landscapes, and our method is robust to unseen anisotropy and domain shift. To our knowledge,
our method is the first to switch between transformation representations (free-form to diffeomorphic) at fest
time without any retraining.
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CHAPTER 5

A Scalable and Distributed Framework for Multimodal GigaVoxel Image Registration

In chapter Chapter 3, we introduced FireANTs as a real-time registration framework that is robust to a long
tail of modalities and datasets, while enabling the full flexibility of representing time-dependent flows of
diffeomorphisms. This was followed by a framework introduced in Chapter 4 for using FireANTs as a fully
differentiable layer to learn task-specific image features from auxiliary labelmaps or landmarks. Together, they
address two major limitations of iterative optimization methods while preserving all their advantages. Over the
past three decades, there has been a tremendous growth in image acquisition capabilities for various biomed-
ical and life science applications, including MRI, CT, PET, microscopy (Balchandani and Naidich, 2015;
Esquivel et al., 2022; Badawi et al., 2019; Gambarotto et al., 2019; Wassie et al., 2019). Ultra-high resolution
imaging technology has enabled acquisition of images beyond three orders of magnitude larger than macro-
scopic biomedical domains (Kleven et al., 2023; Wang et al., 2020b; Mansour et al., 2025; Kleinfeld et al.,
2011). For instance, a typical clinical 1mm brain MRI scan registration requires solving for ~ 20M parameters,
while a high-resolution ex-vivo human brain scan requires solving upto 11B parameters (more than 500 times
larger). However, current approaches work reliably only at the scale of macroscopic biomedical domains
(~ 50M warp parameters) and quickly run out of memory on larger problems due to high computational
and memory requirements. We observed this behavior both in Chapter 2 where VFA ran out of memory
for the Ultracortex dataset at 0.6mm isotropic resolution, and in Chapter 3 where deep learning methods
typically run out of memory at ~ 1.8x higher resolution per dimension than Imm isotropic images. In
context, neuropathology typically operates at few microns per pixel resolution for histology (Mancini et al.,
2020), and at ~ 100 — 300um for ex-vivo brain scans (Edlow et al., 2019; Khandelwal et al., 2025). This
leads to a significant gap in the ability to accurately register images at high resolutions.

Surge in distributed frameworks for large model training Recent years have also witnessed tremendous
innovations in large-scale transformer model training, including IO-aware fused operations to minimize latency
and large memory overheads (Dao et al., 2022; Dao, 2023; Spector et al., 2025), 5D parallelism to distribute
larger-than-memory models and inputs into multi-GPU/node setups (Shoeybi et al., 2019; Li et al., 2023a;
Jacobs et al., 2024; Li et al., 2024; Zhao et al., 2023; Ansel et al., 2024). Although most existing techniques
are specialized for generalized matrix multiplication (GEMM) like operations only, the fundamental concepts
utilized by these methods (I0-awareness, recomputing and aggregating intermediates on shared memory to
minimize high bandwidth memory (HBM) storage, identifying partial aggregates across hosts to minimize
communication overheads for distributed optimization) are broadly applicable to a wide class of problems of
the non-GEMM nature.

In this chapter, we transfer these concepts to scale image registration algorithms to match parity with the
developments in both increasing resolution of image acquisition and compute capabilities. To that end,
the contributions in this chapter are twofold. First, we identify key compute and memory bottlenecks in
image registration algorithms, and propose novel components that fit problems upto 64 x larger than existing
algorithms on a single GPU. Second, we propose Flash Fused Distributed Primitives (FFDP), a distributed
framework to scale registration to an arbitrary number of GPUs, thereby scaling to ultra high-resolution
problems. We present a first-of-its-kind demonstration: aligning a 250um in-vivo MRI (Liisebrink et al.,
2017) to a 100um ex-vivo human brain FLASH volume (Edlow et al., 2019) — a multimodal registration
problem more than 570x larger than a standard clinical datum (Marcus et al., 2007a), with over 11.8B
transform parameters — completed in one minute using only 8 A6000 GPUs. FFDP accelerates existing
traditional registration pipelines by upto 7.48 x while reducing memory consumption by upto 59%, and deep
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learning pipelines by upto 6.14x while consuming upto 24% less memory. We highlight the necessity of
performing high-resolution registration by comparing our method with various SOTA optimization and deep
learning baselines on a 250um T1-weighted MRI dataset, showing unprecedented performance and gains in
efficiency.

5.1. Fused Kernels for Memory Efficient Registration on a Single GPU

We first propose efficient designs to fit larger problems on a single GPU, and then extend the framework to
distributed registration.

Bottlenecks of a deformable image registration pipeline Our primary objective is to identify compute
and memory bottlenecks in large-scale image matching tasks. In identifying these bottlenecks, training-free
optimization methods are better suited than deep networks since the latter has a much larger activation memory
footprint, which forms the primary memory bottleneck (Nouamane et al., 2025). For instance, for a 250um
image pair, a standard deep learning method (Hoffmann et al., 2021) generates an activation map of size
27GB only after the first layer. Extrapolating memory usage for clinical data, existing deep networks will
require upto 1.2TB of GPU memory at inference to process these image volumes at native resolution. In
contrast, a training-free optimizer can fit this problem in less than 45GB of GPU memory. We use FireANTs
(Jena et al., 2026) as our base framework to identify compute and memory bottlenecks in a typical image
registration problem.

Memory hierarchy of a GPU A GPU’s memory hierarchy spans multiple tiers: registers (per-thread,
single-cycle), shared memory/L1 cache (on-chip, tens of KB, low latency within a block), L2 cache (MBs,
shared across SMs, moderate latency), and global memory (HBM). Our work focuses on reducing HBM
usage for key non-GEMM operations used in image registration, by maximizing register and shared memory
usage while minimizing global memory traffic.

Memory overhead analysis of a typical clinical MRI registration task Flamegraphs are visualization
tools used to represent the memory or compute profile of an algorithm over time, revealing which functions or
operations consume the most resources. Flamegraphs are typically useful to track large memory allocations,
lifecycle of important variables, debug memory leaks and OOMs. We analyze the flamegraph of a typical
clinical MRI registration task from the OASIS brain dataset (Marcus et al., 2007a) in Fig. 5.1. We identify
three key memory bottlenecks in image matching pipelines (1) deformable interpolation and warp composition
(2) cross-correlation loss, and (3) mutual information loss (see Fig. 5.2(right)).

5.2. Composite Implicit Grid Sampler

A fundamental operation used in image registration is the grid sampler. This operator allows us to warp an
image M using a deformation field ¢ : Q — Q and computes the image M’ : M'(z) = M (¢(x)). Virtually
every image registration pipeline uses this operation to warp the moving image using an affine, deformable,
or composite transform. For affine and composite transforms, the operator initializes a regular grid [z],, a
grid of size 3. The affine grid A[x](, + ¢ is another grid of size 3. If a deformable grid [u], is optimized,
then a third grid Alx], +t + [u], is materialized, costing a total of 9N overhead for an image of size N. To
consolidate these memory overheads, we propose a composite implicit grid sampler. This is a fused CUDA
kernel that performs the following operation:

fused_grid_sampler([; A,t, [u], S, Tbounds) (z) = [(Az + t + Su(z))

87



Cross Correlation Mutual Information

7.00G —|

6.00G —|

s5.00G —|

a.00aG —|

3.00G —|

2.00G —{

1.00G

0.00 —

. Fixed and moving image . Warp + optimizer . grid sampler - Loss function

Figure 5.1: Flamegraph of FireANTs for Cross Correlation (left) and Mutual Information (right) losses on the OASIS
dataset. The flamegraph is annotated on the right with colored blocks denoting the memory overheads for the fixed and
moving images, the warp field and its optimizer state, the grid_sampler operation, and the loss function. Most of the
computational overhead is due to the loss function, followed by the grid_sampler operation. This motivates the use of
fused kernels to eliminate intermediate memory overheads.
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Figure 5.2: Left: FFDP uses fused kernels to eliminate intermediate HBM memory usage (in dark red) for memory-
bound workhorse operations (grid_sampler, LNCC, MI) for large-scale image registration. For grid_sampler and
LNCC, additional intermediate per-pixel variables (warp coordinates, patchwise statistics) are computed per-pixel in
registers (blue). For MI, the Parzen Windowing and histogram aggregation is performed using shared memory (green),
avoiding large HBM overheads. Right: Pie charts show the breakdown of memory overheads for storing the image,
grid, optimizer state, and intermediate variables for MI and LNCC losses.

where A, S € GL(d,R) are affine matrices, ¢ is a translation vector, [u] is the deformation grid, and Zpounds
are the bounds of the (implicit) identity grid [z],. There are three benefits of this approach. First, the kernel
avoids materializing any additional grids in HBM, reducing the memory overhead of the kernel from O(n) to
O(1) with no loss in runtime or accuracy. Second, when the warp [u], is sharded across hosts in a distributed
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Algorithm 1 Grid Sampler Implementation

Require: J;, (moving image shard), [u] j (warp field shard), Ay, (rescaled affine), ¢}, (rescaled translation),
S}, (diag. scale)

1: function FoRwarD(J},, Ay, th, Sk, [u]j)

2 out « zeros_like([u];[0])

3 for all target voxels (z, y, x) in parallel (one thread per voxel) do

4 X < (z,y,2)

5: Xog +— ApX +ty, > affine transform only
6 Xdisp ¢ Sn [ul;[:, 2, y, 2] > add scaled displacement
7 Xsrc — Xaff + Xdisp

8 out[z,y,x] < trilinear_interpolate(Jp, Xc) zero padding at bounds
9 end for

10: return out

11: end function

12:

13: function BACKwWARD(g = %, Jn, Ap, tn, Sh, [u]j)

14: Initialize g, = 0, Iru); = 0, ga, =0, g, =0

15: for all target voxels (z, y, x) in parallel (one thread per voxel) do

16: Recompute X, Xaf, Xdisp, Xsrc

17: Compute tri-linear weights wp,p, b, and ££rc

18: Accumulate g, into 8 neighbors using w... - 9[z, y, x| (bounds-checked, zero-padded)

19: g[u}j[:vzay’x] +=Sp a?g:rc g[Z,y,%}
20: ga, += (% g[z,y,m]) X7
21: Gt), += 8?(7;- glz,y, 7]

22: end for

23: return gy, , 9ul;> 9Ar> Jtn

24: end function

setting, the identity grid [z]q needs to be sharded correctly too. Since the identity grid is implicitly defined by
its bounds Zpounds = (Tmin, Tmax) € R24 our implementation can be easily used in a distributed optimization
setting without instantiating partial shards [x]Qh Finally, the matrix .S is used to rescale the deformation
field to sample from the coordinates of the sharded images I;, which lie on the grid €2}, instead of €2 (see
Section 5.7.2) without initializing additional memory. The backward pass is very similar to the existing
PyTorch implementation, with the exception of the gradient of the affine matrix. We discuss the derivation
and pseudocode of the forward and backward pass in Algorithm 1 below.

5.3. Implicit Parzen Windowing for Mutual Information
Mattes Mutual Information (MI) is one of the most commonly used loss functions for multimodal image
matching (Chen et al., 2022b; Avants et al., 2009; Mattes et al., 2001). For random variables X and Y, Ml is

the KL divergence between the joint distribution P(X,Y") and product of marginal distributions P(X)P(Y)
of the intensities of the two images. For image matching, X and Y are the pixel intensities for the images
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1, J. The distributions are estimated using a kernel density estimator:

Pr(v) = %Z/ﬁ(v — 1), Puplv,w)= %ZKJ(U — Ii)k(w — Jg) (5.1
k k

where « is a kernel function of choice. Common choices of « are the Gaussian (Guo, 2019) and 3rd order
B-Spline kernels (Thévenaz and Unser, 2000).

Vanilla MI implementation To empirically compute the KL divergence, the distributions Eq. (5.1) are
discretized over B equally spaced bins on the domain of v € I,v € J. To compute the discrete PMF
with autodifferentiation, we compute a Parzen Block U; € RP*N 5.t W;(i k) = x(b; — I1,). This forms
the memory bottleneck in computing the Mattes MI similarity criteria. In the following, we provide a
fused implementation that avoids the O(N B) cost of the Parzen Block, making our implementation only
O(1) additional HBM overhead. However, to compute the joint histogram of size B2, this method requires
materializing the entire Parzen Block W;(j, k) = k(b; — I,) of size 2kp BN, where kp is a kernel-dependent
constant. Since N >> B (B is typically chosen to be 32), this operation becomes a significant memory
bottleneck for large /V. For instance, a typical clinical image volume (N ~ 30MB) with 32 bins will consume
7.5GB of HBM - a significantly huge cost that grows much faster for larger problems.

5.3.1. Implicit MI implementation

We implement custom forward and backward passes to compute the joint and marginal histograms py s, pr, ps
from I and J directly, avoiding the O(N B) cost of the Parzen Block. We derive the backward pass first,
followed by the forward pass followed by an efficient approximate estimator of the histograms leading to a
faster forward pass.

5.3.2. Backward pass

: : . . AL OL - AL 9L IL L _ Ok(bi—1Iy)
We are interested in computing the gradients 37, 35 given Bprs’ Opr? Op We denote w(b; — Ix) = =5 o

oL oL Opry[m,n] OL Opi[n]

oI, ; dprylm,n] Ol + Zn: dprn] OIy (5-2)
= grslm,n] (@(bm — k)r(bn — Ji)) + Y grln] (w(bn — 1)) (5.3)
= |grlnlw(bn = I) + > grslm. nlw(bm — L) | =Y Gln] + Gln) (5.4)

where C1[n] = g1 [nJw(b, — 1) and Gafn] = 32, grsm, nle(bm — L),

To compute this backward pass efficiently, we launch [ N/ B] threadblocks and partition each threadblock in
groups of B threads, and compute the partial gradients (1 [n], (2[n] on each thread. Each group loads the values
of Iy, Jy into register memory. we first compute the quantities (b, — I.), £(bp, — Jx ), w(by, — Ii), w(by, — Ji)
on thread n and use four shared memory arrays to store them. On thread n, we compute the partial gradient
Gi[n] = grnjw(b, — Ix) and (a[n] = . grs[m,n]w(by, — Ij;) using a for-loop over the index m €
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{1,..., B}. Finally, on each thread we store the value (;[n] + (2[n] on shared memory indexed at n, followed
by a O(log(n)) parallel sum over partitioned threads to compute the gradient §7 aL => ., G[n]+ ¢n]. A

similar argument is used to compute the gradient over 57-. This leads to a faster backward pass than the
vanilla PyTorch implementation using no additional HBM overhead Fig. 5.10(b).

Generalization to novel kernels Note that unlike the vanilla implementation, where some choices of k
are more memory intensive than others (for example, the BSpline kernel has kp = 14 versus kp = 4 for the
Gaussian kernel), the memory overhead of our implementation does not depend on the analytical form of
k. To generalize the Implicit MI implementation to novel kernels, the user can specify the form of « and its
derivative w in the forward and backward passes without any additional considerations.

5.3.3. Forward Pass

The forward pass is computed similarly. Note that the individual contributions from I, Ji to the joint
histogram p;j[m,n] are prj[m,n] = K(by, — Iy)k(by, — Ji) for all m,n € {1,..., B}. The marginal
histograms py[n], p.s[n] are computed as pr[n] = (b, — I;;) and ps[n| = k(b, — Ji) foralln € {1,..., B}.
Similar to the backward pass, we launch [ N /B| threadblocks and partition the threadblock in groups of B
threads. Each group of B threads loads the values of I, J}, into register memory. On thread n, we compute
the quantities (b, — It,), 5(by, — Ji) and store them in shared memory. Thread n can add these quantities into
the HBM for histogram entries pr[n], ps[n| directly. For computing the joint histogram p; ;[m, n], thread n
loops over m € {1, ..., B} and adds the quantities (b, — Ii,) (b, — J) into the HBM for histogram entries
prj[m,n]. Since all values of (b, — Ii), k(b, — Ji) are stored in shared memory, this operation is not
bottlenecked by slow HBM reads. To avoid HBM write contentions, we write these values into intermediate
histogram buffers of sizes C' x B x B,C' x B (where C is a constant of choice), and sum along the C'
dimension. However, this is still a relatively slow operation due to computation of x(b,, — Ix), k(by, — Ji)
and making N B2 HBM writes. We propose an efficient approximate forward pass that launches only N
instead of N B threads, and makes only 3N HBM writes.

An approximate histogram estimator Given a kernel x, we can write k(b,, — I;) = f — Iy —
t)k(t)dt = 8(bp, — I) * s, where § is the Dirac delta function with the property [*° _ (z)f(x )da: = f(0)
for any function f. Using the principle of superposition, we can write py[m| = Z Kby — 1) =

Sk 8(bm — k) = K x (F 4 6(bm — I)).

In the continuous case, p; can be obtained exactly by calculating the Dirac delta distribution p?(b) =
% > 1 0(b — Ij;) and convolving it with the kernel x. However, in the discrete case, this value is inexact. To
see this, consider a value I, that is in bin m, i.e. || I — by || < 55. The exact value of the PMF due to this
sample is k(b,, — I;). However, the approximate value of the PMF is x(0) since (b, — I;) = 1 for all
Ii, || I, — bim|| < 55 due to binning, and convolving with x returns (0). Since ||, — by,|| < 55, we can
assume that ||x(0) — k(by, — Ix)|| is small.

To implement this histogram computation efficiently, we launch N threads and in each thread k, compute the bin
indices m* = | I B],n* = | JiB] for each thread, avoiding computation of soft entries k(by, —It,), £ (by,— Ji)
altogether. We simply add 1 to the histogram entries py7[m*, n*|, pr[m*], ps[n*] in the aggregated histogram
buffers, avoiding writing into HBM entries for all (m,n) € {1,..., B}?. This reduces the number of HBM
writes from N B2 + 2N B to 3N. For B = 32, this represents 362 x less HBM writes. After performing the
average, we convolve this histogram with the kernel x to get the approximate PMF. Since the convolution
is done on a B and B x B sized histograms, this operation is cheap. This implementation leads to faster
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runtime, consistent performance for both TransMorph and FireANTs (see Table 5.2).
5.4. Efficient Implicit Fused Cross-Correlation

Local Normalized Cross-Correlation (LNCC) is used ubiquitously in signal and image processing as a
similarity metric. In deformable image registration, it is used as a robust similarity function to compare
anatomical similarities (Chen et al., 2022b; Hoffmann et al., 2021; Avants et al., 2008b; Wu et al., 2024).

Definition of LNCC loss. Given two images F' and M, and a radially symmetric averaging convolution
filter W such that > Wi = 1, we define the Local Normalized Cross Correlation (LNCC) loss as:

ﬁzlzni , nz’:iA% (5.5)
N - B,C; + ¢
where
pl,p = Zwika>ZwikMk (5.6)
k k

Ai = wip(Fy — uf ) (My, — ") (5.7)

ke
B; = szk(sz —ul)? (5.8)

k
Ci = Zwik(Mk — puy? (5.9)

&

Here, we use overloaded notation w;; = w(;_g) = W—_j) = Wg; due to radial symmetry of w. We can
expand Egs. (5.7) to (5.9) as follows:

Ai = (Z wikaMk> — pi it =i M =l (5.10)
k

B; = <Z wz-kF,?> — (2 =l = (ul')? (5.11)
k

C; = (Z wikM,3> — ()2 =} — (u)? (5.12)
k

Algorithm 2 outlines a vanilla PyTorch implementation of the LNCC loss function. The computational over-
head of the algorithm arises due to many intermediates stored in high-bandwidth memory (HBM). Specifically,
the quantities W  state, [2, J%, I.J,02, 0%, 017, i3, p%, prps, o302, (0303 +¢€),0%,,0%,/(030% + €) are
all stored as intermediate tensors, each of size N, totalling a 16N memory overhead in addition to storing
state. The computational graph of the vanilla PyTorch implementation is shown in Fig. 5.3. During the
backward pass, the backprop algorithm computes the gradient with respect to each of these variables costing
an additional 16N memory overhead. A torch.compile implementation fuses some of the arithmetic, but
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Algorithm 2 Vanilla PyTorch LNCC implementation

Require: F' (input image), M (reference image), w (window size), reduction (reduction type)
1: Define a radially symmetric convolution filter W of size w x w x w with ) W[i] =1

2: Define state = (F, M, F?, M? FM) > Elementwise operations
3: Compute state = W x state > Convolution
4: Get up = state|0] > Local mean of F'
5: Get pups = state[l] > Local mean of M
6: Compute 02 = state[2] — u% > Local variance of F'
7. Compute 03, = state[3] — u3, > Local variance of M
8: Compute opps = state[d] — pp - pps > Local covariance of F' and M
9: Compute LNCC = #}ﬂre > Add small € to avoid division by zero
10: if reduction == NOI€E Jl\:4hen
11: return LNCC
12: else
13: Compute loss: Loss = 1 — mean(LNCC)
14: return Loss
15: end if
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Figure 5.3: Computational graph of the vanilla PyTorch implementation of the LNCC loss function. Blue nodes denote
the input images, nodes denote intermediate tensors that are stored in HBM, Gray nodes denote operations on
the computational graph, and Green node denotes the final loss. nodes are the primary memory bottleneck.

leaves a lot of room for improvement (see Fig. 5.10). We present an algorithm that only requires an additional
intermediate variable state of size 5/V, saving upto 27N memory.
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5.4.1. An efficient fused LNCC implementation

During the forward pass, we initialize a state variable of size 5N. To minimize HBM reads from F' and M,
we write a fused kernel to initialize the state variable using only one HBM read from F' and M. The code
in Line 4-9 are elementwise operations, and can be fused into another kernel. The forward pass therefore
consumes only 5N additional memory. The pseudocode for the efficient fused LNCC implementation is
shown in Algorithm 3.

Efficient Backward Pass In a vanilla PyTorch implementation, the gradients are computed for each interme-
diate variables in the reverse order in the computational DAG shown in Fig. 5.3. Typically, our implementation
would also require defining the backward pass by computing the gradients with respect to the intermediate
variables, and then propagating them to the input images. However, we derive the backpropagation with
respect to I and J, given the gradient g; = g—é to avoid calculating intermediate gradients. Using the chain
rule, we have:

5.13
24; 0A; A; 0B;
= i - 5.14
zi:g (BZCi aFk BZ-QCZ' aFk) ( )
(5.15)
which can be simplified to:
ot ouM
L L = wj 5.16
oF, oM, * ©-16)
04A; 0 (>, wikFpMy, — pf pd?) M
= L ¢ = ; M - ; 1
9, o, wi (M, — pi") (5.17)
and
0B; 0 (X, winF? — (uF)?) F
= L = 2w, (F, — u; 5.18
Substituting these results to Eq. (5.14) we have:
= Zgz (wir (M, — ")) = A s (F - ) (5.19)
z 1 ‘ chz !
2 7 7 F A A
—Z il wik[Mk—;wff—ul] (5.20)
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Using the property w;;, = wg;, and letting v; = 29%1

— M, - <j§:ivm3€> <§£:“4”71-1> +_j£:1ka% <

= My, - (w*y) — Fi - (w*vaB)k + (w * 'YFM)k (5.22)

we rewrite the previous equation as:

MM> (5.21)

B;

F A, Ay . . . . .
“ZB “SYFM = Vi (“ = — s ) - and * is the convolution operation. Similarly, the gradient

where yap = 7i
with respect to the moving image My, is:

8Mk (Z wm%) M, (Z L Z> + Zwm% ( uf) (5.23)

=Fp - (wxy)p — My - (w*vac)k + (w * ’YMF)k (5.24)

M 7.
where 40 = ;- iCAl, YME = Vi - —A — [ > To compute the gradients with respect to F' and M,

we need to compute five tensors of the ~y famlly, namely v, Y4B, YAc, YFM, and yarr. This is followed by
performing a convolution with all the tensors, and computing elementwise operations given by Eq. (5.22) and
Eq. (5.24). The ~ family of tensors are simple elementwise operations on the state variable, and therefore
can be computed by modifying the state variable inplace to avoid initializing additional HBM memory.

ANTs gradient approximation. In the ANTs implementation, the gradient computation skips performing
the convolution of the ~ family of tensors. We implement this as an additional flag that the user can toggle as
an option for faster backward passes. All our experiments use this approximation.

Algorithm 3 Fused LNCC Implementation
Require: F' (fixed image), M (moving image), w (window size), € (smoothing term)
1: function ForwArD(F', M, w, €)
2: Define convolution filter W of size w x w x w with ) W[i] =1
3 state < fused_create_interm(F, M) > Single HBM read: (F, M, F?, M? FM)
4 state «+ W x state > Convolution on all channels
5: LNCC <« fusedcc_kernel(state,¢) > Computes Egs. (5.10) to (5.12) followed by Eq. (5.5)
6: return LNCC
7
8
9:

: end function

function BACKwARD(g = @ , state, F', M, W, use_ants_approximation)
10: state « fused_compute_ga.mma(g, state) > Computes ~y family of tensors inplace
11: if use_ants_approximation then
12: no-op > ANTSs approximation: skip convolutions
13: else
14: state < IV x state > Convolution on all intermediates
15: end if
16: dF —MOy—-FOvyaB +vrMm > Eq. (5.22) computed in fused kernel
17: aM — Foy—MOvac+vuF > Eq. (5.24) computed in fused kernel
18: return gf, g]@

19: end function
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5.4.2. Performance

We compare the performance of our fused implementation to various backend implementations. Fig. 5.10
shows the speedup and memory usage over different image sizes; we tabulate the results here. For this
experiment, we initialize two random images of size N, x N, x N,, and compute the runtime and memory
usage for the forward and backward passes. Results are in Table 5.1. Our implementation consistently
achieves upto 6 x forward time speedup and ~ 98 x backward time speedup compared to (Jia et al., 2025) and
consumes upto 76% less memory than a compiled PyTorch implementation and 61.9% less than a groupwise
convolution implementation (Jia et al., 2025).

5.5. Extending image registration to multiple GPUs

Our composite implicit grid sampler and improved loss functions allows optimizing problems with image sizes
that are upto two magnitudes larger than other baselines on a single A6000 GPU (Fig. 5.11a). However, many
applications using mesoscopic and microscopic data require registration of images that do not fit on a single
GPU. Inspired by distributed frameworks for LLM training (Shoeybi et al., 2019; Rajbhandari et al., 2020)
and initial work on distributed image registration (Mang et al., 2019a), we propose a distributed framework
that allows sharding large images across multiple GPUs to efficiently scale to arbitrarily large problem sizes
with any similarity loss function.

Distributed Setting. For distributed registration with H hosts or GPUs, we partition the domain P({2) =
{Q1,9Q9,...Qp} such that || = N/H, Q;NQ; =¢  Vi# jand U;Q; = Q. We use [;v]Qh, A[:U]Qh +t,
and [u]Qh to denote the sharded tensors defined on domain €2,.

5.6. Grid Parallel for Boundary-Synchronized Image Sharding

Techniques like Tensor/Sequence/Expert/Context Parallel have been tremendously successful in distributed
optimization by sharding large models and sequences across multiple GPUs (Shoeybi et al., 2019; Li et al.,
2023a; Liu et al., 2024b,a). However, these techniques work for transformer-like architectures and input
sequences where the model parameters and activations do not require boundary synchronization. In contrast,
image registration contains operations that require boundary synchronization between image and grid shards
to perform mathematically correct convolutions. Examples of such operations include convolutions for
calculating LNCC, total variation loss, Sobolev norm of the gradient and warp fields (Mang et al., 2019a;
Avants et al., 2008b; Beg et al., 2005).

To enable these functionalities and complement existing parallelism techniques, we propose ‘Grid Parallel’
(GP) as an abstraction on a tensor. GP shards a tensor across hosts, stores the sharded dimension and bounds
as metadata, and provides synchronization operations to augment the tensor with sufficient boundary padding
from neighboring shards prior to performing a convolution operation. GP allows us to partition the fixed
images, [u], and the optimizer state [m;], [mg] — essentially sharding the entire problem across H hosts while
allowing the user to apply convolutional operations seamlessly. We compare the performance of GP with
naive DTensor sharding in Fig. D.1.
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Figure 5.4: (a) Neighboring coordinates in the warp field may refer to pixel locations on arbitrary image shards due
to the deformable nature of the warp field, making distributed interpolation non-trivial. (b) Ring Sampler interleaves
fetching of and aggregating the partial sums of interpolated values, avoiding a memory-expensive allgather.
(c) Bilinear Interpolation is decomposed into partial sums over image shards, which are accumulated with a ring topology
communication, similar to Liu et al. (2024b).

5.7. Distributed Ring Sampler

Despite the sharding in GP, the moving image M cannot be naively sharded across GPUs due to the random-
access nature of the grid_sample operation applied on M. In general, the warp vector ¢(z) residing on
GPU i can point to coordinates that reside on the sharded image on GPU j for any j # ¢. Even for neighboring
coordinates xs, x,, € [x];, the coordinates p(x5) and ¢(x,,) can point to different shards j; # j2 # i. This
is illustrated in Fig. 5.4(a). Keeping the entire moving image in memory limits the maximum problem size
to N <V, where V is the memory per GPU, regardless of the number of hosts H. However, we want the
maximum problem size to scale with H. Therefore, we propose a distributed grid_sampler that allows
us to correctly interpolate the moving image with sharded images scattered across multiple hosts without
performing an allgather operation on the moving image.

Our approach leverages the key observation that (bi/tri)linear interpolation can be decomposed as an aggregate
of partial sums of interpolated values on individual image shards. Fig. 5.4(b) illustrates this example. These
individual image shards are sent across hosts in a ring topology, similar to Liu et al. (2024b), and the partial
sum is aggregated inplace. This operation only incurs an additional N /H HBM overhead for fetching the
sharded image from other hosts, scaling efficiently to arbitrary large problem sizes for sufficiently large H.

5.7.1. Derivation

Consider a d-linear interpolation of an image I defined on 2 using warp coordinates [u], defined on (2.

I= Z <H(1 — )bk aZ’“) Iliv + by, do + by <oy in + by (5.25)

be{0,1}» \k=1
where i, = |p(z)], ar = p(x)p — ik, fork =1,...,d. Let the individual pixels I[il + by, 19+
ba, ...y ip + bn] be partitioned across H hosts. Since each pixel belongs to exactly one host, we can write

S 1(i + b € [x],) = 1 and multiply with I[i + b] to get:
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n H
I= <H(1—ak>“”“a2’“> (I[Hb}*(ZH(Hbe[ﬂh))) (5.26)

be{0,1}7 \k=1 hel
H

=> > 12[<1—0<k>”’“a2’“> (Z[i + 0] * I(i + b € [2]1)) (5.27)

h=1bc{0,1} \k=1

H
-3 (5.28)
h=1

where

In=Y_ <H(1 — o) b aZ’“) I[i+ 0] *I(i +b € [2],) (5.29)

be{0,1}» \k=1

S <H(1—ak)1_bka2k> Tu[i + 1] (5.30)

be{0,1}n \k=1

where Jj, [2] = I[z] if z € [x],, else 0. Image Jj, is therefore identical to the sharded image I on host h.
Eq. (5.30) refers to performing trilinear interpolation on the shard I} (with zero padding) since the sum
is only over coordinates that reside in [z],. This means the warped image in Eq. (5.25) can be obtained
by performing interpolation over the shards individually and adding the warped images together. This is
illustrated in Fig. 5.4(c). Coordinates residing between multiple shards will accumulate partial sums from
each sharded image, and no additional consideration is needed for boundary conditions. The communication
protocol in this algorithm is similar to Ring Attention (Liu et al., 2024b), where image shards are passed across
hosts, and partial results are accumulated into the final result. Our algorithm requires a memory overhead of
only N /H to store the sharded image from host j # i. Our pseudocode is provided in Algorithm 4.

5.7.2. Implementation Considerations

Rescaling the warp function to sample sharded images Interpolating from sharded images requires one
additional consideration. The grid sampler interpolates an image I defined on (2 using warp coordinates [u],
defined on 2. However, the sharded image .J;, is defined on the domain €2, and therefore any warped coordinate
() €  must be rescaled to the corresponding coordinates in ¢p,(z) € €. From the implementation
standpoint, the leftmost coordinate of .Jj, is xﬁlin when the entire image I is passed to grid_sampler. However,
when .J, is provided as input to grid_sampler, the leftmost pixel of .J, is located at [—1,—1,..., —1]
according to PyTorch convention. Since our optimization variables A, ¢, [u] refer to locations on €2, and not
Qp, we need to rescale these variables appropriately when sampling from Jp.

The rescaling corresponds to a diagonal scaling matrix S, and translation ¢, such that S,z + ¢, = 25t
and Syl +t, = 3,.. The resampled warp function to sample from .Jj, becomes @, (z) = S (Azx + ¢ +
w(x)) +tp, = (A z +t},) + Spu(x). where A}, 1, = SpA, (Spt + tp,). Therefore, we must sample J;, using
the transform Ay [z]q + ¢}, + Sh[u]q, . In the vanilla grid sampler implementation, the intermediate grid
Splu]q, andits gradient consume another 6NV / H memory. Combined with the N/ H overhead for storing the
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Figure 5.5: Left: Overview of our distributed framework. GridParallel (GP) shards the fixed and moving images
(F, M) and the warp field [u] across multiple GPUs. blocks and arrows denote synchronized halo boundaries
between GPUs, enabling smoothing on images and warp fields without an allgather. The ring sampler (violet) computes
interpolated image shards on the fly, avoiding materialization of the full moving image. We then compute losses (MSE,
LNCC, MI), compute gradients w.r.t. each warp shard, apply with GP, and update shards by
gradient descent. Right: Scaling efficiency compared to deep methods and CLAIRE (Mang et al., 2019a), a distributed
registration method. Most SOTA deep learning baselines require orders-of-magnitude more memory for the same
problem size and scalability is limited to a single GPU (dotted line). Our framework scales to arbitrarily large problem
sizes while using about 5x less memory than CLAIRE.

received image shard, we add a total of 7N /H memory overhead, which is less than N for H > 8, making
the algorithm impractical for fewer GPUs (say H = 4).

To prevent this 6 N/ H additional overhead, we extend the generalized grid sampler as mentioned Section 5.2
to sample from a transform of the form A[z] + ¢ 4+ S[u] directly. This computes the value Su(x) directly
inside the CUDA kernel, and the backward pass also computes and accumulates the gradient w.r.t. u(x)
directly, avoiding the 6 N/ H overhead.

Interleaved communication An important implementation detail is the interleaving of communication and
computation in the ring sampler. While we compute the partial moved image aggregate, the next image shard
can be fetched asynchronously in the background. This is illustrated in Fig. 5.6.

(a) Fetch shard 1 Fetch shard 2 Fetch shard 3 Fetch shard 4

(b) Fetch shard 1 Fetch shard 2 Fetch shard 3 Fetch shard 4
Compute Compute Compute
Shard 1 Shard 2 Shard 3

Time

>

Figure 5.6: Interleaved communication (red) and computation (green) in the ring sampler. gray denotes time saved by
interleaving communication and computation.

99



Algorithm 4 Ring Sampler Implementation

Require: )/; (moving image shard), [u] ; (warp field shard), (A, t) (affine transform)
1: function ForwarD(Mj;, [u];, (A, 1))

2: Define moved; = 0

3 for h =1to H do

4 Jp, < send_and_recv(M;, h) > Send and receive the image shard from offset A
5 Compute diagonal Sy, tj, such that Sy +t, = 28 and Szl +t, = 25,

6: Rescale affine transform Ay, <+ Sy A, t), < Spt + t,

7 moved; < moved; + grid_sampler(Jp; Ap, th, Sp, [u];) > Avoid computing Sp[u]; explicitly
8 end for

9 return moved;

10: end function

11:

12: function BACKwARD(g = amféd_, moved;, M;, [u]j, (A, t))
J

13: Define Iul; = 0,94 =0,9: = O,QMj =0

14: for h = 1to H do

15: Jp < send_and_recv(M;, h) > Send and receive the image shard from offset h
16: Compute diagonal Sy, ¢, such that thr}fnin +ty = :L'gin and thﬁm +ty = acf}lax
17: Rescale affine transform Ay, < Sy A, t, < Spt + ty,

18: if requires_grad(M;) then

19: Ginp < zeros_like(M;)

20: else

21: Jinp < None

22: end if

23: Compute backward_grid_sampler(qg, Jp, Ap, th, Sh, [u]j, 9lul;» 9A> Gt Ginp)
24: if requires_grad(M;) then

25: gfwj = send_and_recv(ginp, —h)

26: gMm; < gM; + 934].

27: end if

28: end for

29: return g[u]j 2y 9A, Gts IM;

30: end function

5.7.3. Alternative Designs for Distributed Interpolation

A naive approach can be to route the coordinate ¢(z;) € [z] ; 0 GPU j and retrieve the image coordinate,
similar to routing tokens using expert parallelism (EP) used for Mixture-of-Experts (MoEs) (Shazeer et al.,
2017; Jordan and Jacobs, 1994). However, this approach has two major drawbacks in our setting. First, due to
the deformable nature of ¢, the partitioning of coordinates across hosts is generally uneven. In the worst case,
a single GPU can receive all 3NV coordinates leading to an indirect allgather operation resulting in OOMs
or uneven GPU utilization across hosts. Second, coordinates that point to regions between two multiple image
boundaries need to be sent to variable number of hosts, which is non-trivial to implement. These two factors
make both the forward and backward pass implementations cumbersome. Inspired by (Liu et al., 2024b), we
proposed the distributed ring sampler in the previous section, that decomposes the computation into partial
sums, leading to a simple implementation without degraded scaling performance Fig. 5.9.
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5.8. Distributed Loss Functions

Since the moved image and fixed image are sharded cross H hosts, the loss function must take this into
account to compute the loss function correctly.

Mean Squared Error (MSE). Since MSE is a per-pixel loss, we compute the individual MSE on host h and
perform an allreduce operation.

Localized Normalized Cross Correlation (LNCC). The LNCC computes per-pixel patch similarities for
each pixel, using a convolution over its neighbors. For sharded images, the patch statistics at the boundary
requires a boundary synchronization with its neighboring shards which is provided by our GP implementation.
After computing the LNCC for all pixels in each shard, we perform another allreduce to compute the LNCC
over the entire image.

Mutual Information (MI). The Ml loss computes the joint histograms p(;, 7)(z, y) and marginals pr (), ps(y)-

However, these distributions are partial aggregates from the sharded images on each GPU. Eq. (5.1) can be

rewrittenas pr(v) = Y, %(Nih > keq, k(v — Ik)),pu(v, w)=>, % (Nih > keq, k(v — Ik)k(w — Jk)>,

where the red terms correspond to the per-host histogram computation. Performing an allreduce to compute
the weighted average of these histograms (with weights N /N) results in a valid and correct joint and marginal
distributions over all hosts. This also leads to only a B? + 2B communication overhead regardless of N,
making a distributed implementation highly practical.

(e
~asT

Fixed (100pm FLASH) Moved (250um — 100um) Moving (250um T1)

Figure 5.7: Qualitative comparison on registration of 100um ex-vivo brain MRI (T1 — FLASH) image. Fine details
like cerebellar white matter are not visible at macroscopic scales, but are aligned at 100um. Fixed image is of size
1760 x 1760 x 1278. Best viewed zoomed in.

5.9. Experiments

Our primary goals are to (a) accelerate both optimization and neural network based registration workflows,
and (b) solve significantly larger image registration problems. We show the efficacy of our method by
accelerating existing registration workflows on standard clinical data. This is followed by optimizing a
multimodal registration task with more than 11.8B optimizable parameters, an unprecedented result in large-
scale registration. We compare the performance and computational efficiency of our method with various
state-of-the-art baselines on a simulated 250um ex-vivo brain MRI dataset, followed by ablations on various
components of our framework.

Baselines. To accelerate existing registration workflows, we compare against TransMorph (Chen et al.,
2022b) and FireANTs (Jena et al., 2026), which are state-of-the-art deep learning and optimization based
registration frameworks respectively. In addition, we perform comparative evaluation with two methods
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Table 5.1: Speedup and memory usage of different LNCC backends

N Method Forward Forward Backward Backward Memory (MB) Memory
Time (s) Speedup Time (s) Speedup Reduction (%)

Fast LNCC 0.001 2.95 0.003 4.86 21 61.9
FireANTs 0.003 7.18 0.002 3.07 25 68

64  VoxelMorph 0.06 158.76 0.016 24.10 17 529
torch.compile 0.003 6.83 0.002 2.30 24 66.7

Ours < 0.001 1.00 0.001 1.00 8 0

Fast LNCC 0.008 5.88 0.026 34.09 168 61.9
FireANTs 0.013 9.04 0.008 10.73 200 68

128 VoxelMorph 0.482 341.65 0.126 168.33 136 529
torch.compile 0.012 8.67 0.007 8.95 192 66.7

Ours 0.001 1.00 0.001 1.00 64 0

Fast LNCC 0.069 6.19 0.204 82.52 1344 61.9
FireANTs 0.103 9.25 0.294 118.80 2176 76.5

256  VoxelMorph 3.905 351.54 3.903 1577.37 1536.2 66.7
torch.compile 0.1 9.02 0.284 114.74 2176 76.5

Ours 0.011 1.00x 0.002 1.00x 512 0

Fast LNCC 0.627 6.56 1.657 98.75 10752 61.9
FireANTs 0.856 8.95 2.396 142.77 17408 76.5

512 VoxelMorph 31.335 327.71 31.665 1887.14 12288.2 66.7
torch.compile 0.829 8.67 2.312 137.80 17408 76.5

Ours 0.096 1.00 0.017 1.00 4096 0

val/DSC val/DSC val/DSC
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Figure 5.8: Ablation on TransMorph training runtime with and without our fused operations. For LNCC, our method
converges in about 30 hours, while the baseline converges in about a week.

explicitly designed for large-scale registration: ITK-DReg (itk) (CPU-based) and CLAIRE (Mang et al., 2019a)
(multi-GPU), and several SOTA learning-based approaches for clinical data - SynthMorph (Hoffmann et al.,
2021), Vector-Field Attention (Liu et al., 2024c), unigradICON (Tian et al., 2024) (with/without instance
optimization), anatomix+ConvexAdam (Dey et al., 2025).
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Table 5.2: Accelerating TransMorph (Top) and FireANTs (Bottom) training with various computation backends.

Variant Loss Diffeomorphic  Training Time (h) GPU Mem (GB) Val DSC

Baseline LNCC X 171.20 20.01 86.74
Ours LNCC X 27.84 16.95 87.23
Baseline LNCC v 171.42 21.28 86.55
Ours LNCC v 27.93 17.34 87.09
Baseline MI X 26.09 22.34 86.74
Ours MI X 24.94 16.80 86.80
Loss Backend Dice Score T Runtime (s) | Memory (MB) |
LNCC FireANTs 78.81 +£3.87  1.44 +0.08 1044.5 + 0.0
LNCC FastLNCC 76.96 +3.60 3.76 +0.16 1026.3 + 0.0
LNCC VXM/TM 76.96 +3.60 57.08 +2.45 1418.5 + 0.0
LNCC torch.compile 69.35+4.09 0.824+0.04 860.7 £ 0.0
LNCC Ours 78.67 £3.04  0.50 £+ 0.01 577.5 £ 0.0
MI PyTorch 75.88 +£3.45 7.51 £0.37 12206.3 £ 0.0
MI torch.compile 75.88 +3.45  1.05 +0.05 3865.5 + 0.0
MI Ours 75.88 +£3.44 290+ 0.16 577.5 £ 0.0
MI torch.compile+Ours 75.93 +3.47 2.95+0.16 657.3 £ 0.0

Table 5.3: Extended Results on accelerated registration on FireANTs: Accelerating FireANTSs registration with
various computation backends and registration algorithms (Greedy and SyN). Our implementations maintain accuracy

while substantially reducing runtime and peak memory usage. (Green)/ (Yellow) = best/second; Speedup and

memory reduction are computed with respect to our kernels. Our fused kernels maintain accuracy while substantially
reducing runtime and peak memory usage.

Algorithm Method Backend Dice Score T Runtime (s) | Memory (MB) | Speedup ! Mem. Reduction (%) 1
LNCC VXM/TM 76.96 +3.60 57.08 +2.45 1418.5 £ 0.0 113.47 59.29
LNCC  FastLNCC 76.96 £ 3.60 3.76 £ 0.16 1026.3 + 0.0 7.48 43.73
Greedy LNCC  FireANTs 72.81 £3.87 1.44+0.08 1044.5 £ 0.0 2.87 44.71
LNCC  torch.compile 69.35 +£4.09 0.82 +0.04 860.7 + 0.0 1.63 32.90
LNCC Ours 78.67 £3.04  0.50 + 0.01 577.5 £ 0.0 1.00 0.00
MI PyTorch 75.88 £3.45 7.51 +£0.37 12206.3 + 0.0 2.59 95.27
Greedy MI torch.compile 75.88 £3.45 1.05+0.05 3865.5 £ 0.0 0.36 85.06
MI Ours 75.87 344 290+ 0.16 577.5 £+ 0.0 1.00 0.00
MI Ours + torch.compile 7593 4+347 295+0.16 657.3 £+ 0.0 1.02 12.13
LNCC VXM/TM 76.69 +2.88  63.57 £ 0.58 1892.0 + 0.0 65.92 50.05
LNCC  FastLNCC 76.70 +2.88  4.27 +0.05 1486.7 + 0.0 443 36.43
SyN LNCC  FireANTs 7470 £2.93  2.55+0.10 1616.4 + 0.0 2.65 41.54
LNCC  torch.compile 71.65 +3.41 1.46 £ 0.04 1472.0 + 0.0 1.51 35.80
LNCC Ours 78.79 £2.82  0.96 + 0.08 945.0 £+ 0.0 1.00 0.00
MI PyTorch 76.74 £ 2.58 12.84 £ 0.66 17720.8 £+ 0.0 2.96 94.67
SYN MI torch.compile 76.76 £2.58  2.40 +0.13 7758.9 + 0.0 0.55 87.82
MI Ours 76.86 £2.59 434 +0.28 945.0 £+ 0.0 1.00 0.00
MI Ours + torch.compile 77.00 £2.57 4.56 +0.24 1104.5 £ 0.0 1.05 14.44
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Weak Scaling Memory Consumption per GPU
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(a) Weak scaling and Per-GPU memory consumption of FFDP.

Fixed image 2 GPUs + GP 4 GPUs + GP 8 GPUs + GP

Moving image

(b) Qualitative ablation of GP synchronization in FFDP on the fMOST mouse brain dataset (Tustison et al., 2024). Red arrows
highlight regions affected by incorrect boundary effects due to no GP. See Fig. D.1 for more examples.

Figure 5.9: Scaling and GP ablations.

5.9.1. Accelerating existing registration workflows and ablations

For deep networks, we train TransMorph-large under three loss configurations: (a) LNCC+Dice, (b)
MI+Dice, and (¢) LNCC+scaling-and-squaring (Ashburner, 2007) +Dice. For classical optimization, we
benchmark runtime and memory against multiple LNCC backends (FireANTs, VoxelMorph/TransMorph, Fast
LNCC, torch.compile, and Ours) and MI backends (PyTorch and Ours with and without torch. compile).
Tables 5.2 and 5.3 and Fig. 5.8 show that during network training our kernels converge 6.1x faster with
LNCC while using 16.5% less memory, and reduce MI memory usage by 24.7%. Despite being designed
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Figure 5.10: Ablations on key workhorse operations: LNCC, MI, grid_sampler, and scaling-and-squaring operations.
Our fused kernels consume significantly less HBM and runtime.

for very large images, the runtime and memory benefits are significant for clinical-scale data (i.e., 30MB
for OASIS). Optimization frameworks see larger gains: FireANTs achieves up to 95.2% memory savings
and 2.6 x speedup with MI, and a 7.5 x speedup over FastLNCC (Jia et al., 2025) (and 2.9 over FireANTS’
LNCC backend which applies separable convolutions on FastLNCC), with 44-59% lower memory usage
overall.

5.9.2. Registration to a 100 micron ex-vivo brain MRI volume

To showcase the efficacy of our method on real large scale images, we register a 250um in-vivo MRI
image (Liisebrink et al., 2017) to a 100 um ex-vivo FLASH human brain volume (Edlow et al., 2019). This
represents an inverse problem with more than 11.2B optimizable parameters (compared to ~20M for clinical
datasets), or 44.8GB of GPU memory. The entire problem does not fit on most GPUs, necessitating distributed
multimodal registration. We optimize a composite transform - affine followed by a diffeomorphic mapping.
Multimodal deformable registration took ~58 seconds on 8 NVIDIA A6000 GPUs, which is unprecedented at
this resolution. Fig. 5.7 shows qualitative results, highlighting the ability to register highly detailed structures
such as cerebellar white matter; these structures are not visible at macroscopic scales. The resultant advantages
of performing registration at this scale can allow researchers to characterize the neuroanatomy at microscopic
resolutions and allow morphometric analysis of cortical layers and subcortical nuclei among other structures.

Registration accuracy in these studies is measured using privately annotated fiducial markers, hindering
reproducibility and comparability of methodological advances. Due to lack of scalable frameworks, most
high-resolution studies simply run ANTSs at a significantly downsampled resolution (Kleven et al., 2023;
Mansour et al., 2025; Wang et al., 2020b; Kronman et al., 2024; Bogovic et al., 2020; Edlow et al., 2019)
and upsample the warp field to the native resolution.

5.9.3. Comparative Analysis on a Simulated ex-vivo Brain MRI Dataset
The faux-OASIS dataset To compare registration performance at high resolutions and leverage existing
methods as baselines, we synthesize the faux-OASIS dataset, which mimics the anatomical distribution of an

MRI dataset at 250m isotropic resolution. At 250um, the deformation field has 1.32B degrees of freedom
per image pair, compared to ~20M for OASIS.
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Baselines and evaluation. All methods (including CLAIRE and FireANTs without FFDP) run out of memory
at 250um resolution. We proposed two modifications to deep learning based methods to enable them to
work on this dataset: (a) inspired by several high-resolution studies (Wang et al., 2020b; Mansour et al.,
2025; Edlow et al., 2019), we register the images at a downsampled resolution, and then upsample the
deformation field (b) inspired by several histology registration methods (Wodzinski et al., 2024; Lotz et al.,
2015; Liang et al., 2021), we perform patchwise registration and mosaicing of the final deformation. We
compare the methods at three resolutions: 1mm, 500um, and 250pm. At 1mm, the full image fits within
a patch, providing a baseline reference comparable to reported OASIS performance. At higher resolutions,
patches are defined by each method’s default input size with stride equal to 50% of the patch size. FireANTSs
augmented with FFDP is denoted as Ours. We report Dice, inverse-weighted Dice (InvDice; Mang et al.
(2019a)), and average Haussdorf distance capped at 90 percentile (AvgHD90). To compare efficiency, we
measure both wall-clock time and GPU-hours.

Results. Fig. 5.11a summarizes performance metrics. At Imm, most methods achieve performance consistent
with their reported performance on OASIS, including VFA and TransMorph which were trained on the OASIS
dataset with label supervision. At higher resolutions, nearly all methods degrade, especially for InvDice
and HD90, which emphasize alignment of fine structures. In contrast, our method improves in accuracy:
at 250pm, we improve Dice by 18.1 points, InvDice by 31.6 points, and reduce AvgHDO90 by 62.1%. The
correlation between resolution and performance is also observed in (Mang et al., 2019a; Mang and Ruthotto,
2017a; Nazib et al., 2018); in addition we verify that patch-based methods degrade in performance at higher
resolutions.

This degradation among patchwise methods is expected; histology-style pipelines typically register consecutive
slides with small deformations after affine alignment. At high resolution, patching reduces anatomical context
and the patches become progressively more out-of-distribution. Patchwise or downsampling strategies are
therefore insufficient for ultra-high resolution large-scale registration, and existing deep methods cannot be
repurposed to work at higher resolutions efficiently. Accuracy-efliciency tradeoffs in Figs. 5.11b and 5.11c
show that our method is Pareto-efficient compared to all other methods (CPU, deep learning, and distributed
GPU methods), requiring up to 500x fewer GPU-hours compared to alternatives at 250um.

5.9.4. Ablation Studies

We ablate on the efficiency of various workhorse operations used in image registration in Fig. 5.10 and Ta-
ble 5.1. We compare our implementations to community-standard PyTorch implementation (Jia et al., 2025;
Chen et al., 2022b) and torch. compile versions. For grid sampler and MI kernels, our kernels have O(1) ex-
tra HBM overhead instead of O(/V) in the PyTorch implementation. For LNCC, our implementation achieves
an average speedup in the forward pass by 5.22x and 56.98 x in the backward pass. Our grid_sampler also
leads to an efficient scaling-and-squaring operation, commonly used in deep learning registration pipelines
(Chen et al., 2022b), with a memory reduction of 50% compared to the baseline implementation.

Scalability Analysis. We test the weak scaling of our distributed framework by registering synthetic images
with increasing voxel sizes. For H GPUs, we instantiate an image pair of size 700 x 700 x 700 H and shard the
images, warp, and optimizer state across H GPUs. Fig. 5.9a shows weak scaling of FFDP with and without
ring sampler. Without the ring sampler, the grid_sample operation requires storing the moving image of
size 700 x 700 x 700H on each GPU, leading to peak HBM memory increasing linearly with . This implies
the framework would not scale to arbitrarily large problem sizes, regardless of cluster size H. Peak Memory
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(a) Performance comparison across methods and resolutions.
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Figure 5.11: Registration performance on Faux-OASIS dataset at 1 mm, 500 um, and 250 um (native 250 um);
mean = std over pairs. 1 higher is better; | lower is better.  (Green)/ (Yellow) = best/second; "= patch-based

consumption is independent of H with the Ring Sampler, and scaling efficiency is only minimally affected.

Ablation on GP. We ablate the effect of GP by replacing it with DTensor sharding (no boundary sync).
Figs. D.1 and 5.9b show that incorrect boundary synchronization leads to undesirable artifacts in the moved
images, and reduces labelmap overlap.

5.10. Related Work

This chapter identifies the key workhorse operations in image registration, and builds an extensive systems
design framework for both single GPU and distributed registration. For the average image registration
practitioner, we include related works that span key literature on memory efficient and large scale optimization,
and the growth of modern applications in life sciences and biomedical imaging that demand an urgent need
for such methods.
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Table 5.4: Extended Efficiency Results on faux-OASIS-dataset: Comparison of registration methods across multiple
resolutions. Reported metrics include average Dice similarity coefficient (higher is better), wall-clock runtime, GPU
cost (measured in GB-hours), relative speedup, and GPU cost reduction with respect to FireANTs + FFDP (Ours). GPU
usage (e.g., single GPU, multi-GPU, or CPU) is annotated alongside the cost values.

Resolution Method Avg Dice Score 1 (VlVSEIQC}i(():ll;Si) a O(EEEI? (;;Eirs) Speedup R:lzgtiocl(:s(;o)
TransMorph 0.851 +0.016 0.015 0.262! 0.56 % 87.81
VFA 0.851 +0.023 0.017 0.216" 0.63x 85.18
Ours 0.838 +0.028 0.027 0.032! 1.00x 0.00
UniGradICON-1O 0.826 + 0.022 5.167 58.498! 194.07x 99.95
1 mm UniGradICON-nolO  0.815 4 0.026 0.067 0.238! 2.50% 86.55
SynthMorph 0.801 # 0.022 2.155 99.061" 80.93 x 99.97
Anatomix 0.796 + 0.035 0.379 2.656' 14.24% 98.80
CLAIRE 0.776 + 0.044 0.518 1.389! 19.47x 97.70
ITK-dreg 0.662 4 0.055 1.527 1.017CPV 57.37x -
Ours 0.872 + 0.028 0.109 0.862! 1.00x 0.00
VFA 0.805 + 0.044 0.302 3.896! 2.78% 77.87
CLAIRE 0.779 + 0.051 25.903 396.169! 238.04 x 99.78
SynthMorph 0.771 4 0.035 4.068 187.049! 37.39% 99.54
500 pum TransMorph 0.759 + 0.028 0.198 3.501" 1.82x 75.38
Anatomix 0.758 + 0.040 8.837 310.818! 81.21x 99.72
ITK-dreg 0.699 £ 0.056 41.259 207.466¢FV 379.17x -
UniGradICON-IO 0.615 4 0.047 84.538 1072.657! 776.89 % 99.92
UniGradICON 0.610 + 0.044 0.842 3.545! 7.73% 75.69
Ours 0.895 + 0.029 1.065 47.059! 1.00x 0.00
CLAIRE 0.809 + 0.054 1207.536 159 046.981* 1133.84x 99.97
VFA 0.714 + 0.066 3.872 49.939! 3.64x 5.77
250 um SynthMorph 0.690 + 0.052 32.808 1507.133! 30.80% 96.88
TransMorph 0.689 + 0.044 2.597 45.965" 2.44% —2.38
Anatomix 0.620 4+ 0.031 88.480 3112.015! 83.07x 98.49
UniGradICON-IO 0.398 4+ 0.062 163.812 2539.721! 153.80% 98.15
UniGradICON 0.359 + 0.044 7.811 55.057! 7.33% 14.53
ITK-dreg 0.758 £ 0.046 1363.868 33065.677°PY  1280.63x -

5.10.1. Memory Efficient and Large Scale Optimization

Recent advances in large scale transformer-based model training has amassed significant attention and efforts
to alleviate key bottlenecks in both memory and compute efficiency. Activation memory forms a key bottleneck
in many deep learning training pipelines, and recent advances propose fused operations (Dao et al., 2022;
Dao, 2023; Shah et al., 2024; PyTorch, 2023; Bikshandi and Shah, 2023; Dong et al., 2024) to significantly
reduce HBM usage without approximations. Other techniques propose sub-quadratic approximations to the
quadratic complexity of the attention operation and propose highly efficient and 10-aware fused kernels
(Yuan et al., 2025; Dong et al., 2024; Wang et al., 2024). However, as these models and their inputs get
increasingly larger in size, they do not fit on a single GPU. Various distributed techniques like Tensor Parallel
(Shoeybi et al., 2019), Sequence Parallel (Li et al., 2023a; Jacobs et al., 2024; Li et al., 2024), pipeline parallel
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(Qi et al., 2023; Lamy-Poirier, 2023; Liu et al., 2024a), fully-sharded data parallel (FSDP2) (Ansel et al.,
2024; Zhao et al., 2023; Rajbhandari et al., 2020) have been proposed that distribute (shard) the model and
its inputs across multiple GPUs for transformer-like models. Another research area approaches the problem
of scaling large models by building compilers and intermediate representations to enable writing optimized
kernels at runtime OpenAl (2021); Ansel et al. (2024); Spector et al. (2025); Chen et al. (2018); Abadi et al.
(2016). To our knowledge, most of these techniques are tailored to transformer-specific architectures and
GEMM-like operations (self attention, feedforward, batchnorm, etc.) only, and a Tensor/Model Parallel
variant for convolution-aware sharding is not available. However, other disciplines including biomedical and
clinical imaging, life sciences, climate modeling, drug discovery, genomics, geosciences, robotics leverage
other key components that do not fit in the transformer-specific framework, or are GEMM-like in nature. We
focus on the compute and memory bottlenecks in the image registration problem, that is a key component in a
variety of biomedical and life science applications.
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CHAPTER 6

The FireANTs Ecosystem for In-the-Wild Image Registration

Precision mapping techniques coupled with high resolution image acquisition of multiple modalities including
MRI, high-resolution sectioning microscopy and histology, spatial transcriptomics permit the study of spatial
organization of macroscopic tissues, functional connectome, microscopic cytoarchitecture, gene expression,
and proteomics. These techniques in multi-modal imaging advance our understanding of biological organiza-
tion and function at the macroscopic, mesoscopic, and microscopic scales. Quantitative research in these
fields is facilitated by either standard anatomical coordinate frames, or subject specific frames, and the ability
to spatially map such standardized spaces. Many of the scenarios collect data with a wide variety of protocols
and constraints, and there is no one-size-fits-all workflow for collecting, processing, and registering the data.

In this chapter, we illustrate the versatility of the FireANTs ecosystem for generating precision spatial mappings
while adhering to workflow or task-specific constraints. We will look at three different pipelines catering to a
wide range of applications:

1. End-to-end Multimodal Pipeline for histology to MRI registration workflows for Alzheimer’s Dis-
ease (AD): To interpret clinical Alzheimer’s Disease (AD) pathology, a multitude of imaging modalities
are used to integrate crucial insights into brain morphology and pathology. Postmortem MRI provides
a 3D reference of the morphological structure of the brain, while histology provides a detailed view of
the hallmark accumulation of extracellular beta-amyloid (A/3) plaques and intracellular neurofibrillary
tangles (NFTs) composed of hyperphosphorylated tau protein. Moreover, due to microtome sizing
constraints, postmortem MRI brains undergo a sequence of physical sectioning steps, first into coronal
slabs, followed by block sections, each of which are used to section a stack of 2D histology sections
that are stained with a variety of stains to visualize different pathological features. Registering a single
2D histology section to a 3D MRI scan is a severely underconstrained problem, and therefore requires a
multimodal pipeline to register the histology sections to the MRI scan.

2. Restricted deformations for distortion correction in spin-echo echo-planar MRI images: Spin-echo
echo-planar imaging (EPI) is widely used for its rapid acquisition, but it is inherently prone to geometric
distortions due to magnetic field inhomogeneities, susceptibility differences, and the low bandwidth in
the phase-encoding direction. These distortions manifest as geometric or spatial warping along the
phase-encode axis. Interestingly, when k-space is traversed in the opposite direction, the same structures
are distorted in mirror-opposite directions while the magnitude of the distortions remains the same.
By acquiring images with opposite phase-encoding directions, one can leverage image registration
techniques to estimate and correct the distortions, effectively generating an intermediate image that
approximates the true undistorted anatomy. This approach enables accurate alignment across images
and modalities, providing a more reliable basis for downstream analyses in applications ranging from
functional MRI to postmortem structural studies.

3. Gradient-Free approaches for feature-based registration with sparse landmark supervision: In
Chapter 4, we showed that FireANTs can be used as a fully differentiable layer when dense anatomical
labelmaps are available. However, other applications exist where the data and labels are sparse. For
example, the Learn2Reg CT lung challenge (Hering et al., 2022) provide only 20 intra subject inspiration-
expiration lung CT pairs with a sparsely annotated set of automatically detected landmarks. These
landmarks are of Lebesgue measure zero, and training a dense deformation field to minimize landmark
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error will provide very sparse deformations. Nevertheless, we can use evolutionary algorithms to find a
sparse set of deformations that minimize the landmark error, by using the negative landmark error as a
fitness function.

6.1. End-to-end Multimodal Pipeline for histology to MRI registration workflows for Alzheimer’s
Disease (AD)

)

Antemortem Postmortem whole brain

MRI (3D) / hemisphere MRI (3D) Tissue sample

Tissue sample MRI Tissue sample histology
(2.5D / 3D) (2D)

Figure 6.1: A visual overview of the end-to-end multimodal pipeline for histology to MRI registration workflows for
Alzheimer’s Disease (AD)

Fig. 6.1 shows a visual overview of the end-to-end multimodal pipeline for histology to MRI registration
workflows for Alzheimer’s Disease (AD). This pipeline uses multiple imaging stages to bridge the large gap
in scale, modality, and distortion between in vivo MRI and microscopic histology. The antemortem MRI
provides the reference representation of the brain in its natural, in vivo state, preserving clinically relevant
anatomy and serving as the final target space for mapping microscopic findings. The in vivo MRI itself is
very low resolution and is non invasive, therefore cannot provide microscopic details that are present in the
histology. However, direct alignment between antemortem MRI and histology is infeasible due to severe
geometric distortions and tissue deformation introduced during extraction and processing. Moreover, the
acquisition of the histology images requires extracting and processing of the brain tissue after death, making
postmortem MRI an intermediate modality that can be used in the pipeline. Postmortem whole-brain or
hemisphere MRI is acquired to capture the brain after fixation but before sectioning, providing an intermediate
that reflects postmortem tissue properties while preserving global anatomy. Postmortem MRI can also be
acquired with significantly higher spatial resolution than the in vivo MRI because it is not subject to the
same constraints on scan time and motion artifacts. The physical tissue sample is then extracted from the
postmortem brain, and tissue sample MRI is performed to image the specimen in its block form, capturing its
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three-dimensional structure and deformation prior to sectioning at a much higher spatial resolution. Finally,
histology provides the microscopic, two-dimensional cellular detail that is the ultimate source of biological
information but contains distortions from cutting, mounting, and staining. By registering each stage to
its adjacent representation—histology to tissue sample MRI, tissue sample MRI to postmortem MRI, and
postmortem MRI to antemortem MRI—the pipeline enables accurate transfer of microscopic information into
the in vivo coordinate system while minimizing errors that would arise from attempting direct cross-scale
registration.

In the following sections, we will describe each of the stages in the pipeline.
6.1.1. Stage 1: Antemortem to Postmortem MRI registration

The initial stage of the pipeline involves the spatial alignment of the in vivo (antemortem) MRI with the
ex vivo (postmortem) scan. This step is critical as it establishes the foundational link between the clinical
‘living’ state of Alzheimer’s Disease (AD) and the high-resolution anatomical detail captured after death.
The primary objective of this stage is to account for the significant geometric and intensity transformations
that occur during the peri-mortal period. Key challenges addressed in this registration step include:

* Gross anatomical misalignment: The antemortem MRI is acquired in a standardized ‘radiological
world’ orientation due to standardized and calibrated imaging protocols. Typical visualization software
like ITK-snap show radiological axes as L-R, A-P, and I-S, which is standard for virtually all MRI
scanners for antemortem MRI. However, the postmortem MRI is acquired after the brain has been
fixed and sectioned, and therefore the orientation of the brain is arbitrary depending on the containing
environment, the technician’s placement of the brain, and the coil geometry. In radiological world
coordinates, the postmortem MRI is therefore in a random orientation with respect to the antemortem
MRI which cannot be rectified with gradient based methods due to multiple local minima. Sometimes,
only a single hemisphere is imaged, adding to the complexity of the alignment. Therefore, we employ a
global transformation to align the two scans.

* Morphological Deformation: Postmortem tissue undergoes global changes due to the loss of intracra-
nial pressure and the chemical fixation process. These factors typically lead to volumetric shrinkage
and deformation. To reconcile these differences, we employ FireANTs that can warp the postmortem
volume into the antemortem coordinate space while preserving anatomical topology.

* Contrast Divergence: Postmortem tissues exhibit significantly shortened 7'1 and 7'2 relaxation times
compared to living tissue, caused by temperature drops and formaldehyde-induced protein cross-linking.
For example, GM-WM contrast is significantly reduced in the postmortem MRI compared to the in
vivo MRI, making it difficult to align the two scans. This requires robust registration similarity metrics.

By establishing this spatial correspondence, any microscopic pathology identified in later stages can be
projected back into the original clinical scan. This allows for the direct correlation of cellular AD markers
with the neuroimaging signatures observed during the patient’s lifetime.
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Global alignment using moments matching

The brain can be approximated as an ellipsoid with a major axis along the A-P (front to back) axis, a middle
axis along the L-R (mediolateral) axis, and a minor axis along the I-S (dorsoventral) axis. Rigid, affine, and
deformable registration assume that the fixed and moving images already reside in similar physical coordinates;
when the postmortem volume is in an arbitrary orientation and possibly different scale, gradient-based methods
can get stuck in poor local minima. Moment matching brings the images into a common physical space by
aligning their statistical moments in physical coordinates, providing a robust initialization for subsequent
registration.

Note that moment matching works only for intra-modal registration since the intensities are used as “masses”
to compute second-order moments. Multimodal images will have different "mass distributions” for the same
anatomy, and therefore moment matching is not applicable. A modality-agnostic feature extractor (Dey et al.,
2025) can be used to extract features from the images that are invariant to the modality.

Moments in physical coordinates. Let z; denote physical coordinates and I (x;) the image intensity. The
first-order moment is the intensity-weighted center of mass:

Z?:l en
S () (D

The second-order moment is the intensity-weighted covariance matrix:

M, = Yoy (@g —ma)(x — ml)TI(fﬁz‘). (6.2)

> i ()
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First- and second-order matching. For first-order (translation-only) matching, the transformation is the
difference of the centers of mass:
i fixed
T = mrlnovmg — m (6.3)

This can be used to align the center of the two images (for example, when working with different radiological
origin coordinates for the same orientation).

For second-order matching, the optimal rotation is obtained by minimizing mingego(n) | My = —RM. fxed T,

which is solved via the SVD of MQﬁX‘”l and My OVing; the rotation is R = UDV T where D is a diagonal
matrix of +1 chosen so that det(R) = 1 (or —1 if flips are allowed), typically by minimizing a similarity loss
between the fixed image and the rotated moving image. There are only 4 to 8 choices for D depending on the
orientations the user wants to iterate over. The translation is then

T = m"" — Rmfxed, (6.4)

Scale correction. When fixed and moving images have different scales (e.g., ex vivo stretching or inconsistent
voxel spacing), second-order moment matching can be extended with a scaling matrix. Let Agxeq and
Amoving denote the eigenvalues of the second-order moment matrices. Assuming that the major, middle,
minor axes of the ellipsoids still correspond to consistent axes, the scaling matrix is computed as: S =

\/ diag(Amoving/ Afixed ), and the final transformation combines rotation and scaling as R = Ugixea DS U;—O\,ing
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Hemisphere detection In our data, the hemisphere is not mentioned in the metadata, and the goal is to
detect the hemisphere from the image without manual intervention. To do this, we use SynthSeg (Billot et al.,
2023), a segmentation model to generate a cortical and subcortical segmentation of the brain. We fit an SVM
classifier to the left and right gray matter, white matter, and ventricles to detect the separating plane between
the two hemispheres. This gives us two candidate hemispheres, and we register the ex-vivo hemisphere to
both in-vivo hemispheres using moments matching, ensuring det(R) = 1. We choose the hemisphere that
minimizes the normalized cross-correlation of the registered images.

Nonlinear registration

The next stage is to register the postmortem MRI to the antemortem MRI using a nonlinear registration
algorithm. We use FireANTs with greedy (asymmetric) optimization with the diffeomorphic Adam optimizer.

Evaluation

Robust Brain

. e . Hemisphere
tissue classification —_— Separation
(SynthSeg) B
Hemisphere
Detection Robust
ient t Hemisph
\ Orient to en.usp ere Deformable
LPI - tissue . q
. . e .- Registration
(Registration) classification
(SuperSynth)

Figure 6.2: End-to-end pipeline for label generation and ex-vivo to in-vivo registration

Evaluating quality of registration is challenging due to a multitude of factors. First, unlike in-vivo MRI
images with robust segmentation protocols (Billot et al., 2023), segmentations are scarce for postmortem
MRI images, since brain collection protocols can typically result in hemispheres or whole brains with
sometimes the cerebellum and / or brainstem removed. Fortunately, SuperSynth (Liu et al., 2025b) provides
a modality-agnostic framework for generating segmentations from MRI images and supports postmortem
MRI hemispheres, and has semantic labels that are consistent with SynthSeg. However, SuperSynth expects
images to be aligned with the LPI orientation, which entangles the accuracy of moment matching and the
accuracy of the subsequent segmentation which is used for evaluation of non-linear registration. Nevertheless,
we use a straightforward strategy outlined in Fig. 6.2 to generate segmentations for the postmortem MRIL.
Specifically, SynthSeg provides robust segmentation maps of 34 subcortical structures from the in-vivo MRI.
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This is used to separate the invivo brain into left and right hemispheres. For the ex-vivo brain, we perform
hemisphere detection using moments matching on both in-vivo hemispheres to find the best match. This
orients the ex-vivo brain to a standard LPI orientation which is in-distribution for SuperSynth to generate
segmentations reliably. From both the SynthSeg and SuperSynth segmentations, three labels are extracted:
gray matter, white matter, and CSF. To account for minor inaccuracies in the labelmaps, we use a finite mixture
modelling approach based on the initial segmentations and an MRF prior to enforce spatial consistency and
smoothing of the labels. We report the Dice Score overlap between the registered and reference labelmaps
after non-linear registration.
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Figure 6.3: (a, b, ¢) Dice Score overlap between the registered and reference labelmaps after non-linear registration for
gray matter, white matter, and CSF, (d) Qualitative comparison of the in-vivo and ex-vivo MRI scans

As of writing this chapter, we acquired in-vivo and ex-vivo MRI scans for five subjects that we use for
evaluation. Fig. 6.3 shows the Dice Score overlap between the registered and reference labelmaps after
non-linear registration for gray matter, white matter, and CSF. Dice score for gray matter improved from 0.5
to 0.8, which is a significant improvement considering the highly folded nature of the cortical surface. White
matter Dice score improved from 0.6 to 0.8, consistent with the noticed improvement in the literature for
OASIS and LPBA40 datasets. CSF segmentation performance is crucial due to the reduced contrast of the
pial surface in the postmortem MRI, and the enlarged and deformed ventricles in the ex-vivo MRI. Notably,
the Dice score before registration was 0.3 for CSF, and improved to 0.6 after registration. Improvements are
consistent across all five subjects, indicating that the pipeline is robust to subject-specific variations.
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6.1.2. Stage 2: Postmortem MRI chunk to Histology registration
Method

The method used for this stage is loosely based on a subspace approach for matching 2D shape contours under
affine distortions (Mai et al., 2011). The core idea is that a pair of shapes characterized by their pointsets
X,Y € R?*N are affinely related if Y (7) = AX where 7 is a circular shift operation on the columns of Y.
Mai et al. (2011) show that the pointsets are related by an affine transformation if and only if their canonical
forms Vx and Vy (7) are related by a rotation matrix. The canonical form is defined by the reduced SVD
decomposition X = UxXx V; . However, in real settings X and Y may not have the same number of points.
Mai et al. (2011) propose resampling the pointsets to the same number of points using a uniform sampling
over the arc-length along the canonical curves Vy and Vi and optimize min, g || Vy (1) — RVx||3.

-
Instead, we normalize the pointset X = (Ux Expx)% where px = Zf\il ||Vx (:,4)||2 is the scale of the

pointset. For brevity, we define Ax = (UxXxpx) and ‘N/X = ‘;—X;. This normalizes both pointsets to have
the same scale to allow for Procrustes analysis. Instead of optimizing over 7 and R, we optimize only over
R by computing the Chamfer distance between Vy and RVy. Chamfer distance works with pointsets of
different sizes avoiding any resampling step. Finally, we compute the affine transformation A = AyRA;(I as
the optimal affine transformation. Note that finding the optimial rotation is a fast operation in 2D because it
has only one parameter, compared to directly optimizing a six-parameter affine transformation. This approach
mirrors the global moment matching approach for in-vivo to ex-vivo MRI registration by correcting for gross
anatomical misalignment, but uses contour matching instead of intensity matching.

Results

We obtain a T2 block from the superior frontal lobe of a single subject, along with corresponding DWI and
FA volumes. The DWI image is thresholded to obtain a mask of the chunk which is resampled to the same
resolution as the T2 block. For the block, several stains are applied to visualize different pathological features.
Specifically, the histology stack contains vascular (CD31, SMA), immune/inflammatory (CD3, CD68, IBA1),
glial (GFAP, MBP, PDGFR), neuronal (NFL), myelin (LFB, MBP), amyloid (4G8), and fibrosis/stroma (FIB).
A custom script is used to extract the foreground of the stained histology slides by thresholding and selecting
the largest connected component from each stain. Our FireANTs-based pipeline consists of three stages: (i)
global alignment using subspace matching of silhouette of the mask, (ii) affine refinement using LNCC loss,
and (iii) nonlinear registration using Fire ANTs with greedy (asymmetric) optimization with the diffeomorphic
Adam optimizer. Results are shown in Fig. 6.4, which are qualitative due to the lack of quantitative evaluation
metrics for this task.

Note that in all cases, the histology slides are aligned differently from each other, there is substantial difference
in the characteristics of the tissue in the different slides, and have substantial deformations compared to the
T2 block. Nevertheless, our pipeline is able to register the histology slides to the T2 block with high accuracy.
Notably, the initial affine transformation is recovered correctly without any manual intervention, which is
typically performed in various MRI-to-histology registration pipelines.
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Figure 6.4: Qualitative comparison of the postmortem MRI chunk to histology registration
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Figure 6.5: Qualitative comparison of the spin-echo echo-planar MRI distortion correction for AP and LR phase-
encoding directions

6.2. Restricted deformations for distortion correction in spin-echo echo-planar MRI images

Echo Planar Imaging (EPI) is one of the fastest acquisition techniques in the MRI world, capable of capturing
a complete 2D image slice in a fraction of a second—often under 100 milliseconds. Instead of the traditional
step-by-step approach to filling data, EPI uses a rapid, ’zigzag” gradient switching pattern to collect all the
necessary spatial information from a single radiofrequency pulse. This incredible speed makes it the backbone
of dynamic imaging studies where timing is everything, such as Functional MRI (fMRI) for mapping brain
activity or Diffusion-Weighted Imaging (DWI) for detecting early-stage strokes.

However, EPI is highly sensitive to ”susceptibility artifacts”. Because the data is collected so quickly, even
minor magnetic field irregularities, like those caused by air-tissue interfaces near the sinuses or metal implants
can lead to significant image warping or blurring. Therefore, EPI do not provide faithful representations of
the brain anatomy. However, the geometric distortions usually manifest as the image looking “stretched”
or ’shrunken” along the phase-encoding direction. Interestingly, if another image is acquired with the
phase-encoding direction reversed, the same structures are distorted in mirror-opposite directions while the
magnitude of the distortions remains the same (Andersson et al., 2003).
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This allows a simple modification to FireANTSs to recover the "true geometry” of the image by performing
“‘restricted deformations’’ Specifically, the user can provide partial or binary direction of restrictions to
the update field. This is done regardless of the optimizer used, since only the final update step is modified.
Once a deformation u(x) is obtained that transforms F'(xz) ~ M (x + u(z)), the user can compute the "half
deformation” that moves the particle at a fixed coordinate half way along its location in the second image,
which is the supposed location of the particle in the “true geometry” image.

6.2.1. Results

We evaluate the performance of the proposed method on a dataset of two subjects in Fig. 6.5, where distortions
are present in AP and LR phase-encoding directions respectively. Specifically, in the first image, the
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Figure 6.6: Warp fields visualized in Fig. 6.5 for AP and LR phase-encoding directions respectively. Note that in the first
case, all deformations are diffeomorphic and restricted along the A-P axis, while in the second case, the deformations
are diffeomorphic and restricted along the L-R axis.

Warp fields visualized in Fig. 6.6 show that FireANTs is able to accurately restrict the deformation to the
specified directions while using Adam optimizer and preserving diffeomorphisms everywhere. A comparable
ANTs registration takes about 12 hours to complete the same task that FireANTs completes in under a minute.
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6.3. Gradient-free hybrid approaches for feature-based registration with ultra sparse land-
mark supervision

FireANTs provides a powerful and robust optimizer for registration, which can be further augmented with an
end-to-end feature extractor to learn task-specific features. However, feature learning is typically performed
in scnarios where dense supervision (a.k.a parcellated labelmaps) are available for a large number of images.
However, in several applications, only a handful of images might be available for training, with a small number
of labeled landmarks or keypoints. An example of this scenario is the LungCT (Hering et al., 2020) and
OncoReg (Heyer et al., 2025) challenges in the Learn2Reg challenge, where only 20 image pairs with labeled
landmarks are available for training and validation. Such scenarios present two major challenges: (i) the
amount available for training is too small to train deep feature extractors, and (ii) the supervision signal
(e.g. landmark errors) is measure-zero when optimizing over a dense deformation field, providing extremely
sparse gradients for learning. This has led to many winning challenge entries for the OncoReg challenge
leveraging pretrained models like DINOv2 Song et al. (2024), handcrafted features like MIND Heinrich et al.
(2012), and traditional optimizers like Deeds Heinrich et al. (2014). To alleviate the challenge associated with
sparse keypoint supervision, methods like Jia et al. (2023) convert keypoints into a 3 X 3 x 3 heatmap and
compute Dice loss over the fixed and moving heatmaps. The OncoReg challenge (Heyer et al., 2025) provides
valuable insights and highlights that hybrid approaches that combine classifcal registration techniques with
deep learning can yield improvements.

We take a different approach towards training a hybrid approach using a shallow network feature extractor
that is trained using gradient-free methods instead. Most gradient-free methods in the literature are typically
used to find optimal linear transformations under extreme initial misalignment where gradient-based methods
would be stuck in a local minima (Brunnstrom and Stoddart, 1996; Rouet et al., 2002; Chalermwat et al.,
2001; Chow et al., 2004; Cordén et al., 2006). In contrast, we propsoe using gradient-free methods to learn a
shallow convolutional feature extractor for registration with sparse landmark supervision.

6.3.1. Method

We take inspiration from the MIND descriptor that has been shown to be effective for pulmonary image
registration (Heinrich et al., 2012; Heyer et al., 2025). The MIND descriptor can be formulated as a convolu-
tional layer which computes the patch difference at a given location ¢ and its neighbor ¢ + r, followed by a
nonlinearity, i.e. squaring the difference, followed by a normalization step where the values are divided by
the average of the squared values of the patch differences as a measure of ’variance’. This is followed by yet
another nonlinearity, i.e. an exponential function. Equivalently, one can think of the exponential function in
conjunction with the variance as a softmax layer on the patch difference feature. In a learnable analog to this
feature extractor, we can train a network that performs convolution to compute patch features, followed by a
non-linearity (GeLU), and a normalization layer (GroupNorm) to compute a learnable analog of the MIND
descriptor. A residual stream is added to the output of the feature extractor to provide an inductive bias of the
features towards the identity transformation.

The small network augments the image into a multi-channel feature that can be used to register using Fire ANTs.
We can train this network using DIO Chapter 4 by backpropagating the loss through the optimizer. However,
landmark supervision is very sparse, and is generally considered to be badly conditioned for gradient-based
methods, which can steer optimization away from other candidate solutions that generalize better. Therefore,
we use gradient-free methods to train the network. Specifically, we use a Genetic Algorithm (GA) to train
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Method Feature Extractor Masking  Landmark Landmark
Error (Train) Error (Validation)

ConvexAdam MIND 31116;5 2.6_1 8 3,5_ 53
Fire ANTs Intensity }:;S gggg 21421;
FireANTs ~ MIND - %’Z i:?gz
Fire ANTSs Proposed (1 x) Zleos ;}1)43‘; igzg
FireANTs  Proposed (8x) - ;ng i?gg

Table 6.1: Performance of the proposed method on the LungCT challenge. Results are shown for the proposed method
with and without masking, and for the baseline methods with and without MIND features.

the network, although other paradigms like reinforcement learning or derivative-free trust-region methods
like BOBYQA (Powell et al., 2009) are possible. Genetic algorithms are used in neural architecture search
(Lu et al., 2019; Yang et al., 2020), and to finetune large language models (Qiu et al., 2025). We use genetic
algorithms to search over the parameters of the network instead. Specifically, a genetic algorithm maintains
a population of candidate solutions, (neural network parameters in our case)), and repeatedly performs the
following steps: (i) select good solutions measured by the fitness function, (ii) combine good solutions, (iii)
randomly mutate the solutions, and (iv) replace the worst solutions with the new solutions. Maintaining a
population of candidates is expensive for large networks, but is completely tractable for small networks like in
our case. For combining good solutions, we use the One Point Crossover operator with a tournament size of 2
(meaning we select 2 candidates). For mutation, we apply Gaussian noise to the parameters of the network
with a standard deviation of 0.01. The fitness function is the landmark error between the predicted and ground
truth landmarks after registration using FireANTs and the feature extractor. We run the GA for 40 generations.

6.3.2. Results

The performance of the proposed method is evaluated on the LungCT challenge. Since the Lung CT challenges
typically provide binary lung masks, we test each baseline with and without masking, whereever possible.
We normalize the image inside the mask to be the range [0, 1], and the image outside the mask to be 0. We
consider the following baselines with and without masking: (a) FireANTs with intensity images, (b) FireANTs
with MIND features, (c) FireANTs with our proposed feature extractor, (d) ConvexAdam with MIND features.
For the proposed feature extractor, we test with 1 and 8 feature maps in the output of the feature extractor to
examine if additional feature maps improve performance. Results are shown in Table 6.1.

6.3.3. Interpretability of features
Another key benefit of the proposed method is the interpretability of the features learned by the network,

analogous to that observed in DIO Chapter 4. Specifically, Figs. 6.7 and 6.8 illustrate the learned feature
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(a) Original image

(c) Single channel (d) Multi-channel learned feature maps
learned feature map

Figure 6.7: Interpretability of features learned by the proposed method. MIND feature channels enable higher contrast
than the original feature image, but has blocky artifacts and is not immediately interpretable. The single-channel learned
feature map resembles a high-pass filter applied to the original image, which may be important for accurate delineation
and registration of vascular structures that show higher contrast in the high-pass image. The multi-channel learned
feature maps are sharper than MIND features, and highlight different regions of interest for different channels.

representations for the three subjects in the LungCT challenge. Quantitatively, the MIND features achieve better
performance than raw intensity features, but they exhibit blocky artifacts arising from patchwise normalization,
which can amplify noise in low-variance regions. In contrast, both the single-channel and multi-channel learned
features not only outperform MIND features, but are also qualitatively more interpretable. Because contrast
(which leads to spatial gradients) is the primary driver of intensity-based registration, the single-channel
learned feature map enhances vascular structures, thereby facilitating their alignment. The multi-channel
representation further increases flexibility through the weighted gradient term ). r.(p(z))V M (¢(z)),
which enables particles to move in different directions depending on the distribution of channelwise residuals.
This, in turn, permits a more ‘‘piecewise’’ registration of distinct anatomical structures as a function of the
local channelwise residuals. For example, the lung boundary is strongly highlighted in channels 2 and 4 but
not in channel 3, which instead emphasizes the vascular structures in the lower fissure of the lung. Moreover,
the vasculature exhibits laterally opposing contrast in channels 1 and 4, enabling the registration to drive
vessels in opposite lateral directions according to the relative weighting of the channelwise residuals. This is
in contrast to single-channel registration, where the residual must change sign in order to drive the deformation
in the opposite direction.

6.4. Conclusion

In this chapter, we presented three applications of FireANTs and associated tools for varied applications in
medical image registration.
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(c) Single channel (d) Multi-channel learned feature maps
learned feature map

Figure 6.8: Another example of the proposed method with a different subject.

The first application is the end-to-end multimodal pipeline for histology to MRI registration workflows for
Alzheimer’s Disease (AD) where we demonstrated its performance on an internal dataset. The pipeline enables
fully automated detection and registration of ex-vivo brain hemisphere scans to an in-vivo subject-specific
reference image. This is a challenging task that requires global alignment of the ex-vivo brain hemisphere scan
to the in-vivo reference image since the former is typically not aligned to the standard DICOM orientations.
This is followed by a nonlinear registration using Fire ANTs to align the ex-vivo brain hemisphere scan to
the in-vivo reference image. Moreover, histology slides are registered to the corresponding MRI casette
chunk by performing a global affine alignment using a subspace based shape-matching approach, followed by
Fire ANTs-based nonlinear registration. Future work will complete the chain by registering the MRI casette
chunks to the ex-vivo hemisphere scan automatically, a step that is currently performed manually.

The second application is the restricted deformations for distortion correction in spin-echo echo-planar MRI
images where we demonstrated its performance on a dataset of two subjects. Spin-echo echo-planar MRI
is a fast acquisition technique that is prone to geometric distortions due to magnetic field inhomogeneities,
susceptibility differences, and the low bandwidth in the phase-encoding direction. These distortions manifest
as geometric or spatial warping along the phase-encode axis. Interestingly, when k-space is traversed in the
opposite direction, the same structures are distorted in mirror-opposite directions while the magnitude of the
distortions remains the same. This allows a simple modification to FireANTSs to recover the "true geometry”
of the image by performing ‘‘restricted deformations’’ Specifically, the user can provide partial or binary
direction of restrictions to the update field. This is done regardless of the optimizer used, since only the final
update step is modified. Once a deformation () is obtained that transforms F'(z) ~ M (z + u(x)), the user
can compute the half deformation” that moves the particle at a fixed coordinate half way along its location in
the second image, which is the supposed location of the particle in the “true geometry” image. This is an
application that is hard to perform using deep learning methods since it requires large real world datasets, or
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an accurate EPI distortion model for synthetic training.

The third application is the proposed masking-based registration method and a feature extractor trained
usng gradient-free genetic algorithms where we demonstrated its performance on the LungCT challenge,
comparing with both intensity-based and feature-based baselines, including MIND features and intensity
images. Our results showed that the proposed method, even with a single learned feature channel, outperforms
traditional intensity and MIND-based approaches, and that further improvement is possible with multi-channel
learned representations. We also highlighted the interpretability of these learned features, showing how
different channels emphasize anatomical structures such as vasculature and lung boundaries in ways that
provide meaningful guidance for the registration process. The use of a flexible weighted gradient term
(from multi-channel learned features) allows for ‘‘piecewise’” or ‘‘curricular’’ registration, enabling adaptive
and anatomically informed deformations that better capture the complexity of lung anatomy compared to
fixed hand-crafted features. Quantitative and qualitative analyses demonstrate not only improved registration
accuracy but also enhanced feature interpretability and flexibility. The learned feature maps resemble domain-
relevant image filters, such as high-pass filtering to emphasize vessel structure, and multi-channel maps
uniquely target different anatomical regions, aiding the registration algorithm in handling diverse local tissue
properties.

124



CHAPTER 7

Conclusion

In this dissertation, we study the existing state of the art, and develop new mathematical foundations and
systems for deformable image registration across diverse biomedical modalities and scales. Our work addresses
contemporary limitations of registration methods, the first of which is robust coverage across a long tail of
modalities and datasets in biomedical and life science applications; where image registration is a key workhorse
component for data analysis, multimodal fusion, quantitative morphometrics, and scientific discovery. This is
addressed by first studying and validating the limitations of state-of-the-art deep learning methods in achieving
coverage even across different modalities within neuroimaging, and establishing the robustness of classical
optimization-based methods while noting their shortcomings in terms of runtime, memory efficiency, lack of
end-to-end support with deep learning models, and optimization dynamics.

Building on these insights, we developed Fire ANTs, a scalable and general-purpose multi-scale registration
algorithm that leverages adaptive Riemannian optimization. FireANTs achieves real-time registration on
clinical datasets and demonstrates unprecedented memory and compute efficiency, enabling broad applicability
in clinical and research settings.

To further bridge the gap between classical optimization and data-driven approaches, we introduced Deep
Implicit Optimization (DIO), a framework that transforms FireANTs and other iterative solvers into fully
differentiable modules. This allows end-to-end learning of task-specific features within neural networks,
uniting the reliability of numerical optimization with the expressivity of deep feature extractors. DIO preserves
the convergence and interpretability guarantees of classical methods while enabling plug-and-play integration
with modern machine learning workflows.

Recognizing that ever-growing image resolutions and volumes pose a new set of computational bottlenecks, we
designed a scalable, hardware-aware, and distributed systems framework for image registration. By re-thinking
the computational graphs of memory-intensive loss functions and introducing the Grid Parallel paradigm
and Ring Sampler, we enable the registration of gigavoxel biomedical images on multi-GPU systems without
approximations or sharding artifacts. Our approach demonstrated the first mathematically exact, end-to-end
registration of previously intractable large-scale and multimodal datasets, with performance validated on both
real and synthetic benchmarks.

Lastly, we demonstrated these advances in real-world neuro and pulmonary imaging, enabling robust multi-
scale, multi-modal registration from MRI to histology. We also addressed specialized tasks like distortion
correction in MRI and feature-based registration with sparse landmarks, applicable to developmental atlas
building and scenarios with limited guidance Kronman et al. (2023).

Collectively, the contributions of the dissertation chart a path towards a new generation of registration tools
that are robust, scalable, and adaptable. By unifying novel mathematical results with modern systems design
and implementation, this thesis paves the way for accessible, high-fidelity registration workflows that can keep
pace with the rapid expansion of biomedical imaging technologies. These advances will not only accelerate
scientific discovery but also provide practical, open frameworks for the community to build upon and extend
to new modalities, scales, and applications.
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APPENDIX A

Supplementary details for An Empirical Study and Evaluation of Image Registration paradigms

Fig. A.1 shows the boxplots of the performance of classical and DLIR methods trained on the OASIS dataset,
on four T1-brain datasets.
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Figure A.1: Classical methods retain robustness across different datasets. Boxplots show the performance of
classical and DLIR methods trained on the OASIS dataset, on four T1-brain datasets. For DLIR methods, we plot
the performance of the supervised and unsupervised models. Across all datasets, FireANTs and ANTs consistently
outperform DLIR methods, showing robustness to domain shift. Among DLIR methods, SynthMorph and TransMorph
show robust performance, and training with label matching objective does not lead to significant improvement.
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APPENDIX B

Supplementary details for Fire ANTs: Adaptive Riemannian Optimization for Multi-Scale
Diffeomorphic Matching

B.1. A toy scenario to visualize the effect of ~ on optimizers

To provide more intuition on the effect of x on convergence of the SGD algorithm, we consider a toy
example of a 2D optimization problem. Specfically, we consider a loss function f,(x,y) = x? + ky? where
x > 1 becomes the condition number of the problem. Qualitatively, the effect of the first term diminishes
exponentially fast with s (Fig. B.2a). Quantitatively, we run both SGD and Adam optimization for a 1000
iterations starting from the point (z,y) = (5, 5). Fig. B.2c shows that SGD works extremely well for k = 1
which is the best-conditioned loss function, but quickly gets stuck for £ > 100. On the contrary, Adam is
invariant to the condition number and converges to the minima for all values of . This is because for a
diagonal Hessian (as in this case), the second-order adaptive terms are proportional to the diagonal elements
of the Hessian. These condition numbers are vanishingly small compared to those in typical image registration
tasks, which can exceed 10°, making them extremely ill-conditioned.

= =
o o
w ul

Condition number K;
|_I
<,

0.00 0.25 0.50 0.75 1.00
Fraction of foreground voxels

Figure B.1: Deformable image registration is ill-conditioned. To quantitatively examine ill-conditioning in reg-
istration, we compute the distribution of per-pixel condition number for a MRI registration task, at different image
downsampling factors (denoted as 1x, 2x, and 4x). A high condition number signifies exacerbated ill conditioning and
requires higher-order optimization. A horizontal dashed line denoting « = 10 is drawn as a reference for substantial ill
conditioning. Across all scales, a substantial fraction of foreground voxels are ill-conditioned (x > 10), necessitating
adaptive first-order optimization for faster convergence and accurate registration.
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We also consider a more realistic, but tractable scenario of the convex loss function f g(x,y) = :cg + nyg,

where

xzg| | cos(d) sin(f)] |z

{yg} N [— sin(0) cos(O)] [y}
We choose § = /3 for this experiment. This is simply a rotated version of the previous family of loss
functions, as shown in Fig. B.2b. The trajectories obtained from optimization using SGD (Fig. B.2d) are
virtually identical to that in Fig. B.2c since the new gradients are simply rotated versions of the previous
gradients, and the distance from the minima is invariant to the rotation. However, the trajectories from Adam
optimization are qualitatively very different, owing to the increasing difference between the true Hessian and
its diagonal approximation. Even so, the final point is at a distance of less than 103 units to the minima for
x = 1000, showing the effectiveness of adaptive optimization even for ill-conditioned, non-diagonal Hessians.
This is a strong motivation to extend adaptive optimization for non-Euclidean diffeomorphic registration,
which is very high-dimensional and ill-conditioned.

Condition number = 1 Condition number = 10 Condition number = 100 Condition number = 1000

(a) Log-Loss landscape of the toy problem f.(z,y) = 2> + xy® for k = 1,10, 100, 1000. The log-loss becomes
increasingly sharp along the y-direction as s increases.

Condition number = 1 Condition number = 10 Condition number = 100 Condition number = 1000

SALN

(b) Log-Loss landscape of the toy problem f.(z,y) = x3 + kyj for s = 1,10, 100, 1000, where (zg, yo) is the
coordinate (z, y) rotated by an angle 6 about the origin.

Optimizing x3 + ky using SGD [ X2 + ky3 using Adam
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(d) Optimization of Fig. B.2b using SGD shows identical opti-

(c) Optimization of Fig. B.2a using SGD and Adam shows that
SGD fails to recover the minima for £ > 100 while Adam is
invariant to the condition number for diagonal Hessian ma-
trices. This is a strong motivation to use first order adaptive
optimization for registration where the condition number can
exceed 10°.

mization trajectories as Fig. B.2c. Adam, however, is not in-
variant to the condition number because the difference between
the true Hessian and its diagonal approximation increases with
x. Even so, the final point is at a distance of less than 1073
units to the minima, showing the mitigating effect of adaptive
optimization even for non-diagonal Hessians.
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Velocity Fields
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Figure B.3: Three 1D velocity fields with increasing Lipschitz constants to illustrate the dependence of the number of
integration steps M on ensuring numerically accurate diffeomorphisms.

B.2. Empirical Verification of the dependence of the number of integration steps )/ on ensuring
numerically accurate diffeomorphisms

To demonstrate this empirically, we choose three 1D velocity fields over the interval Q = [—1,1] with
increasing Lipschitz constants (illustrated in Fig. B.3), and plot the amount of non-diffeomorphic voxels as a
function of M. We choose 1D velocity fields for simplicity and easy visualization but all results generalize to
higher dimensions. The three velocity fields are named and defined as follows:

* Simple gaussian: v(z) = exp(—5z?)
* Gaussian with sinusoidal: v(x) = exp(—5z2)(1 + sin(207z))
 Complex modulation: v(z) = exp(—5x2)(1 + 0.7 sin(7 exp(|7z|?)))

The fraction of non-diffeomorphic voxels as a function of M is shown in Fig. B.4, along with the Lipschitz
constant of the velocity fields. This plot shows that the Simple Gaussian velocity field required only 1
integration step to ensure a diffeomorphism over 2 but the sinusoidal velocity field required 6 steps and the
complex modulation velocity field required 10 steps. Note that all three velocity fields are bounded by 1, but
their Lipschitz constants are different by orders of magnitude. The result of the exponential map computed
with increasing number of integration steps M for each velocity field is also visualized in Fig. B.5. Velocity
fields with larger Lipschitz constants require a larger number of integration steps regardless of the actual
magnitude of the velocity field. Since the Lipschitz constant of the velocity field is not known a priori, this
creates a tradeoff between numerical accuracy and computational cost.

In contrast, when optimizing diffeomorphisms directly using the update rule ;11 = ¢ o (id + €vy), the
scaling factor ¢, is chosen to be 7/ L P(v;) where 1) is the learning rate. LP(v;) can be bounded by the half of
the norm of the velocity field divided by the resolution of the image, since we have

_ /

LP(Ut) — Sup ||’Ut(£17) Ut(y)” S su 2HUt(.’1:)|| (B])
5 /
z,yeN) H$ - yH z’'eQ H Z ”

avoiding the need to compute the Lipschitz constant directly.
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Non-diffeomorphism vs S&S Steps: All Functions
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Figure B.4: Fraction of non-diffeomorphic voxels as a function of M for the three velocity fields.

B.3. Datasets and Evaluation Metrics

We provide details about the datasets and evaluation metrics used in the work.
B.3.1. In-vivo brain MRI mapping challenges (Klein ef al.and OASIS)

Klein ef al.neuromapping challenge Brain image data and their corresponding labels for 80 normal subjects
were acquired from four different datasets. The LPBA40 dataset contains 40 brain images and their labels
to construct the LONI Probabilistic Brain Atlas (LPBA40). All volumes were skull-stripped, and aligned
to the MNI305 atlas (Evans et al., 1993) using rigid-body transformation to correct for head tilt. For all
these subjects, 56 structures were manually labelled and bias-corrected using the BrainSuite software. The
IBSR18 dataset contains brain images acquired at different laboraties through the Internet Brain Segmentation
Repository. The T1-weighted images were rotated to be in Talairach alignment and bias-corrected. Manual
labelling is performed resulting in 84 labeled regions. For the CUMCI2 dataset, 12 subjects were scanned
at Columbia University Medical Center on a 1.5T GE scanner. Images were resliced, rotated, segmented
and manually labeled, leading to 128 labeled regions. Finally, the MGH10 dataset contains 10 subjects who
were scanned at the MGH/MIT/HMS Athinoula A. Martinos Center using a 3T Siemens scanner. The data is
bias-corrected, affine-registered to the MNI152 template, and segmented. Finally the images were manually
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Figure B.S: Illustrative example of the effect of the number of integration steps M for scaling-and-squaring and the
final deformation obtained for the three velocity fields. Larger Lipschitz constants require a larger number of integration
steps to ensure numerical diffeomorphisms with the scaling-and-squaring approach.

labeled, leading to 74 labeled regions. All datasets have a volume of 256 x 256 x {128,124} voxels with
varying amounts of anisotropic voxel spacing, ranging from 0.84 x 0.84 X 1.5mmto 1 x 1 x 1.33mm. ANTs
was one of the top performing methods for this challenge, performing well robustly across all four datasets.
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Algorithm 5 FireANTSs

1: Input: Fixed image /¢, Moving image I,

2: Scales [s1, S2, . . ., sp), Iterations [T7, Ty, ... T,], n scales

3: optstate optimizer state (for Adam, RMSProp, etc.)

4: use_jac boolean specifying whether to use Jacobian in descent direction

5:

6: Initialize ¢ < ids,. > Initialize warp to identity at first scale
7: Initialize [ 1. > Initialize current scale
8: while ! < n do

9 Initialize ¢ <— 0
10: Initialize I}, I, < downsample(1y, s;), downsample (I, s;)
11: while i < 7} do
12: Ui < C(I}, I}, 0 9") + R()

13: Compute v/,(z) < %—[{; () (z) > Jacobian-free Eulerian descent direction
14: if use_jac then

15: Compute v/y(x) + J T (@ (2))/)(z) &> Eulerian descent direction
16: end if

17: Update (v/,(x), optstate) < optstate(v)(z)) > Apply and update optimizer state
18: Update (1) < (@ o exp,,(eiv)) = ¢V o (id + e;v)

19: 1+ i+1

20: end while

21: if | < n then

22: ¢ « Upsample(y, s;41)) > Upsample warp to next scale using bilinear/trilinear interpolation
23: end if

24: !

25: end while

Figure B.6: Algorithm for FireANTs Algorithm 5 outlines the key steps in FireANTSs - computing the Jacobian-free
Eulerian descent direction which is simply the Gateaux derivative. If the boolean use_jac is specified, then use the
steepest Eulerian descent direction instead. This descent direction is then modified using any adaptive optimization
algorithm denoted as optstate. The warp field is then updated using the exponential map or retraction map for small
€;. After optimization at a given scale, the warp field is upsampled using bilinear or trilinear interpolation to the next
scale until optimization is complete for all steps.

A natural way to evaluate whether two images are in a common coordinate frame is to evaluate the accuracy
of overlap of gross morphological anatomical structures. The method considers measures of volume and
surface overlap, volume similarity, and distance measures to evaluate the alignment of anatomical regions.
Given a source label map .S, and target label map 7). and a cardinality operator |.|, we consider the following
overlap measures. We consider ‘target overlap’ and ‘mean overlap’ (also known as Dice score) as the primary
measures of agreement between the source and target label maps.

[S, NTy [Sy NT
TO, = =2 "l MO, =2 "L (B.2)
T+ | |Se] + 77|
The aggregates over all regions are given by:
1 1
TO = N ;TO, . MO = N ;MOT (B.3)
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Klein et al.(Klein et al., 2009) also propose a ‘Union Overlap’ metric which is a monotonic function of the

Dice score. Therefore, we do not use this in our evaluation. To complement the above agreement measures, we

also compute false negatives (FN), false positives (FP), and volume similarity (VS) coefficient for anatomical

region 7:

TN ST, S| = |+
T3] |y |Sp] + [T7|

Comparison on other metrics proposed in (Klein et al., 2009) and regionwise analysis are shown in Figs. B.7

and B.8. Similar to the overlap metrics, we compute the aggregates as in the original evaluation denoted by
F Nxiein, F Priein, V Skiein and average over regions denoted simply by FN, FP, VS.

, FP. = . VS, =2 (B.4)

OASIS dataset On the OASIS dataset, we use same the evaluation criteria as in the Learn2Reg chal-
lenge (Hering et al., 2022), i.e. Dice score overlap and 95th percentile of the Haussdorf distance computed
for 35 subcortical structures. This leads to a total of 12 evaluation metrics that we use to compare our method
with 4 baselines - ANTs, Demons (Vercauteren et al., 2007b), VoxelMorph (Balakrishnan et al., 2019) and
SynthMorph (Hoffmann et al., 2021), representing established classical and deep learning registration algo-
rithms.

In total, we compare with state-of-the-art baselines on over 2000 brain volume pairs, with varying number of
labeled anatomical regions and resolutions.

B.3.2. Lung CT mapping challenges (EMPIRE10 and NLST)

Registration of temporally spaced breathhold scans can help in tracking disease progression, or registration
between inspirion and expiration scans can enable improved monitoring of airflow and pulmonary function.
The EMPIRE1O0 challenge (Murphy et al., 2011) aims to provide a platform for in-depth evaluation and fair
comparison of available registration algorithms for this application. The dataset consists of 30 pairs of chest CT
scans, with intra-subject registration across a variety of healthy or diseased subjects. The scan pairs consist of
inspiration-expiration scans, breathhold scans over time, scans from 4D data, ovine data, contrast-noncontrast,
and artificially warped scan pairs. The ovine data was acquired where breathing was controlled, and metallic
markers were surgically implanted to provide landmark annotations, followed by a hole-filling algorithm to
disguise the markers so that registration algorithms cannot use this artificial information. Artificially warped
scan pairs also provide ground truth correspondences for landmarks and lung boundaries. The challenge
provides a broad range of data complexity, voxel sizes and image acquisition differences. ANTSs is, again one
of the top performing methods in this challenge. Unlike the brain datasets, ground truth labels for fissure and
landmarks are not provided for validation. Therefore, we rely on the evaluation metrics computed privately by
the challenge organizers in the evaluation server. We compare our method with two powerful baselines (i)
ANTs, which optimizes the diffeomorphism directly, and (ii) the DARTEL (Ashburner, 2007) formulation
optimizing a stationary velocity field (SVF), where the diffeomorphism is obtained using an exponential map
of the SVF. We first affinely align the binary lung masks of the moving and fixed images using Dice loss (Dice,
1945). This is followed by a diffeomorphic registration using the intensity images.

We use the Adam optimizer with learning rate of 3e-3, and a multi-scale optimization with downsampling
rates of 6,4,2,1 for 200, 100, 50, 20 iterations. This is followed by a diffeomorphic registration step with the
same multi-scale resolutions and 200,150,75,25 iterations and a learning rate of 0.25. We use a Gaussian
kernel for gradient smoothing with ogaq = 6.0 and warp smoothing with oy, = 0.4. The optimal values for
Ograd, Owarp are found by a hyperparameter grid search, and are strikingly close to the parameters used in the
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Figure B.7: Comparison of our method with ANTs on 4 MRI brain datasets: Registration quality is validated
by measuring volume overlap of label maps between the fixed and warped label maps. (a): For anatomical region
r, warped (binary) label map S, and fixed label map 7., target and mean overlap are defined as |S, N T}.|/|T,| and
218, NT,|/(|Sr] + |T]). We define the aggregate target overlap over all anatomical regions as ), (|S, N T.|/|T|) and
Klein et al. (Klein et al., 2009) define itas (3, [S, NT,|)/(3>_, |Tr|), likewise for other metrics. The latter aggregation
is denoted with the suffix (Klein) in the figure. In all four datasets, the boxplots show a narrower interquartile range
and substantially higher median than ANTs (higher is better), underscoring the stability and accuracy of our algorithm.
(b): Other measures of anatomical label overlap used in (Klein et al., 2009) are false positives (|7-\.S,|/|T:|), false
negatives (|5, \T;|/|Sr|), and volume similarity (2(|S,.| — |T:|)/(|Sr| + |T+|)) (lower is better). We observe similar
trends as in (@), with a narrower interquartile range and substantially lower median values. Results of per region overlap
metrics are in the Fig. B.8.
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Figure B.8: Regionwise target overlap on the brain MRI datasets: We further evaluate regionwise overlap scores by
sampling 15 regions from each dataset, and comparing their distribution using our method and ANTs. Our method has a
much higher median score, and better interquartile ranges across regions, demonstrating both accuracy and robustness.
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ANTSs submission.

We evaluate three criteria: (1) fissure alignment errors (%)—the fraction of misaligned fissure voxels
(Figs. 3.4b and 3.4e), (2) landmark distance in mm (Fig. 3.4d), and (3) singularity errors—the fraction
of non-diffeomorphic voxels (Fig. 3.4c). Fig. 3.4 highlights the impact of representation choice in modeling
diffeomorphisms. DARTEL, using an exponential map, performs significantly worse than ANTs across all
metrics by three orders of magnitude. In contrast, our method reduces fissure alignment error by 5x compared
to ANTs and outperforms it in 5 out of 6 landmark subregions. While all methods theoretically ensure diffeo-
morphism, SVF-based approaches introduce singularity errors due to non-adaptive scaling-and-squaring. We
discuss the limitations of SVF-based approaches in Section 3.3.2. ANTs also introduces some singularities,
whereas our method computes numerically perfect diffeomorphic transforms. Finally, Fig. 3.4e compares
fissure alignment errors among EMPIRE10 submissions, showing FireANTs achieves the lowest landmark
errors and the fastest runtime among the top 10 methods, setting new benchmarks in computational efficiency
and accuracy. Our method, on the other hand computes numerically perfect diffeomorphic transforms. Finally,
we compare the fissure alignment error of all submissions in the EMPIRE10 challenge, and show the top 10
algorithms in Fig. 3.4e. Results demonstrate that Fire ANTs attains the lowest landmark alignment errors
compared to an array of contemporary state-of-the-art algorithms.

NLST dataset For the NLST dataset(Team, 2011), we compare with representative state-of-the-art opti-
mization and deep-learning baselines. We use the evaluation criteria provided by the challenge, and measure
results on the Robust Target Registration Error (TRE30) in millimeters between the registered keypoints.
Results in Fig. 3.4f show that Fire ANTs outperforms all baselines on the NLST dataset, with improvements
of upto 51.6% in robust target registration error (TRE30) of provided keypoints compared to state-of-the-art
deep learning benchmarks including Im2Grid, Vector-Field Attention, RWC-Net, and a 50.8% improvement
in TRE30 over foundation models like unigradlCON. This demonstrates the broad applicability of FireANTs
beyond neuroimaging applications.

B.3.3. Other Datasets and Metrics

PRIMatE Data Exchange (PRIME-DE) A growing body of research has documented the utility of
MRI data to study neuroanatomical organization and function of non-human primates. The PRIMatE Data
Exchange (PRIME-DE) resource (Milham et al., 2018b) provides a platform for the neuroimaging community
to facilitate the mapping of the non-human primate connectome. We use a subset of this dataset collected
from five different sources: Aix-Marseille Université, Mount Sinai School of Medicine, McGill University,
Stem Cell and Brain Research Institute, and the University of California, Davis, resulting in 116 subjects, and
subsequently 13340 subject pairs for registration. We use the nBEST deep learning framework to perform
cerebrum extraction, followed by tissue segmentation. Since the images are markedly different than human
brains, we affinely register all of the extracted cerebrum volumes to the first subject sorted by name to bring
them to a common coordinate space and metadata. This is followed by a diffeomorphic registration using
the intensity images. We use the Dice score of the registered tissue segmentations to evaluate the quality of
registration.

Ultracortex The Ultracortex dataset (Mahler et al., 2024) hosts a unique collection of ultra-high field
(9.4 Tesla) MRI data of the human brain. This dataset includes detailed structural images and high-quality
manual segmentations, making it an invaluable resource for researchers in neuroimaging and computational
neuroscience. Out of the 86 T1-weighted images with resolutions spanning from 0.6 to 0.8mm, precise manual
segmentation of the gray and white matter for each hemisphere is provided for 12 subjects. We use the dataset
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and manually provided segmentations to evaluate the quality of registration of cortical surface mapping using
Dice score. Note that all deep learning methods run out of memory at 0.6 to 0.8mm resolutions, therefore we
resample the images to 1.0mm isotropic resolution for evaluation of deep learning methods.

Rodent Datasets We use four rodent datasets in this study: Waxholm Rat Brain, Allen CCFv3 mouse
brain, RnR-ExM mouse isocortex, and BICCN mouse dataset. The datasets feature high-resolution atlases
of the rat and mouse brain with four different modalities (T2*w MRI, STPT, ExM, fMOST) respectively.
The motivation for using the datasets is to provide a benchmark for cross-species, multimodal registration
(Waxholm — Allen CCFv3), perform well on a high-resolution registration task and leaderboard (RnR-ExM),
and to faithfully reproduce high-resolution rodent atlases (BICCN). Similar to the Ultracortex dataset, most
deep learning methods run out of memory at 25um resolution for these images, therefore we resample the
images to 50um resolution for evaluation of deep learning methods. To handle the multimodal nature of the
cross-species registration task, we use Anatomix (Dey et al., 2025) as a modality-agnostic feature extractor as
feature images to perform registration. Since the cross-species templates have different labelmaps, comparing
Dice scores directly is not possible. The Waxholm template comprises 95 labeled regions, while the Allen
CCFv3 template includes over 300 regions defined in the complete ARA ontology. To enable a comparable
level of anatomical granularity, we coarsened the Allen CCFv3 parcellation to 34 regions by collapsing all
subregions beyond depth 3 in the ontology hierarchy into their corresponding parent nodes. We compute
the Mutual Information (MI) between the registered label map corresponding to the Waxholm template
image to that of the Allen CCFv3 template image to evaluate the quality of registration. For the fMOST
and RnR-ExM datasets, we use the images to perform pairwise registration and atlas generation respectively.
The performance on the RnR-ExM dataset is evaluated using the Dice score of the registered label map
corresponding to the ExM image pairs on a private evalaution server. For the BICCN dataset, we only provide
qualitative results due to the lack of an evaluation criteria.

Zebrafish Datasets Analysis of the zebrafish is a growing field of research due to its unique advantages as a
vertebrate model organism. The zebrafish brain is small yet structurally complex, offering a tractable system for
studying whole-brain organization, development, and function at cellular resolution. High-quality atlases such
as AZBA and Z-Brains provide detailed anatomical and gene expression reference templates, enabling cross-
modality and cross-sample comparison. These datasets present a valuable testbed for registration algorithms,
as they involve significant structural variability, diverse imaging modalities (including confocal, light-sheet,
and two-photon microscopy), and finely detailed neuroanatomical annotations. Accurate registration in this
setting is critical for integrating large-scale imaging data and mapping functional or genetic information
onto common anatomical frameworks. The adult and larval zebrafish brains have very different structural
organization, and show very different characteristics than human brains. This is a challenging registration task
to truly access the out-of-distribution generalization capabilities of registration algorithms. Due to the lack of
a consensus on appropriate evaluation criteria beyond qualitative comparison for these datasets, we use the
mutual information between the registered image and template image to evaluate the quality of registration.

Learn2Reg Abdomen MRCT registration This dataset is used as a testbed to ablate the effect of Jacobian-
free optimization on abdominal MRCT registration. Abdomen CT-MR registration is a conceptually different
registration task copmared to neuroanatomical or pulmonary registration with completely unrelated anatomical
structures, organization, and biomechanical dynamics. We use the validation split provided by the challenge
to evaluate the performance of FireANTs with and without Jacobian-free optimization.
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B.4. Modular software implementation to enable effective experimentation

Registration is a key part of many data processing pipelines in the clinical literature. Our software implemen-
tation is designed to be extremely flexible, e.g., it implements a number of existing registration methods using
our techniques, modular, e.g., the user can choose different group representations (rigid or affine transforms,
diffeomorphisms), objective functions, optimization algorithms, loss functions, and regularizers. Users can
also stack the same class of transformations, but with different cost functions. For example, they can fit an
affine transform using label maps and Dice loss, and use the resultant affine matrix as initialization to fit
another affine transform using the cross-correlation registration objective. This enables seamless tinkering and
real-time investigation of the data. Deformations can also be composed in increasing order of complexity (rigid
— affine — diffeomorphisms), thereby avoiding multiple resampling and subsequent resampling artifacts. We
have developed a simple interface to implement custom cost functions, which may be required for different
problem domains, with ease; these custom cost functions can be used for any of the registration algorithms
out-of-the-box. Our implementation can handle images of different sizes, anisotropic spacing, without the
need for resampling into a consistent physical spacing or voxel sizes. All algorithms also support multi-scale
optimization (even with fractional scales) and convergence monitors for early-stopping.

Our software is implemented completely using default primitives in PyTorch. All code and example scripts is
available at https://github.com/rohitrango/fireants.
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. (a) Fixed image . (b) ANTSs (c) Ours

Figure B.9: Qualitative results on EMPIRE10 challenge: (a) shows the fixed image, (b) shows the registration
performed by ANTs, and (c) our method, all with zoomed in regions. ANTs performs a coarse registration with ease,
but still leaves out critical alignment of lung boundary and airways by not utilizing adaptive optimization. Our method
performs perfectly diffeomorphic registration by construction, and does not lead to any registration errors, both in the
lung boundaries or internal features.
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(a) Fixed image (c) Ours

Figure B.10: More Qualitative results on EMPIRE10 challenge: (a) shows the fixed image, (b) shows the registration
performed by ANTSs, and (¢) our method, all with zoomed in regions. ANTs performs a coarse registration with ease,
but still leaves out critical alignment of lung boundary and airways by not utilizing adaptive optimization. Our method
performs perfectly diffeomorphic registration by construction, and does not lead to any registration errors, both in the
lung boundaries or internal features.
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APPENDIX C

Supplementary details for Deep Implicit Optimization enables Robust Learnable Features for
Deformable Image Registration

C.1. Inference time

DLIR methods have been very popular due to their fast inference time by performing amortized optimiza-
tion (Balakrishnan et al., 2019). Classical methods generally focus on robustness and reproducubility, and do
have GPU implementations for fast inference. However, modern optimization toolkits (Mang et al., 2019b;
Jena et al., 2026) utilize massively parallel GPU computing to register images in seconds, and scale very
well to ultrahigh resolution imaging. A concern with optimization-in-the-loop methods is the inference
time. Fig. C.1 shows the inference time for our method for all four architectures. These inference times are
fast for a lot of applications, and the plug-and-play nature of our framework makes DIO amenable to rapid
experimentation and hyperparameter tuning.

Architecture Neural net (sec) Optimization (sec)

UNet 0.444 1.693
UNet-E 0.433 1.555
LKU 0.795 1.463
LKU-E 2.281 1.457
Method Iterations Time (sec) Avg. throughput (it/s)
SUITS 15 255.211 0.058
GradIRN 9 0.351 25.641
Ours 350 1.463 239.23

Figure C.1: Inference time for various architectures. A multi-scale optimization takes only ~ 1.5 seconds to run all
iterations (no early stopping) making it suitable for most applications. This is compared to the time for neural network’s
feature extraction which is architecture dependent.

C.2. Implementation Details

Formulating arbitrary iterative solvers using implicit differentiation allows full expressivity of powerful solvers
for learning-based image registration. We elaborate on the implementation details that make this framework
practical and scalable.

C.2.1. Jacobian-Free Backprop

In practice, the ill-conditioned nature of the inverse Hessian leads to poor training performance. To avoid the ill-

conditioning, we follow (Fung et al., 2021) and substitute the Jacobian to identity, to compute gTTf N — ?9% ;Tgf.

This leads to lesser memory and compute requirements during the backward pass, and stable training dynamics
compared to other estimates of Jacobian like phantom gradients, damped unrolling, or Neumann series
(Geng et al., 2021; Geng and Kolter, 2023). We perform an ablation on using full blockwise Hessian and
unrolling-based phantom gradient (Geng et al., 2021) in Section 4.5.7.
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C.2.2. Double Backward through grid_sample

Note that in Eq. (4.5), o contains a V F;,, o ¢ term, and the quantity é?ann will require the double-backward pass
of the grid_sample operator in PyTorch. Since this operation is not implemented in the PyTorch C backend,
a backward pass for the gradient operation does not exist in PyTorch. We use the gridsample_grad2
library (Siarohin, 2023) to compute the double-backward pass of the grid_sample operator in Eq. (4.5).

C.2.3. Other details

For all experiments, we use multi-scale features with 4x, 2x, 1x downsampling for multi-scale optimization,
unless otherwise mentioned. We run the solver for a maximum of 200, 100, 50 iterations for each scale
respectively, with an early stopping criteria if the relative loss does not change by more than 10~ for 5
iterations. We choose the MSE loss for the feature matching objective within the solver. For the non-
diffeomorphic iterative optimizer, we use a simple nonparameteric displacement field representation and
an SGD-based solver with a learning rate of 0.003. For the diffeomorphic optimizer, we use the Fire ANTs
library with Adam optimizer and a learning rate of 0.5. For learning the parameters of the feature network,
we use the AdamW optimizer with a learning rate of 0.0003. All methods are implemented in PyTorch, and
all experiments are performed on a single NVIDIA A6000 GPU.

C.3. Implicit bias of optimization for registration

Model based systems, such as deep networks are not immune to inductive biases due to architecture, loss
functions, and optimization algorithms used to train them. Functional forms of the deep network induce
constraints on the solution space, but optimization algorithms are not excluded from such biases either. The
implicit bias for Gradient Descent is a well-studied phenomena for overparameterized linear and shallow
networks. Gradient Descent for linear systems leads to an optimum that is in the span of the input data starting
from the initialization (Zhang et al., 2021a; Soudry et al., 2018; Ji and Telgarsky, 2018; Pesme et al., 2021;
Wau et al., 2020). This bias is also dependent on the chosen representation, since that defines the functional
relationship of the gradients with the parameters and inputs. This limits the reachable set of solutions by the
optimization algorithm when multiple local minima exist.

In the case of image registration, the optimization limits the space of solutions (warps) that can be obtained
by the SGD algorithm. To show this, we consider the transformation ¢ as a set of particles in a Langrangian
frame that are displaced by the optimization algorithm to align the moving image to the fixed image. Consider
a regular grid of particles, whose locations specify the warp field. Let the location of i-th particle at iteration
t be p®) (x;). For a fixed feature image Fy, moving image F;,, and current iterate ©®, the gradient of the
registration loss with respect to particle ¢ at iteration ¢ is given by

8C(Ff, F,, o cp(t))
Ap® (x;)

= CJ(Fy, Fyn 0 @)V (0! (2;)) (C.1)

where "
OC(Fy, Fyp o M)
Cl(Fy, E,y 0 o) = />

is the (scalar) derivative of scalar loss C' with respect to the intensity of i-th particle computed at the current
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iterate, and V F, (¢*)(;)) is the spatial gradient of the moving image at the location of the particle. Note
that the direction of the gradient of particle ¢ is independent of the fixed image, loss function, and location of
other particles — it only depends on the spatial gradient of the moving image at the location of the particle.
This restricts the movement of a particle located at any given location along a 1D line whose direction is the
spatial gradient of the moving image at that location. Since F’y and £}, are computed independently of each
other (and therefore no information of Iy and F;, is contained in each other), the space of solutions of ¢
is restricted by this implicit bias. This is restrictive because the similarity function and fixed image do not
influence the direction of the gradient, and the optimization algorithm is biased towards solutions that are in
the direction of the gradient of the moving image.

Optimization at scale = 4x Optimization at scale = 2x Optimization at scale = 1x
1.0- | 1.0- | 1.0- |
-1.004 -1.004 -1.004
0.8- l 0.8 \ 0.8- ‘
’ -1.002 2 1.002 2 1.002 2
= = =
\ S s l S o
E o E y06- £
8 0.6 -1.000G & -1.000G & -1.000G
g - g - 2
3 0.4 5 04- 5
0.4- -0.998 O -0.998 O -0.998 0
0.2-
0.2-
02- ~ -0.996 oo S -0.996 -~ -0099%
0 50 100 150 200 0 20 40 60 80 100 0 10 20 30 40 50
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Figure C.2: Implicit bias in SGD for image registration. The plot shows the loss curves for a multi-scale optimization
of two feature images. Each plot also shows the absolute cosine similarity of per-pixel gradients obtained by C' and
Clurrogate at €ach iteration. Note that over the course of optimization, the cosine similarity is always 1 — demonstrating
the implicit bias of the optimization for registration.

We show this bias empirically — we perform multi-scale optimization algorithm using feature maps obtained
from the network. We keep track of two gradients, one obtained by the loss function, and another obtained by
the gradient of a surrogate loss Csyrrogate (Fim, go(t)) => Fm(cp(t)(xi)). Note that Cyyrrogate does not depend
on the fixed image or the loss function. The gradient of Cqyrrogate With respect to the i-th particle is given by
VF, (oM (x;)). At each iteration, we compute the magnitude of cosine similarly between the gradients of C
and Cgyrrogate- Fig. C.2 shows that the loss converges, and the per-pixel gradients can be predicted by Cyurrogate
alone, as depicted by the magnitude and standard deviation of cosine similarity between C' and Cyyrogate- This
limits the movement of each particle along a 1D line in an /N-D space, and limits the degrees of freedom of
the optimization by N-fold for N-D images. Future work will aim at alleviating this implicit bias to allow for
more flexible solutions.

C.4. Algorithm details

DIO is a learnable framework that leverages implicit differentiation of an arbitrary black-box optimization
solver to learn features such that registration in this feature space corresponds to good registration of the images
and additional label maps. This additional indirection leads to learnable features that are registration-aware,
interpretable, and the framework inherits the optimization solver’s versatility to variability in the data like
difference in contrast, anisotropy, and difference in sizes of the fixed and moving images. We contrast our
approach with a typical classical optimization-based registration algorithm in Fig. C.3. A classical multi-scale
optimization routine indiscriminately downsamples the intensity images, and does not retain discriminative
information that is useful for registration. Since our method is trained to maximize label alignment from all
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scales, multi-scale features obtained from our method are more discriminative and registration-aware. We
also compare DIO with a typical DLIR method in Fig. C.5. Note that the fixed end-to-end architecture and
functional form of a deep network subsumes the representation choice into the architecture as well, limiting
its ability to switch to arbitrary transformation representations at inference time without additional retraining.
Our framework therefore combines the benefits of both classical (robustness to out-of-distribution datasets,
and zero-shot transfer to other optimization routines) and learning-based methods (high-fidelity, label-aware,
and registration-aware).

C.5. Toy example

Fig. C.6 shows the loss curves for the toy dataset described in Section 4.5.1. An image-based optimization
algorithm would correspond to the green curve being a flat line at 1 due to the flat landscape of the intensity-
based loss function.

C.6. Quantitative Results

Table C.1 shows the quantitative results of our method for out-of-distribution performance on the IBSR18,
CUMCI12, and LPBA40 datasets. In 9 out of 10 cases, DIO demonstrates the best accuracy with fairly lower
standard deviations, highlighting the robustness of the model. DIO therefore serves as a strong candidate
for out-of-distribution performance, and can be used in a variety of settings where the training and test
distributions differ.

C.7. Datasets

We consider four brain MRI datasets in this work: OASIS dataset for in-distribution performance, and LPBA40,
IBSR18, and CUMCI12 datasets for out-of-distribution performance (Shattuck et al., 2008; ibs; Klein et al.,
2009; Marcus et al., 2007b). More details about the datasets are provided below.

* OASIS. The Open Access Series of Imaging Studies (OASIS) dataset contains 414 T1-weighted brain
images in Young, Middle Aged, Nondemented, and Demented Older adults. The images are skull-stripped
and bias-corrected, followed by a resampling and afine alignment to the FreeSurfer’s Talairach atlas. Label
segmentations of 35 subcortical structures were obtained using automatic segmentation using Freesurfer
software.

* LPBA40. 40 brain images and their labels are used to construct the LONI Probabilistic Brain Atlas
(LPBAA40) dataset at the Laboratory of Neuroimaging (LONI) at UCLA (Shattuck et al., 2008). All volumes
are preprocessed according to LONI protocols to produce skull-stripped volumes. These volumes are
aligned to the MNI305 atlas — this is relevant since existing DLIR methods may be biased towards images
that are aligned to the Talairach and Tournoux (1988) atlas which is used to align the images in the OASIS
dataset. This is followed by a custom manual labelling protocol of 56 structures from each of the volumes.
Bias correction is perfrmed using the BrainSuite’s Bias Field Corrector.

* IBSR18. the Internet Brain Segmentation Repository contains 18 different brain images acquired at different
laboratories as IBSRv2.0. The dataset consists of T1-weighted brains aligned to the Talairach and Tournoux
(1988) atlas, and manually segmented into 84 labelled regions. Bias correction of the images are performed
using the ‘autoseg’ bias field correction algorithm.
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Method Dice Isotropic Anisotropic
supervision Crop No Crop Crop No Crop

Conditional LapIRN X 0.7367 £+ 0.0237 X 0.7269 £+ 0.0328 0.7317 + 0.0303
LapIRN X 0.5257 £ 0.1316 X 0.5435 £ 0.1266  0.5001 + 0.1271
LapIRN v 0.6259 + 0.1238 X 0.6209 £ 0.1163  0.5759 + 0.1207
LKU-Net X 0.6309 + 0.0839 X 0.6276 £ 0.0838 0.6072 + 0.0787
LKU-Net v 0.6267 £+ 0.0776 X 0.6231 £ 0.0730  0.5992 + 0.0757
SymNet X 0.7213 £+ 0.0273 X 0.7116 £0.0398 0.7117 + 0.0398
SymNet v 0.6731 £ 0.0688 X 0.6672 + 0.0731 0.6674 £+ 0.0728
TransMorph Large v 0.7383 £ 0.0353 X 0.7312 4+ 0.0405 X
TransMorph Regular X 0.7221 + 0.0400 X 0.7289 + 0.0417 X
TransMorph Regular v 0.7293 £ 0.0370 X 0.7113 £ 0.0520 X
VoxelMorph X 0.5118 £ 0.1774 X 0.5233 £ 0.1693 X
SynthMorph v 0.7423 £ 0.0225 X 0.7476 £ 0.0238 X

Ours (LKU) v 0.7698 £ 0.0193  0.7587 £ 0.0208 0.7728 £ 0.0219 0.7572 + 0.0369
Conditional LapIRN X 0.4793 £ 0.0373  0.4804 £ 0.0368 0.4880 +0.0416 0.4827 +£ 0.0408
LapIRN X 0.3719 £ 0.0897 0.3491 £ 0.0895 0.3524 +£0.1001 0.3556 + 0.0989
LapIRN v 0.4121 £0.0907 0.3838 £0.0929 0.3911 £ 0.1060 0.3896 + 0.1063
LKU-Net X 0.4054 £ 0.0641  0.3922 £ 0.0679 0.4086 £ 0.0732 0.3999 + 0.0697
LKU-Net v 0.3904 £ 0.0547 0.3827 £ 0.0574 0.3967 £ 0.0745 0.3960 + 0.0678
SymNet X 0.4761 £ 0.0524 0.4761 £ 0.0524 0.4822 £ 0.0565 0.4820 + 0.0565
SymNet v 0.4457 £ 0.0675 0.4457 £0.0675 0.4518 £0.0787 0.4521 + 0.0786
TransMorph Large v 0.4827 £ 0.0531 X 0.4858 + 0.0587 X
TransMorph Regular X 0.4929 £ 0.0502 X 0.4967 £ 0.0540 X
TransMorph Regular v 0.4737 £+ 0.0549 X 0.4741 £ 0.0628 X
VoxelMorph X 0.3519 £ 0.1271 X 0.3469 £ 0.1308 X
SynthMorph v 0.4761 £ 0.0397 X 0.4797 £ 0.0426 X

Ours (LKU) v 0.5137 £0.0410 0.5126 £ 0.0412  0.5237 £ 0.0433 0.5162 + 0.0448
Conditional LapIRN X 0.7113 £0.0178  0.7109 £ 0.0178 - -
LapIRN X 0.6026 £ 0.0317 0.5878 £ 0.0325 - -
LapIRN v 0.6395 £ 0.0269 0.6211 £ 0.0294 - -
LKU-Net X 0.6746 £ 0.0230 0.6708 £ 0.0249 - -
LKU-Net v 0.6266 £ 0.0299  0.6220 + 0.0296 - -
SymNet X 0.6797 £ 0.0239  0.6797 £ 0.0238 - -
SymNet v 0.6700 £ 0.0248  0.6698 + 0.0248 - -
TransMorph Large 4 0.6918 £ 0.0219 X - -
TransMorph Regular X 0.6919 £ 0.0191 X - -
TransMorph Regular v 0.6855 +£ 0.0225 X - -
VoxelMorph X 0.6776 £ 0.0365 X - -
SynthMorph v 0.7189 £ 0.0172 X - -

Ours (LKU) v 0.7139 £ 0.0181  0.7131 £ 0.0181 - -

Table C.1: Quantitative evaluation on out-of-distribution performance on IBSR18, CUMC12, and LPBA40
datasets. We compare DIO with other state-of-the-art DLIR methods. The ‘Dice supervision’ column shows if the
method is trained with label matching on the OASIS dataset. We evaluate the performance of the methods with and
without isotropic and anisotropic data resampling. The results are reported as mean =+ standard deviation. = First,

= Second, = Third best result.
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* CUMCI12. The Columbia University Medical Center dataset contains 12 T1-weighted brain images with
manual segmentation of 128 regions. The images were scanned on a 1.5T GE scanner, and the images
were resliced coronally to a slice thickness of 3mm, rotated into cardinal orientation, and segmented by a
technician trained according to the Cardviews labelling scheme.

C.8. Convergence of KeyMorph on OASIS

We run KeyMorph (Wang et al., 2023) on the OASIS dataset for 2000 epochs. We plot the Soft Dice
(= 1 — diceloss) and Mean Squared error between the fixed and moving images in Fig. C.11. Note that the
soft Dice loss starts to plateau at ~ (.70, and the hard dice loss on the validation set is even lower (~ 0.64).
This represents a huge gap in performance compared to unsupervised baselines and our method. These
numbers are also consistent with those reported in (Wang et al., 2023) for deformable registration. Note
that although KeyMorph works in the contrived scenario of arbitrary rotations and translations (most MRI
datasets are acquired in standard coordinate systems like RAS), it is not designed to handle the more complex
deformations that are present in the brain MRI datasets.
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Algorithm 6 Classical registration pipeline

1: Input: Fixed image Iy, Moving image I,

2: Scales [s1, S2, . . ., Sp], Iterations [T7, T, ... T,], n levels.

3: Initialize p = Id,, . > Initialize warp to identity at first scale
4: Initialize [ = 1. > Initialize current scale
5: while! < n do

6: Initialize ¢ = 0

7: Initialize I}, I, = downsample(1;, s;), downsample (I, s;)

8: while ¢ < T} do

9: L; = C(IL, I o o)

10: Compute VL
11: Update ¢(+1) = Optimize (¢, VL) > Optimization algorithm
12: t=1+1
13: end while
14: if | < n then
15: ¢ = Upsample(¢p, 3(l+1)) > Upsample warp to next level
16: end if
17: l=1+1

18: end while

Algorithm 7 Differentiable Implicit Optimization for Registration (Our algorithm)

1: Input: Fixed features 7y = [F} F)% ... F''], Moving features Fy = [Ff1 FJ% . F

2: Scales [s1, S2, . .., sp), Iterations [T, T, ... T,], n levels.

3: Initialize p = Ids, . > Initialize warp to identity at first scale
4: Initialize [ = 1. > Initialize current scale
5: Outputs = []. > Save intermediate outputs for backpropagation
6: while! < n do

7 Initialize ¢ = 0

8:  Initialize I}, I}, = F}, I,

0: while ¢ < T} do
10: Li:C(Il,Iinogoi)

11: Compute V, L
12: Update ("1 = Optimize (¢, V,L;) > Optimization algorithm
13: 1=14+1
14: end while
15:  Outputs.append (7)) > Save final warp at this level for backpropagation
16: if | < n then
17: ¢ = Upsample(y, 5(;41)) > Upsample warp for next level
18: end if
19: l=1+1

20: end while

Figure C.3: Comparison of a typical classical registration algorithm and DIO: Algorithm 6 shows a typical classical
registration algorithm that uses a multi-scale optimization routine to register the fixed and moving images. At each level [,
the fixed and moving images are downsampled by a factor of s;, therefore trading off between discriminative information
and vulnerability to local minima. Algorithm 7 shows our algorithm (red text highlights differences compared to
Algorithm 6) that uses a separate scale-space feature at each level. Unlike classical methods, the scale-space feature
can capture different discriminative features at each level {d fhaximize label alignment and the multi-scale nature helps
avoid local minima.



Algorithm 8 Backward pass for DIO
1: Input: Fixed features 7, = [F}, Ff ... F}], Moving features 7y = [F/1 Ff ... F'}"], Backend backend

2: Stored outputs [p!, 2. .. ¢"], gradients B%Tl, B%TQ, . 5977;]

3: Backend backend, n levels.

4: Initialize [ = 1. > Initialize current scale
5: while ! < n do

6: if backend ==Hessian then

7: Compute H = %’l

8: Update v = 1inalg.1lstsq (H, %) > Full Hessian IFT

: else

10: Update v = e% > Jacobian-Free Backprop
11: end if

12: Compute h = v - o(¢!, F]le, FL)

13: Set grad(F]lc) = autograd.grad(h, F]lc)
14: Set grad(F!,) = autograd.grad(h, Fl))
15: end while

Figure C.4: Pseudocode for backward pass with DIO: Given the stored features and outputs from the forward pass,
and the gradients w.r.t. final warp from the backward pass, we compute the gradients of the loss function with respect to
the fixed and moving features at each level. The gradients are analytically computed depending on the specified backend.
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Figure C.5: Comparison of typical DLIR method and our method. (a) shows the pipeline of a typical deep network.
The neural network architecture takes the channelwise concatenation of the fixed and moving images as input, and
outputs a warp field, which has a fixed transformation representation (SVF, free-form, B-splines, affine, etc. denoted as
the blue locked layer). This representation is fixed throughout training and cannot be switched at test-time, without
additional finetuning of the network. (b) shows our framework wherein the fixed and moving images are input separately
into a feature extraction network that outputs multi-scale features. These features are then passed onto an iterative
black-box solver than can be implicitly differentiated to backpropagate the gradients from the optimized warp field back
to the feature network. This allows for a more flexible transformation representation, and the optimization solver can be
switched at test-time with zero finetuning.
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Figure C.6: Loss curves for toy dataset. Plot shows three curves - the Dice score for (a) all validation image pairs, (b)
image pairs that have non-zero overlap in the image space (therefore a gradient-based affine solver will recover a transform
from intensity images), and (c) image pairs that have zero overlap in the image space (therefore any gradient-based
solver using intensity images will fail). Our feature network recovers dense multi-scale features (see Fig. 4.3) which
allows all subsets to be registered with >0.99 Dice score.
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Figure C.7: Qualitative comparison of warp fields. Top two rows show the warp fields produced by thin plate spline
using keypoints predicted by KeyMorph, bottom two rows show the warp fields produced by a diffeomorphic optimization
routine from dense feature maps predicted by our method. Compared to the thin plate spline representation, our method
is able to produce complex deformation fields to accurately capture subtle anatomical differences in inter-subject MRI

registration.
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Figure C.8: Qualitative comparison of KeyMorph and our method on OASIS dataset. Qualitative evaluation of
both labelmaps and intensity images shows that dense features from our method are instrumental in being robust and
accurately registering complex deformable structures compared to sparse keypoints.

181



KeyMorph

KeyMorph

Ours

Ours

Fixed Image

Moving Image Fixed Seg

Moving Seg

Figure C.9: Qualitative comparison of KeyMorph and our method on OASIS dataset. Qualitative evaluation of
both labelmaps and intensity images shows that dense features from our method are instrumental in being robust and
accurately registering complex deformable structures compared to sparse keypoints.
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Figure C.10: Architecture details. (a) illustrates the UNet and Large Kernel U-Net (LKUNet) architecture designs,
which consists of encoder blocks (red) and decoder blocks (purple) linked using skip connections. Multi-scale features
are extracted from the intermediate decoder layers using a single convolutional layer. This design leads to shared features
across multiple scales. UNet and LKUNet differ in the kernel parameters within each encoder and decoder blocks. (b)
illustrates the ‘Encoder-Only’ versions of the same networks. The decoder path is entirely discarded, and each feature
image is extracted using a separate encoder. This design enables independent learning of each multi-scale feature.
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Figure C.11: Verifying convergence of KeyMorph. We verify the convergence of KeyMorph (with dice loss) on the
OASIS dataset by plotting the Mean Squared Error (left) and Soft Dice (right) on the training set.

183



APPENDIX D

Supplementary details for A Scalable and Distributed Framework for Multimodal GigaVoxel Image
Registration

2 GPUs + GP 4 GPUs + GP 8 GPUs + GP

Fixed image

4 GPUs + GP 8 GPUs + GP

2 GPUs + GP 4 GPUs + GP

Moving image

Figure D.1: Qualitative ablation of GP synchronization in FFDP on the fMOST mouse brain dataset. Red arrows
highlight regions affected by incorrect boundary effects due to no synchronization.
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