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ABSTRACT

THE IMPACT OF DATA ON GENERALIZATION IN DEEP LEARNING

Rubing Yang
Pratik Chaudhari

Understanding why deep neural networks generalize remains a central problem in modern machine
learning. Classical Probably Approximately Correct (PAC) framework attributes generalization to
controlling hypothesis-class capacity, but this does not fully explain the strong performance of highly
overparameterized networks. Architectural inductive biases provide only a partial explanation,
since weakly biased models such as transformers also generalize across diverse tasks. Moreover,
this behavior often persists without explicit regularization or constraints that enforce compact
representations.

In this thesis, we explore the hypothesis that neural networks tend to explore only a small subset
of its functional space when trained on typical data. The implicit regularization from dataset and
training together guarantees the good generalization performance of deep neural networks. We also
extend the learning framework to the setting in which the data distribution and optimal hypothesis
changes over time.

Chapter 1 formulates the central perspective of this thesis and reviews existing approaches to un-
derstanding generalization in deep learning. In Chapter 2, we show that the spectral structure of
typical datasets is inherited by trained networks, leading to a small effective dimensionality and
data-dependent capacity control. In Chapter 3, we characterize the evolution of the generalization
gap through contraction and perturbation dynamics, where perturbation drives the gap while con-
traction suppresses its accumulation, and derive an effective Gram matrix whose alignment with the
initial residual predicts generalization. In Chapter 4, we introduce “prospective learning” for set-
tings in which data distributions and optimal predictors evolve over time, and develop “prospective
ERM” with theoretical guarantees and empirical validation. In Chapter 5, we outline compositional
generalization as a future direction that inspires new approaches to distribution-free generalization.
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FIGURE 3.1

(Left, Middle) Eigenspectra of the data correlation matix, FIM at begining,

middle and end of training and the Hessian, correlation matrix of logit Jaco-

bian, activation, activation gradient at the end of training, for sloppy factor

c = 0.1 (left) and ¢ = 1073 (right). We see that if the data is sloppy, both

FIM /Hessian are sloppy but if data is not sloppy then even if there is a sharp

drop after the top few eigenvalues (around 100 for middle panel), the eigen-

spectrum is flat. In comparison, the FIM /Hessian decay by about 3 orders

of magnitude on the left. [0.2em| (Right panel) Validation error on synthetic

datasets of different sloppiness (X-axis) for different number of hidden neu-

rons (numbers in brackets in the legend) for the two-layer teacher (T) and

student networks (S). All students in this plot interpolate the training data

perfectly. For isotropic data correlation matrices, i.e., small sloppiness factor,

interpolation results in poor generalization. For sloppy data, interpolation is

not detrimental to generalization. Also note that as the number of student

neurons increases, fixed the teacher’s size and the sloppiness factor, the vali-

dation error is better. Fixed teacher size, say 20, if inputs are sloppier (sloppy

factor of 0.5 vs. 0.3) then we can generalize—roughly equally well in this

experiment—even if the student is smaller (10 vs. 500). . . . ... ... ...
Posterior covariance computed by optimizing PAC-Bayes bound is

aligned with sloppy directions. (Left) Inverse eigenvalues of the posterior

covariance (\; ') indexed by eigenvalues of the Hessian (X-axis) for E(X,) =

E(H,) (orange) and a diagonal-X, (blue). For the latter (which is the method

of Dziugaite and Roy (2017b)), the inverse eigenvalues are indexed by the

sorted diagonal of the Hessian because their method is akin to assuming a

diagonal Hessian. (Right) Inverse eigenvalues of the posterior covariance (\; ')

plotted against eigenvalues of the Hessian for E(X,) = E(H,,) (orange) and for

diagonal-3, (blue); for the latter the X-axis is the corresponding entry on the

diagonal of the Hessian. For the orange pointcloud, we obtain a surprisingly

accurate fit for our analytical expression (A;' = 2(n — 1)\; + e we get n ~

43,000 (true n = 55,000) and € ~ 210.6 (true e = 101.3). . . . ... ... ...
Alignment between the optimized posterior covariance and the sloppy
directions for FC-1200-1. The inverse posterior variances exhibit an ap-

proximately linear relationship with the Hessian eigenvalues, reproducing the

qualitative behavior observed for FC-600-2 in Fig. 2.15. The fitted values are

n ~ 30,000 and € ~ 138.2, compared with the true values n = 55,000 and

€=D03.3. e
PyTorch wrapper for efficiently sampling weights from a Gaussian posterior.

Left: True averaged contraction factor (¢,) and its approximation by ¢; +¢és on
a full-connected network trained on MNIST for classifying two classes. Number
of samples n = 50,000, and we conduct experiments by omitting m = 100
samples, averaged over 100 trajectories. The model is trained to the endpoint
with train loss 0.007. Middle: The contraction factor is dominated by the
second component ¢o. Right: The contraction and the perturbation factors
decay as tralning progresseS. . . . v v v v v e e e e e e e e



FIGURE 3.2

FIGURE 3.3

FIGURE 3.4

FIGURE 3.5

Statistics of the generalized Rayley quotient approximation of ¢, for a full-
connected network trained on a binary classification problem on MNIST for
n = 50,000 samples by omitting m = 100 samples, averaged over 100 trajecto-
ries. Left: The averaged trace of the Hessian tr(H) = E(,,) [H _(m)] decreases
during training. Middle: The average of the normalized Rayley quotient of
. . o Q(Tm)H_(m)g(m)
Hessian and the gradient NR(H, g) = E,, |:)\max(H(m))”g(m)H2
at the end of training. Right: The average of the normalized Rayh?y)?uotient
Sw/! H—(m Wim) :|

} remains large

(m)
Aamase (H =) [ 3w,y ||
decays to zero at the end of training. . . . . . . ... ... ... ... ... ..
Left: A fully-connected network trained on MNIST-2, with n = 50,000 sam-
ples and statistics computed over 100 perturbed datasets obtained by omitting
m = 100 samples. The final training loss is 0.007 after training using gra-
dient descent. Right: A fully-connected network trained on CIFAR-2 with
n = 2000 samples, m = 10 and 100 perturbed datasets. The final training loss
is 0.052 after training using gradient descent. In both figures, the blue and
orange curves are somewhat indistinguishable because they are on top of each
other. . . . .o L
Statistics of the residual 7, and effective Gram matrix K, for two
different tasks. We use a fully-connected network trained on MNIST-2 with
n = 2,000 samples and 100 perturbed datasets created by omitting m = 10
samples. The network has a final generalization gap of 0.118. The “random
task” experiment is conducted under the same setting except that MNIST-
2 images are assigned classes randomly. The network has a generalization
gap of 1.372. Both tasks are trained to an endpoint with ||7,[|, = 0.094.
The eigenspace corresponding to the smallest 5% of eigenvalues captures 87%
of the residual magnitude for the benign task, but only 8% for the random
task. The initial residual 7,(0) projects predominantly into the subspace of
the effective Gram matrix K,, with small eigenvalues for MNIST, whereas for
the randomly labeled task it projects on subspaces with larger eigenvalues.
The X-axis represents different eigenvectors sorted in increasing order of their
eigenvalues, normalized by the shape of the matrix. The left figure calculates
the projection of the residual onto the corresponding eigenvector 1" Ug|/||7|s.
The magnitude of the eigenvalues themselves is shown on the right. The mean
eigenvalue is 3.29 for MNIST and 5.08 for the random task. . . ... ... ..
All models are trained to an endpoint with [|7%,||, = 0.380, using n = 2000, m =
10, and 100 trajectories. The true generalization gaps of Gaussian-a (« from
large to small) are 0.053, 0.070, and 0.116, respectively. Left: Eigenspectra of
the effective Gram matrix o(K,,) for Gaussian-a have larger magnitude when
a is smaller (6 (k) is 0.134, 0.200, and 0.297, respectively, for a from large to
small). Right: Explained magnitude of the initial residual trends towards the
top-left when we increase « for a larger signal-to-noise ratio. . . . . ... ...

of Hessian and parameter difference NR(H, 0w) = E(,,) [
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FIGURE 3.6

FIGURE 3.7

FIGURE 3.8

Residuals 7,(0) and effective Gram matrix K, for a fully connected network
trained on MNIST-2 and CIFAR-2 with n = 2000, m = 10, and 100 trajecto-
ries. Both models are trained to the same endpoint with ||7%,||, = 0.110. The
generalization gaps for MNIST-2 and CIFAR-2 are 0.112 and 0.751, respec-
tively. Left: Eigenvalues of the effective Gram matrix o(K,,) have quite differ-
ent magnitudes (a(K,,) is 2.612 for MNIST-2 and 6.433 for CIFAR-2). Right:
Explained magnitude of the initial residual M (7,(0), E(K,,)) for CIFAR-2 has
a larger overlap with the principal subspace of the effective Gram matrix than
for MNIST-2. This is consistent with the larger generalization gap observed
on CIFAR-2. . . . . e
Residual 7,(0) and effective Gram matrix K, for CIFAR-2 trained with FC
(blue), WRN-10-2 (orange), and ViT-small (green), using n = 2000, m = 10,
and 100 trajectories. All models are trained to the same endpoint with [|7,||, =
0.583. The generalization gaps are 0.064, 0.033, and 0.036, respectively. Left:
Eigenvalues o(K,); the mean eigenvalues (K,,) are 0.184, 0.114, and 0.034
for FC, WRN-10-2, and ViT-small, respectively. Right: Explained magnitude
M (7,(0), E(Ky,)); the initial residuals for WRN-10-2 and ViT-small have larger
overlap with the principal subspace of the effective Gram matrix than the
residual for FC. . . . . . .0
Residuals 7, (0) and effective Gram matrix K, for FC trained on MNIST-2 with
n = 50, 100, 500, 1000, 2000, and 10000. The models are trained to endpoints
with the same residual norm |[|7%,||, = 0.215. The generalization gaps are 0.280,
0.270, 0.190, 0.147, 0.083, and 0.023 for n from small to large. Left: Explained
magnitude of the initial residual M (7,(0), E(K,)) has a similar shape for all
n, but the overlap with the principal subspace of the effective Gram matrix is
larger for smaller n, which is corroborated by the numerical estimates of the
generalization gap in our experiments. Right: The mean eigenvalue 7 (Ky)
generally decreases as n increases (1.746, 1.445, 1.453, 1.131, 0.743, and 0.295
for n from small to large). . . . . . .. .. L o
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for the four scenarios (top right); dots denote 1ls and empty spaces denote
0s for ¥; € {0,1} with X; = 1 for all times t. Prospective risk of learners
at different times is shown in the bottom panels and discussed in Sec. 4.2.1.
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FIGURE 4.9

FIGURE 4.10

FIGURE 4.11

FIGURE 4.12

Prospective ERM can achieve good instantaneous and prospective
risk in Theorem 4.2. Left: Instantanecous and prospective risks for problems
constructed using synthetic data (see text) across 5 random seeds (which gov-
ern the sequence of samples and the weight initializations of neural networks).
Instantaneous risk spikes when the task switches for many online learning base-
line algorithms. In contrast, prospective ERM has minimal spikes at later
times and both instantaneous and prospective risks eventually converge to
zero. Right: Prospective risk for different baseline algorithms and prospec-
tive ERM for tasks constructed using MNIST and CIFAR-10 for Theorem 4.2.
In all three cases, the risk of prospective ERM approaches Bayes risk while
online learning baselines considered here do not achieve a low prospective risk.
For comparison, the chance prospective risk is 0.5 for synthetic data and 0.742
for MNIST and CIFAR-10 tasks. . . . .. . ... ... ... ... ... ....
Left: For MNIST and CIFAR-10, we consider 4 tasks corresponding to the
classes 1-5, 4-7, 6-9 and 8-10. Using these tasks, we construct Scenario 3
problems corresponding to a stochastic process which is a hierarchical hidden
Markov model. After every 10 time-steps, a different Markov chain governs
transitions among tasks (one Markov chain for tasks 1 and 2, and another
for tasks 3 and 4). This ensures that the stochastic process does not have a
stationary distribution. Right: For synthetic data, the 4 tasks are created
using two-dimensional input data as shown pictorially above. The four parts
of the input domain are {(z1,z2) : 1 < 1,22 < 2}, {(z1,22) : 1 < z; <
2, and —2 < xy < =1}, {(z1,22) : =2 < 21,290 < —1} and {(z1,22) : =2 <
x1 < —1and 1 < z9 < 2}. Colors indicate classes. The hierarchical hidden
Markov model for transitions among the tasks is identical to the MNIST and
CIFAR-10 setting shown on the left. . . . . . ... ... ... ... .. ....
Prospective ERM can achieve good prospective risk in Theorem 4.3.
Prospective risk across 5 random seeds (which govern the sequence of samples
and the weight initializations of neural networks). In all three cases, the risk of
prospective ERM approaches Bayes risk while a number of baseline algorithms
do not achieve a low prospective risk. Stochastic processes in these problems
corresponding to Scenario 3 do not have an invariant distribution. This is
why a time-agnostic hypothesis (ERM) that is constructed by the baseline
algorithms does not achieve a good prospective risk. . . . . . ... ... ....
Prospective ERM can achieve good prospective risk in Theorem 4.3.
We plot the prospective risk across 5 random seeds (which govern the sequence
of samples and the weight initialization of the neural networks). In all three
cases, the risk of prospective ERM approaches Bayes risk while Follow-the-
Leader does not achieve a low prospective risk. Bayes risk for MNIST and
CIFAR-10 problems is calculated by assuming that Bayes risk on individual
tasks 18 Zero. . . . . . e e
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FIGURE 4.13

FIGURE 4.14

FIGURE 4.15

FIGURE 4.16

For a task defined on a stationary Markov process, the Bayes risk
is trivial and can be achieved by a hypothesis that does not change
over time. We plot the prospective risk across 5 random seeds (which govern
the sequence of samples and the weight initialization of the neural networks).
In all three cases, both Follow-the-Leader and prospective ERM approach the
Bayes risk. The stationary distribution has an equal probability of seeing either
task, and a fixed hypothesis can achieve Bayes risk on this problem. . . . . .
Both prospective ERM and Follow-the-Leader achieve similar dis-
counted prospective risks with discount factor 0.95. We plot the dis-
counted prospective risk across 5 random seeds. Both Follow-the-Leader and
prospective ERM achieve similar discounted risks. The error bars are larger
because the discount factor reduces the effective number of test samples.

The prospective risk of LLLMs on the three scenarios, averaged over realizations
of the training data. Unlike a prospective maximum-likelihood learner, the
LLMs do not improve with more data, suggesting that they do not prospect
successfully under this experimental setup. . . . . . . . ... ... ... ....
We prompt LLMs to generate the outcomes of 10 Bernoulli trials with p = 0.75.
We plot the probability of generating token 1 over all possible sequences of 10
Bernoulli trials and find that the outcomes are generated with probabilities
ranging from 0 to 1, with an average of 0.5. Ideally, token 1 should always
be generated with probability p = 0.75. The LLMs therefore cannot simulate
outcomes from a Bernoulli distribution under this experimental setup. . . . . .
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CHAPTER 1
INTRODUCTION

The generalization of deep neural networks remains a central puzzle in modern machine learning.
Classical PAC theory suggests that generalization should arise from controlling the capacity of the
hypothesis class, but this viewpoint alone does not explain why highly overparameterized neural
networks generalize so well. Architectural inductive biases, such as those in convolutional or equiv-
ariant networks, account for part of this success, but they cannot be the whole story: transformers,
which impose much weaker built-in biases, achieve state-of-the-art performance across a wide range
of tasks. Moreover, deep networks often generalize well even without explicit regularization mech-
anisms such as sparse coding, norm penalties, or other constraints designed to enforce compact
representations.

Existing approaches do not yet provide a complete explanation for this phenomenon. As discussed
in Sec. 1.1, simplified models, such as linear regression, deep linear networks, and neural tan-
gent kernel analyses, provide useful theoretical insight but rely on assumptions that do not fully
capture feature learning in finite neural networks. Worst-case bounds, including VC-dimension,
Rademacher-complexity, and classical PAC and PAC-Bayes analyses, are often too loose for highly
overparameterized models. Non-worst-case approaches, such as norm-based bounds, stability anal-
ysis, and information-theoretic analyses, incorporate properties of the data, learned solution, or
training trajectory, but are often post-hoc or depend on restrictive assumptions. These limita-
tions motivate a framework that more directly connects data geometry and training dynamics to
generalization.

In this thesis, we investigate the hypothesis that, although deep neural networks are highly ex-
pressive, training on typical data restricts them to a much smaller subset of their functional space.
We argue that this restriction arises jointly from the structure of the data and the dynamics of
optimization, rather than from explicit architectural or regularization constraints alone. From this
perspective, generalization is governed by an implicit form of capacity control induced by the inter-
action between the dataset and the training process.

To analyze this viewpoint, we introduce several quantities that characterize the effective function
space explored during training. In Chapter 2, we define the effective dimensionality as the number
of directions in which parameter changes significantly affect the loss, providing a measure of the
model capacity that is effectively accessible on a given dataset. We show that the “sloppy” structure
of Hessian, as induced by the data, ensures small effective dimensionality, and hence good general-
ization, and this geometry can be used to further optimize generalization bound. In Chapter 3, we
introduce the perturbation and contraction factors to describe the evolution of the generalization
gap along training. The perturbation factor quantifies how replacing training samples changes the
gradient field and drives nearby learning trajectories apart, while the contraction factor measures
how the geometry of the loss landscape causes these trajectories to move closer together under
training. Their simoutaneous decay guarantees controlled accumulation of generalization gap, and
we constructed theory for understanding the mechanism of this. We further integrate these dynam-
ics into an effective Gram matrix, characterizing the direction that generalization gap accumulates
while training. The alignment of the non-stiff eigen space of effective Gram matrix with the initial
residual aids to explaining the good generalization of deep neural networks.

Chapter 4 extends this perspective beyond the independently and identically distributed (IID) data



distribution setting by introducing “prospective learning” framework, where the data distribution
and optimal predictor may change over time. We define “prospective risk”, and provide distribution
free conditions for “prospective ERM” being optimal. This shows that incorporating time into the
hypothesis can enable learning in dynamic environments wherefails. Chapter 5 develops composi-
tional generalization as a future direction, inspiring approches to explore the intrinsic invariances
between data from different domain in a distribution free way, that ensures generalization.

1.1. Related Work

We start by introducing previous works on the topic of generalization.
1.1.1. Geometry of loss landscape and model manifold

Hessian and the FIM of deep networks have been studied to understand the local geometry of the
energy landscape and the behavior of SGD, see Hochreiter and Schmidhuber (1997); Chaudhari
et al. (2017); Fort and Ganguli (2019b); Sagun et al. (2016); Dinh et al. (2017), among others.
Similarly, FIM has been used to study optimization (Amari, 1998; Martens and Grosse, 2016;
Karakida et al., 2019), gradient diversity (Yin et al., 2018; Chaudhari and Soatto, 2018), and also
generalization (Amari et al., 2002; Sun and Nielsen, 2020). A number of these works have pointed
out that the Hessian and the FIM have spiky/large eigenvalues (Papyan, 2019) along with a bulk
of near-zero eigenvalues (Papyan, 2018; Pennington and Bahri), and that this indicates that the
energy landscape, or the prediction space, is locally flat. In Chapter 2 We focus on the decay
pattern of the eigenspectra of these matrices and discover that it mirrors the decay pattern of the
inputs for typical datasets. We observed a strong overlap of the subspace spanned by the stiff
eigenvectors of the Hessian/FIM at initialization with the corresponding subspaces at the end of
training; this is consistent with the analysis in Gur-Ari et al. (2018) and the literature on the lazy
training regime (Chizat et al., 2019).

Brown et al. (2004) and Gutenkunst et al. (2007) noticed that regression models fitted to systems
biology data have few stiff parameters that determine the outcome and a large number of sloppy
parameters which only weakly determine the outcome. These authors have developed an elaborate
geometric understanding of this phenomenon, see Transtrum et al. (2011) and references therein.
While sloppiness is thought to be a universal property of parametric models (Waterfall et al., 2006),
the mechanism that causes models to be sloppy has not been studied yet. In Chapter 2 we explain
this by showing that the “effective dimensionality” of a model can usually be much smaller than its
number of parameters.

1.1.2. Simplified models of deep networks

A direct examination of the exact solutions of deep neural networks is an appealing approach.
However, due to the inherent complexity of these networks, such analyses are often intractable. As
a first step, various solvable models from statistics and physics have been employed to partially
characterize deep neural network behavior, offering valuable theoretical insights. Linear regression,
for instance, has been widely used to explore phenomena like benign over-fitting (Bartlett et al.,
2020) and double descent (Hastie et al., 2022; Belkin et al., 2020). To investigate the effects of depth,
deep linear networks have served as a useful abstraction for studying multi-layer dynamics (Laurent
and von Brecht, 2018). One of the most prominent frameworks in this area is the Neural Tangent
Kernel (NTK) approach (Jacot et al., 2018), which models the training dynamics of deep neural
networks in the infinite-width regime under a kernel-based approximation. Mallinar et al. (2022) and
Belkin et al. (2020) characterized different regimes of kernel regression and analyzed its resemblance



with deep learning. The NTK method has enabled significant results on convergence (Du et al.,
2019; Li and Liang, 2018) and generalization (Arora et al., 2019; Jacot et al., 2020). Bowman
and Montufar (2022) analyzed the divergence of finite-width neural networks with NTK regime in
different eigenspaces. Similarly, mean-field analysis (Chizat and Bach, 2018; Mei et al., 2019) has
been used to study the evolution of neuron distribution in the infinite-width limit. These models
often rely on assumptions such as convexity in the loss landscape and constraining the dynamics
to a region around initialization. This precludes feature learning—a critical aspect of modern deep
neural networks.

1.1.3. PAC framework and weight norm-based bounds

The Probably-approximately correct (PAC) frameworks (Valiant, 1984) provides generalization
bounds for models trained on independently and identically distributed (i.i.d.) data, using mea-
sures such as Vapnik-Chervonenkis (VC) dimension or Rademacher complexity to characterize the
hypothesis space. The PAC-Bayes framework (McAllester, 1999a; Langford and Caruana, 2002)
extends these ideas by deriving generalization error bounds for randomized estimators. However,
both frameworks are limited in their ability to explain the generalization behavior of modern deep
neural networks. Despite their rich hypothesis class and extremely large VC dimensions, deep neural
networks consistently achieve remarkable generalization, a phenomenon that defies the worst-case
assumptions inherent in these classical frameworks.

A more refined line of work replaces the size of the entire hypothesis class with complexity measures
evaluated at the learned solution. Norm-based bounds characterize complexity using quantities
such as products of layer-wise norms, spectral norms, and classification margins (Neyshabur et al.,
2015; Bartlett et al., 2017; Neyshabur et al., 2018). Because these quantities depend on the learned
weights, such bounds can be sharper than parameter-count- or VC-dimension-based bounds. Nev-
ertheless, they remain uniform over all networks satisfying the norm constraints. This set can still
be much larger than the subset of solutions that is accessible to a training algorithm on typical
data, and consequently the resulting numerical bounds can remain loose.

Another direction studies neural networks in the lazy-training or neural tangent kernel regime.
For a network that is sufficiently wide, the gradient kernel remains approximately constant during
training, reducing the analysis to that of a kernel method. The displacement from initialization has
a closed form and provide a generalization bound (Arora et al., 2019; Cao and Gu, 2019). The
analysis of these methods require sufficiently wide networks, and often in the lazy training regime,
where the end of training point is not too far away from initialization.

1.1.4. Mutual information-based generalization bounds

Another important line of work studies generalization from an information-theoretic perspective.
The central idea is to quantify how much information the output of a learning algorithm retains
about the particular training sample. Let S denote the training set and W the learned parameters.
Under suitable assumptions on the loss, the expected generalization gap can be bounded in terms of
the mutual information I(S; W) (Russo and Zou, 2015; Xu and Raginsky, 2017). Informally, if the
learned parameters reveal little information about the identities or values of the training examples,
then the learning algorithm is less likely to overfit.

For stochastic iterative algorithms, this endpoint information can be further decomposed along
the training trajectory. At each iteration, the data-dependent gradient may transmit information



about the selected samples to the parameters, whereas the injected noise limits how accurately this
information can be retained. For algorithms such as stochastic gradient Langevin dynamics, this

2 ~
leads to bounds of the representative form I(S;Wr) < ZtT:_Ol %E [tr Zg(t)] , where oy measures
t

the Langevin noise, and ig(t) measures the covariance of the sample gradients, both at iteration
t (Mou et al., 2018; Negrea et al., 2019; Neu et al.; 2021). Thus, information about the training
sample accumulates over time according to the variability of the sample gradients, relative to the
amount of noise injected by the algorithm.

Conditional mutual-information bounds further refines this bound. One constructs pairs of inde-
pendent candidate samples and randomly selects one sample from each pair to form the training set.
The conditional mutual information measures how much the learned predictor reveals about which
candidate in each pair was selected for training (Hafez-Kolahi et al., 2020; Steinke and Zakynthinou,
2020), conditioning on all samples. By focusing on the sample-selection information rather than all
information contained in the dataset, this approach can produce sharper and more data-dependent
generalization guarantees.

These information-theoretic methods are particularly natural for randomized or noisy learning algo-
rithms. Although the general framework is not formally restricted to stochastic algorithms, standard
mutual information can become infinite or uninformative for deterministic algorithms. Moreover,
trajectory-based bounds for noisy optimization can be highly sensitive to the noise scale: as o
becomes small, terms proportional to 1/0? may become large and the resulting bound can become
vacuous.

1.1.5. Stability and robustness-based bounds

Algorithmic stability studies how sensitive a learning algorithm is to a small perturbation of its
training data. An algorithm is stable implies that no individual training example has a large influ-
ence on the learned predictor, allowing the empirical loss to remain representative of the population
loss (Bousquet and Elisseeff, 2002). This framework has been used to derive algorithm-dependent
generalization guarantees for gradient-based optimization. For example, Hardt et al. (2016) ana-
lyzed the stability of stochastic gradient descent under Lipschitzness and smoothness conditions and
related its generalization behavior to the learning rate, the number of iterations, and properties of
the loss.

Training trajectory-related quantities are used to analyze generalization. Kozachkov et al. (2023D)
use Riemannian contraction theory to derive dynamical robustness and generalization guarantees
for supervised learning. This relies on uniform assumptions of the loss landscape. Data-dependent
stability analyses are used to replaced global worst-case constants with quantities determined by
the data and local curvature, showing that the stability of SGD can depend on the geometry
encountered near its initialization and along optimization (Kuzborskij and Lampert, 2018). From a
complementary convex-analytic perspective, Lugosi and Neu (2022) derive generalization bounds by
tracking the growth of a potential function associated with the dependence between the training data
and the learned output. Another closely related direction represents the geometry explored during
training through a data-dependent kernel. Chen et al. (2023b) introduced the loss path kernel,
which aggregates inner products between per-example loss gradients along optimization. More
recent work used this kernel to derive gradient-flow generalization bounds involving its RKHS norm
and trace (Chen et al., 2025). Unlike the static neural tangent kernel, the loss path kernel changes
with the parameters and can therefore capture feature learning. Training-trajectory-dependent



quantities can be computationally expensive and difficult to estimate accurately, which may limit
the practical applicability of the resulting generalization bounds.

A complementary perspective is provided by algorithmic robustness. Rather than retraining the
model after replacing a training sample, robustness-based analyses fix the learned predictor and
compare its losses on nearby training and test examples. If the sample space has a small over
number, then the gap between empirical loss and population loss can be small (Xu and Mannor,
2012). Kawaguchi et al. (2022) developed data-dependent bounds in which these regions and the
associated loss consistency are induced by the observed sample. This can yield more localized
guarantees than bounds based on a fixed, worst-case partition of the entire sample space. Similarly,
Chen et al. (2022b) exploit the low-dimensional manifold structure of the data to derive statistical
recovery guarantees that depend on the intrinsic rather than the ambient dimension.

1.1.6. Learning Frameworks for Non-ITD Data

A changing data distribution could be modeled as a sequence of tasks. Depending upon the stochas-
tic process, different concepts are relevant, e.g., multi-task learning (Baxter, 2000a) is useful for
scenarios when there are a finite number of tasks. Much of continual or lifelong learning (Ramesh
and Chaudhari, 2022; Vogelstein et al., 2020) focuses on “task-incremental” and “class-incremental”
settings (Van de Ven and Tolias, 2019), in which the learner knows when the task switches. The
“Prospective Learing (PL)” framework does not make this assumption, and therefore, the problem
is substantially more difficult. “Data-incremental” (or task-agnostic) setting (De Lange and Tuyte-
laars, 2021) is similar to PL. But the main difference is the goal: continual or lifelong learning seeks
to minimize past error. As a consequence, continual learning methods are poor prospective learners;
see Sec. 4.5. Online meta-learning (Thrun and Pratt, 1998; Dhillon et al., 2020; Finn et al., 2017a;
Fakoor et al., 2020) is close to task-agnostic continual learning, except that the former models tasks
as being sampled IID from some distribution of tasks. Due to this, one cannot predict which task
is next, and therefore cannot prospect.

1.2. Contributions

In Chapter 2, we study how the dataset may be the cause of the anomalous generalization perfor-
mance of deep networks. We show that the data correlation matrix of typical classification datasets
has an eigenspectrum where, after a sharp initial drop, a large number of small eigenvalues are
distributed uniformly over an exponentially large range. This structure is mirrored in a network
trained on this data: we show that the Hessian and the Fisher Information Matrix (FIM) have
eigenvalues that are spread uniformly over exponentially large ranges. We call such eigenspectra
“sloppy” because sets of weights corresponding to small eigenvalues can be changed by large mag-
nitudes without affecting the loss. Networks trained on atypical, non-sloppy synthetic data do not
share these traits. We show how this structure in the data can give to non-vacuous PAC-Bayes
generalization bounds analytically; we also construct data-distribution dependent priors that lead
to accurate bounds using numerical optimization.

In Chapter 3, we derive a differential equation that governs the evolution of the generalization gap
when a model is trained by gradient descent-based methods. This differential equation is driven by
two key quantities, a contraction factor that brings together trajectories corresponding to slightly
different datasets, and a perturbation factor that accounts for them training on different datasets.
The coupled decay of contraction and perturbation guarantees a controlled accumulation of gener-
alization gap during training. We analyze this differential equation to show that the generalization



gap is given by a quadratic form that consists of an “effective Gram matrix” that depends upon
the training trajectory and a certain residual of the predictor at initialization. Our framework is
applicable to general deep networks and smooth loss functions. In numerical experiments on dif-
ferent neural network architectures, datasets and sample sizes, we show that this quadratic form
accurately captures the actual generalization gap. We also show how to instantiate our framework
in a number of examples via analytical calculations. For example, for high-dimensional linear re-
gression, our framework matches existing calculations of generalization gap in the literature exactly
in under-parameterized, over-parameterized and critical regimes.

In Chapter 4, we develop a theoretical framework called “Prospective Learning” that is tailored
for situations when the optimal hypothesis changes over time. In PAC learning, empirical risk
minimization (ERM) is known to be consistent. We develop a learner called Prospective ERM,
which returns a sequence of predictors that make predictions on future data. We prove that the risk
of prospective ERM converges to the Bayes risk under certain assumptions on the stochastic process
generating the data. Prospective ERM, roughly speaking, incorporates time as an input in addition
to the data. We show that standard ERM as done in PAC learning, without incorporating time,
can result in failure to learn when distributions are dynamic. Numerical experiments illustrate that
prospective ERM can learn synthetic and visual recognition problems constructed from MNIST and
CIFAR-10.

In Chapter 5, we develop compositional generalization as a future direction. We consider settings in
which the training and test data contain the same underlying operations and instance families but
differ in how these components are combined, so that test tasks require new pairings of previously
learned skills and contexts. We propose that generalization to these unseen compositions depends
both on the residual error remaining after training and on whether the functional directions required
by the new combinations are sufficiently covered by those activated by the observed training data.



CHAPTER 2
DOES THE DATA INDUCE CAPACITY CONTROL IN DEEP LEARNING?

As reviewed in Sec. 1.1, deep neural networks often generalize far better than predicted by worst-case
complexity measures. This observation has motivated generalization bounds based on properties of
the learned solution and the training process. For example, norm-based bounds characterize com-
plexity through quantities such as the learned weight norms and margins, as discussed in Sec. 1.1.3,
while stability- and trajectory-based analyses use quantities accumulated along optimization, as
reviewed in Sec. 1.1.5. Although these quantities are data-dependent in the sense that they are
evaluated on a model trained on the observed dataset, their connection to the structure of the data
is often indirect. In this chapter, we seek a more intuitive connection between data and generaliza-
tion. Specifically, we ask whether the geometry of the input data is inherited by training-related
quantities, thereby restricting the effective capacity of the trained network and leading to improved
generalization guarantees.

This motivates the central question of this chapter: what structure effectively restricts the behavior
of deep networks in practice? Prior work on the geometry of neural loss landscapes has shown that
the Hessian and the Fisher Information Matrix often contain only a few stiff directions and many
nearly flat directions (Papyan, 2018, 2019; Pennington and Bahri), echoing the notion of sloppy
models studied in physics and systems biology (Brown et al., 2004; Gutenkunst et al., 2007). We
argue that an important part of the answer lies in the geometry induced by the data. Empirically,
typical datasets exhibit highly anisotropic, or “sloppy,” eigenspectra: only a small number of direc-
tions carry large variance, while many directions have very small eigenvalues. In this chapter, we
show that this structure is inherited by trained neural networks, appearing in the spectra of the
Hessian and the Fisher Information Matrix. Thus, although the parameter space is extremely high-
dimensional, the directions that significantly affect the loss can be much fewer. These quantities can
be well related to the data and provide a data-dependent mechanism of effective capacity control,
helping explain why deep networks can generalize even in the absence of explicit regularization.

2.1. Introduction

Consider the experiment in Fig. 2.1. For a convolutional network trained on CIFAR-10, we calcu-
lated the eigenspectrum of the data correlation matrix (n !X X" where each column of X is one
input sample) and compared it to the eigenspectra of the Fisher Information Matrix (FIM) and
the Hessian of a deep network trained on this dataset. Eigenspectrum of the FIM and the Hessian
have a similar decay pattern as that of the data matrix. There are very few (less than 5% of the
input dimensionality) large—let us call them stiff—eigenvalues after which there is a sharp drop
in magnitude and a long tail of small—let us call them “sloppy’—eigenvalues follows. Some other
correlation matrices that one can obtain from the network also show the same decay pattern, e.g.,
that of activations of different layers, Jacobians of any of the logits with respect to the weights,
and gradients of the loss with respect to activations of different layers. All these matrices have
eigenvalues that span exponentially large ranges, e.g., the top 1000 eigenvalues drop by about 5
orders of magnitude. Sloppy eigenvalues are distributed uniformly across such exponentially large
ranges. Eigenspectra of many other typical datasets and neural networks share these traits. On the
other hand, eigenspectra corresponding to synthetic, atypical datasets, which we create by sampling
inputs randomly and labeling them either randomly, or using a random teacher network, do not
share these traits (Sec. 2.4).
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Figure 2.1: Eigenspectra of the correlation matrices of the data, the activations and gradients with respect
to the activations of the second layer, Jacobian of one of the logits with respect to the weights, the FIM,
empirical FIM, Hessian at the end of training and FIM at initialization and in the middle of training.
Activation gradients are scaled up by 10'? to bring them to this scale. All eigenspecta are scaled by the
largest eigenvalue of the data correlation matrix. All eigenspectra are qualitatively similar with eigenvalues
that span exponentially large ranges. After an initial regime where the top few eigenvalues drop sharply
(which we call stiff), the slope of the tail (which we call sloppy) of these eigenspectra on a logarithmic
scale is almost the same as that of the data matrix. We call this phenomenon “sloppiness”. Eigenspectra
corresponding to activations/activation gradients of other layers and logit Jacobians of other logits are
very similar (see Figs. 2.5 to 2.7). The eigenspectra at initialization or in the middle of training are also
qualitatively the same (see Fig. 2.10). This plot shows the eigenspectra for a wide residual network on
CIFAR-10; corresponding eigenspectra of other networks on MNIST are qualitatively the same (see Figs. 2.3
and 2.9).

The Hessian determines the local geometry in the weight space of the loss function of a deep network,
small eigenvalues correspond to directions in the weight space where the loss is insensitive to changes
in the weights. Similarly, the FIM governs the local geometry in the prediction space, i.e., if we think
of a deep network as a parameterized probability distribution p,,(y | x), the FIM is the correlation
matrix of the gradient of log-likelihood log p.,(y | z). Eigenvectors of small eigenvalues of the FIM
correspond to sets of weights which can be modified significantly without affecting the probability
distribution py,(y | z) much.

This leads us to the hypothesis that the training data effectively controls the complexity of the
trained model. This chapter investigates this hypothesis and makes the following contributions.

(1) We show that for typical datasets and deep networks, eigenspectra of correlation
matrices of the data, activations of different layers, Jacobian of the logits with respect to



the weights, gradients of the loss with respect to the activations, as also the Hessian and
the FIM, are all qualitatively the same. These eigenspectra consists of a few large eigenvalues
and a large number of small eigenvalues that are distributed uniformly across an exponentially large
range. We call such eigenspectra and the corresponding quantities “sloppy” and define this notion
in Theorem 2.17. Atypical datasets, e.g., those with random inputs or labels, can be constructed for
whom these quantities do not have such eigenspecta. This suggests that typical inputs are “simple”
(in the precise sense of having a sloppy data correlation matrix) and this results in a “simple” trained
model (in the sense of a sloppy Hessian or FIM). We show using theory that (a) the trace of the
correlation of the activations, logit Jacobians, Hessian and the FIM can be upper bounded by the
trace of the data correlation matrix, (b) if we assume that the activations are sloppy then we can
show that the eigenspectrum of the FIM is sloppy, (¢) under the assumption of bounded norm of
weights, we can show that the eigenvalues of activations decays faster than O(1/17).

(2) As a demonstration of how sloppiness of data controls the capacity of the trained model,
we calculate non-vacuous PAC-Bayes bounds analytically. For a Gaussian isotropic prior
N (wg, e 1) centered at the initial weights wg, we calculate the optimal covariance of a Gaussian
posterior N(w,,;) (where w are weights of the trained network) that minimizes a loose version
of PAC-Bayes generalization bound. We show that if the Hessian at w is sloppy, we can obtain a
non-vacuous generalization bound—without any numerical optimization. Specifically, we show that
the optimal PAC-Bayes posterior inverse covariance has the same eigenvectors as Hessian, and the
corresponding eigenvalues are
Ni=2(n—1DN\+e Vi<p,

where \; are eigenvalues of the Hessian, n is the number of samples and p is the number of weights.
A posterior that leads to a small bound is less spread out along stiff directions but more spread out
along sloppy directions of the Hessian.

(3) We can think of the prior inverse variance scaled by the number of data €/(2(n — 1)) as a
threshold beyond which the eigenvalues of the Hessian \; are small enough and the loss changes so
little that the optimal PAC-Bayes posterior focuses on accurately capturing the prior covariance to
obtain a small KL-term. Motivated by this, we define an effective dimensionality of a deep
network as

=57 1
p(n,€) =32y (il 3oy b

i.e., the number of eigenvalues of the Hessian that are greater than a threshold ¢/(2(n — 1)) for a
user-chosen PAC-Bayes prior N (0,7 1T). For sloppy eigenspectra, this dimensionality is typically a
tiny fraction of the number of weights (0.29% for a fully-connected network on MNIST).

(4) We find that the stiff sub-space of the FIM at initialization has a strong overlap with
its counterpart at the end of training, and that updates to the weights take place in
the subspace spanned by the stiff eigenvectors of the FIM (as also the Hessian). We
exploit this observation to compute tight data-distribution/data-dependent PAC-Bayes bounds for
fully-connected and convolutional networks on MNIST using a Gaussian prior whose covariance is
proportional to the FIM and a Gaussian posterior whose eigenvectors are the same as those of the
FIM at initialization.

2.2. Background

This section develops notation and PAC-Bayesian generalization bounds.



2.2.1. Problem Setup

Consider a dataset D,, = {(7,v;)}I-, with n samples, z; € X CR% and y; € Y = {1,...,m}. We
assume that this dataset is drawn from a joint distribution D on X xY. A classifier h, : X — [0, 1]™
parameterized by weights w € RP belongs to a hypothesis space {h,, : w € RP}; this classifier maps
inputs € X to m-dimensional categorical distributions p,(y | x) € [0,1]™. Let @ be a distribution
on hypotheses which is implicitly a measure on RP. We define

(a) training error of a hypothesis é(hy, D) = £ 31, l{yﬁéarg max, (pu (3 | 2:)) )

(b) cross-entropy objective é(hy, D) = _#g@) S log pw(yi | i) which is used as a differen-
tiable surrogate and convex upper-bound of the error for purposes of training;

(c) population error of a hypothesis e(hy) = Ep, ~pn [é(hy, Dy)];

(d) empirical error and loss of the distribution of hypotheses é(Q, Dy,) = Eyq [é(hw, Dy)] and
é(Q, Dy) = Eynq [€(hw, Dy)], respectively; and

(e) with some abuse of notation, population error of @ given by e(Q) = Ep,_pn [é(Q, Dy,)].

(f) we use é(Q) =Ep, ~pn[é(Q, Dy,)] to denote the population loss.

Hessian and Fisher Information Matrix (FIM) The Hessian H € RP*P is defined to be the
second derivative of the empirical loss with respect to the weights w, i.e., H;; = 0;0j€(hy, Dy,). The
entries Fj; of the Fisher Information Matrix (FIM) F' € RP*? are

1 n m
=~ puly|2k)0log puy | 21)d; 10g pu (y | k);
k=1y=1

it is important to note the expectation over the outputs y. A related quantity is the empirical
FIM where one sets y = y in the expression above. Although the FIM and the empirical FIM
are different in general, especially when used in algorithms like natural gradient descent (Kunstner
et al., 2019), their eigenspectra are qualitatively similar (Fig. 2.1). Both the Hessian and FIM
are large matrices and it is prohibitive to compute them for modern deep networks. Some of our
experiments use a Kronecker-factor approximation (Martens and Grosse, 2016) of block diagonal
Hessian and FIM where cross-terms 0;0; across different layers of a deep network are set to zero.

2.2.2. PAC-Bayes generalization bounds

The PAC-Bayesian framework developed in Langford and Seeger (2001); McAllester (1999b) al-
lows us to estimate the population error of a randomized hypothesis with distribution () using its
empirical error and its Kullback—Leibler (KL) divergence from a prior distribution P.

Theorem 2.1 (PAC-Bayes generalization bound;

McAllester, 1999b; Langford and Seeger, 2001). Let P be fixed independently of the observed
dataset D,,. For every é > 0, with probability at least 1 —§ over D,, ~ D", the following inequality
holds simultaneously for all distributions ) on the hypothesis space:

KL(Q, P) + log(n/d)

kl(é(Q, Dy),e(Q)) < (n—1) ’

where KL(Q, P) = flog(%(w)) dQ(w).

Here, kl(g,p) = qlog(q/p) + (1 — q)log((1 —q)/(1 —p)) is the KL divergence between Bernoulli
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distributions with means ¢ and p. Pinsker’s inequality gives

2(q — p)* < Kl(q,p).

Applying it to Theorem 2.1 yields

KL(Q, P) + log(n/d)
2(n—1) ’

e(Q) < é(Q,Dn) + \/

Moreover, for every classifier h,, and example (x;,y;),

1
Liyitargmax, pu(y o0} < “log?2 log pu (yi | i)-
Averaging over the dataset and over w ~ @ therefore gives

We use this result with a Gaussian posterior Q = N(w, ;) and a family of Gaussian priors whose
precision is selected from a countable grid. For fixed b, ¢ > 0, define

€j = cexp(—j/b), Pj:N(wO,e;lI), j=1,2...,

where each P; is chosen independently of D,,. Apply Theorem 2.1 to P; with failure probability
§; = 65/(w%5%). Since > j210j = 9, a union bound shows that, with probability at least 1 — 4,
the resulting inequalities hold simultaneously for every j > 1 and every posterior ). Using j =
blog(c/e;) and the cross-entropy upper bound above, we obtain

1/2
5 KL(Q, P;) + 2log(blog(c/e;)) + log(mn/ (65
2(n—1)
simultaneously for all j > 1 and all ). This differentiable upper bound can be optimized using
SGD (Langford and Caruana, 2002; Dziugaite and Roy, 2017b).

2.2.3. Data-dependent priors

The posterior ) in Theorem 2.1 may depend upon the training samples D,, e.g., it could be
the distribution on the weight space induced by a randomized training algorithm like stochastic
gradient descent (SGD). The prior P can depend upon the data distribution D, but not the samples
D,, themselves. Although it is common to use priors that do not depend upon the data at all,
it is has been increasingly noticed that data-distribution dependent priors may provide tighter
bounds (Dziugaite and Roy, 2018). To gain intuition, notice that in the expression for the KL-
divergence between two Gaussians, we have a term of the form (w — wo)TE; Yw — wp) depends
upon the distance between trained weights w and initialization wg (weighted by the inverse prior
covariance X, D). Tt is difficult to pick a prior P such that this term is small.

Priors that depend upon the FIM and the Hessian In order to compute a tight PAC-Bayes
bound, one may choose a prior using a subset of the training samples (Ambroladze et al., 2007). For
instance, we can center the Gaussian prior on weights pre-trained on this subset to obtain a better

11



PAC-Bayes bound—the theory allows this. Doing so leads to a worse denominator in Theorem 2.1,
although this may be mitigated by a smaller numerator. Parrado-Hernandez et al. (2012) also
define expectation-priors, i.e., where we choose a prior that depends on the data distribution but in
practice, we evaluate this prior using the dataset. For example, choosing the prior covariance to be
proportional to the FIM, or the Gauss-Newton approximation of the Hessian,

Yy X Fyy,or, Xy, ﬁwo, (2.2)

are both valid choices in the PAC-Bayes framework. The crucial distinction between these two
choices is that while we may use all the training samples to compute the FIM in the former case,
we should compute the Hessian on a separate subset of the data in the latter case.

2.3. Methods

In Sec. 2.3.1, we prove how such a sloppiness in the Hessian and the FIM arises if it is present in
the input correlation matrix. We then discuss different methods to compute PAC-Bayes bounds
on the generalization error using sloppiness (Sec. 2.3.2) and develop an expression for the effective
dimensionality of a deep network (Sec. 2.3.3).

2.3.1. A sloppy data correlation matrix leads to a sloppy FIM and Hessian
Consider a deep network with L layers with the input of the network z € R? and m outputs. The

activations of the k' layer are given by h*¥ = o(w*~1h*=1) for k = 1,--- , L. Preactivations will be
denoted by u* = wF1h*=1 for k =1,---,L+1, and for clarity, we use a special notation z = ul+!
to denote the logits of the network. The weights of the network are w = (w°, w!, ... ,wL). We have

hE e R4 wk € R¥%+1%d and wl € R™*9c. In this notation, we have hg = = € R?. The linear
map represented by wF can model both fully-connected layers and convolutional layers. For the
sake of exposition, we set all the bias terms to zero. The non-linearity o acts element-wise upon its
argument and we assume that it has a bounded derivative |o/(z)| < a with o(z) = 0, in which case,
lo(z)| < a|x|. Popular nonlinearities like rectified linear units (ReLU), leaky ReLUs and tanh satisfy
this assumption. In this section, we use E to denote the expectation over x. The following lemmas
holds for all distribution of . In particular, we can choose the distribution of x to be the point
mass distribution on the dataset D,,, i.e. x ~ % >oiy 0z, in this case, E [mx—r] = %XXT € Rxd ig
the input corelation matrix.

The following lemma bounds the trace of the activation correlations and the norm of the gradient
of each logit with respect to the activations.

Lemma 2.2 (Bounding the trace of the correlations of activations and norm of activation
gradients). We have

tr (B W4T ]) < et o (B [t T ), 03
and " N
Hdlj;C ) aHdh:il 2HwkH2- (2.4)
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Proof. For the first inequality in Eq. (2.3), observe that
dy,
tr (E [hkhkTD < Z]E [a(u?)ﬂ
j=1
dy,
< a? ZE [(u;“)Q]
j=1

— or (& [uutT))
-l 0) ()

— o2ir (wkfl E [hkqhkfﬂ] wmﬂ)

<o o (e o).

The final inequality uses tr(WAW ) < |[W||3tr(A) for every positive semi-definite matrix A.

For the second inequality in Eq. (2.4), observe that

dZZ' o dZi k
ank ~ qukt?

dz;
=aq (dhk:_l]lukﬂzo> wk

]
2 2

where 1..nq 1S @ vector of 1s at elements where the condition is true. O

dzi
dhk

< dzi
9 > a dhk+1

The above inequalities can be used in Theorem 2.3 to bound the trace of the gradient correlation

of any logit z; with respect to weights of a layer w”.

Lemma 2.3 (Bounding the trace of logit-Jacobian correlations). For logit z;, i = 1,....m

tr (E [;;2 (ijlk T]) < a?ltr (E [mxTD ﬁ HuﬂH; (2.5)

7=0,j#k

for k=0,...,L. As a result,

tr (IE

L

s ) <o o) T (.01

12
j7=0 Hw]HQ
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Proof. The proof follows via an application of Theorem 2.2. For k =0,1,...,L — 1,

. T . T
(ol ]) - st o)
w w

dukJrl duk+1

[ dZi dZZ T kik T
—F “(ww )“(hh )]
dz; T
2 v kyk
= ‘dh’fﬂ ( [t
dz;
< GQ‘ i Hw]‘ 2(L—k—1)
— L
dh 2 j=k+1

2’“HijH2tr( )
< a*tr (IE [ZUZL’T:D ﬁ HuﬂH;
7=0,j#k

The third line comes from the fact that the matrix %ds"% is rank one and its trace is the

same as 2-norm. The last inequality comes from the fact that leL H2 < HwLHQ. For k=1L,
dZZ' dZi T dZi dZi T
tr | E | — =tr|E|—F—+
' ( [de dw” "\ [ dwf duf
= tr (IE [thLTD
L1
< a*lr (E [mﬁTD H Hw]HQ.
§=0

O

We first bound the trace of the FIM and the Hessian in terms of the trace of the input correlation
matrix.

Theorem 2.4 (Trace of the FIM and Hessian are bounded by that of the data correlation
matrix). For the FIM F and the Hessian H, we have

tr(F), (log 2)tr(H) < ma* tr (E HH JH2 Z

(2.6)
ol ﬂ||2

Notice that the log2 factor in front of tr(H) comes from the rescaling factor in the definition of
é(hw, Dy).
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Proof. We first calculate an inequality for the Fisher Information Matrix (FIM)

F=E |> pu(y|=)(0wlogpu(y|z))(0wlogpu(y|z))
_y:1
i dlogpw(y]a:)dlogpw(y|a:)T T
=E w w w
Oz | D puly|o)—=1" © D2

For an output distribution p,(y | z) obtained using the softmax operator on the logits z,

e

py = pu(y|x) = S v
)

;€Y

we have

% log puw(y|z) =€y, —p

where e, is the one-hot vector of the class y and p = [p1, ..., pm].

< dlogpu(y|z) dlogpu(y|z) " < dlogpu(y | z) ||
< —__orwA 17/
pr(y |2) dz dz - pr(y |2) dz 21
y=1 y=1
= (1—|lpl3)I
<1

Hence we have

F<E [(auz) (sz)T] .

In the case of the Hessian for the cross-entropy loss we make a similar calculation following the
calculation of Fort and Ganguli (2019b). For the calculation of Hessian, the expectation E denotes
the expectation with respect to inputs and labels in the training set. We write

(log2) H ~ E [ (92) V3(~ log pu(y| 2)) (9u2) ]
=E dia, T szT
(02) (diag(p) ~pp" ) (002) ] .
< E|(9u2) (diag(p >><awz>1
<E|[(002) (0.2)"]

In the above calculation, we have kept only the so-called G-term of the Hessian and neglected an

additional H-term.
[
8w 871)5

which is typically small in practice for a well-trained network because the terms 1 — p; are close to
zero for all logits (Papyan, 2019; Sagun et al., 2016). Hence, both tr (F') and (log2)tr (H) can be
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bounded by

w(e) s < 324 | ) < (2 [ TTI01 (12

o i 2

(2.8)
Notice that the log2 factor in front of tr(H) comes from the rescaling factor in the definition of
é(hw, D). O

Remark 2.5. The G-term is always positive semi-definite since the output distribution p € R® is

C
always convex on the logits z € R® i.e., <— log (Zezi >> is convex in z.
yle v y=1
Remark 2.6. The expression in Eq. (2.8) gives the form of the bound used in Theorem 2.10; in
particular, the product of layer-wise weight norms appears explicitly in the term that controls the
trace.

Remark 2.7. Empirically, the trace of FIM and Hessian at the end of training (Fig. 2.4) is usually
much smaller than the trace of correlation matrix of logit Jacobians (Fig. 2.5). In this case, the
prediction of the bound in Eq. (2.8) seems very loose. However from the above calculation, we also
know that

t(F) <E|(1 - [pl3)r((0u)(@u2)T) ],
tr(H) < tr (]E [(&Uz) (diag(p) - ppT> (sz)TD .

For trained network that predicts accurately, we usually get the probabilities p that are very close
to one-hot vectors of the correct classes. In this case, both 1 — HpHg and diag(p) — pp' are close to
zero. This explains why in our experiments the trace of /' and H at the end of training are much
smaller than that of logit Jacobians.

We would next like to show that if the eigenvalues of the input correlation matrix %X XT ¢ Rixd
are sloppy, then the FIM and the Hessian are also sloppy. Note that for a regression problem with
a deep linear network, the Hessian and the FIM are actually the input matrix itself and therefore
have the same eigenspectrum. It is however quite difficult to control the eigenspectrum of these
matrices because they are a result of multiple nonlinear operations on the inputs. In general, the
eigenspectrum of even the correlation of the activations can evolve arbitrarily. We therefore first
bound the eigenvalues of a block-diagonal approximation of the FIM in terms of the eigenvalues of
the activations in the following lemma.

Remark 2.8. For FIM F and G-term of Hessian H, Theorem 2.4 holds for all states during training.
In fact, all of the bounds proved in this section about logit gradients depend only on the 2-norm of
the weights, instead of the evolution of the weights or the training or test accuracy, which shows
that the sloppiness can be preserved in places where 2-norm of the weights are not too large, which
is prevalent throughout training. Note that for full Hessian H, the bound only holds at the end of
training where the H-term of H is negligible, in other states of training, H is not guaranteed to be
positive semi-definite.

The above lemma depends upon the following result that controls the eigenvalues of the sum of
Hermitian matrices.
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Lemma 2.9 (Weyl’s inequality). For Hermitian matrices A, B,C € RP*P_if C = A + B, then
Aitj—1(C) S Ai(A) + A(B),  Apirji(C) = Ap-i(A) + Ap—5(B) (2.9)

for all 1 <i,j < p. In particular if B = 0, then A\;(C) > \;(A) for all i < p.

Lemma 2.10 (Block-diagonal approximation of the FIM is sloppy if the activations are
sloppy). Let spec(A) denote the eigenvalues (A;(A),...,A,(A)) of a matrix A in descending order.
For a constant ¢, we define the notation spec(A) =< ¢ spec(B) to denote that \;(A) < cA;(B) for all
i < p. For any logit z;, for all layers k < L, we have

spec <E

where we use the notation HJL=L+1 ijHg =1

Cds T i . k+1 . k1N T
E[dzz dz ]:E < dzi__dh )( dzi_  dh ) ®hkh’“T]
dw* dwk dhk+1 duk+1 dhk+1 duktl

dz; dz T :
T dut D =< a2 [|w? |pspec(Tay. ) @ spec (E [1F0FT]) - (210)

Proof.

2
dzi

dhk-‘rl

<E |a? Iy ® hkhkT]

dthrl

2 dZi 2 kik T
Loy, @ F [00FT ]

L
=TT el | Tay,, @ F [n0*]
j=k+1

Hence, by Eq. (2.9)

spec (]E
so we have

spec (IE

Corollary 2.11. Denote the FIM and Hessian w.r.t the kth layer F'(wy), H (wy) respectively, then
we have,

dz; dz T L T
i Az <« 2(L—k) 127 E {hkhk ]
dwy, dwy, D = Spec | a jl;[ﬂlwg!l o1 ®

dZZ‘ dZi T _ L .
duwy, duwy D <@ T [fuy|Pspec (1g,.,) @ spec(® [n )
j=k+1

O

L
spec (F(wy)) , spec ((log 2)H (wy)) < ma* ==k H ijH;speC(IdkH) ® spec (E {hkhkTD .
Jj=k+1
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As in Theorem 2.10, an empty product is defined to be one.
Proof. From Theorem 2.3 we know that
F(wy), (10g 2)H (wy) < E [(0,2) (0, 2)

Let s =) ", z be the sum of logits, then we have

ds ds \ "
dwy, ) \ dwy,
L
< ma*F=F) H ijHZspec(IdkH) ® spec (E [hkhkTD
j=k+1

F(wy), (log2)H (wy) = E

The second inequality comes from a similar calculation as in Theorem 2.10 for network with one
2
added layer where hy1 = ur41 = 2, up42 = wr41hp41, and wr1 = [1,..., 1], |lwp41]3 = m. O

By developing similar result for the sum of logits s = > ;" | z; as in Theorem 2.10 (See Theorem 2.11
for details), we can see that eigenspectra of the block-diagonal approximation of the FIM (which are
simply a concatenation of the eigenspectra of different blocks) are controlled by the eigenspectra of
the corresponding layer’s activation correlations. Our experiments in Fig. 2.1 and Sec. 2.4 show that
activations of all layers (except the logits) of a trained deep network are sloppy. As we discuss in
the proof, we can repeat this analysis for the Gauss-Newton matrix which is the dominant G-term
in the Hessian to also show that its block-diagonal approximation is sloppy if the activations are

sloppy.

Remark 2.12 (Modification using sloppiness of activation gradients). Fig. 2.1 shows that
the slope of decay of FIM and the activations are essentially the same. However, in Eq. (2.10) if

spec (E [hkhkTD decays as O(exp(—ci)), the decay of spec (E [gj@ (;iﬁ T]) is O(exp(—ci/dg+1))-
This is a loose bound, especially when di. 1 is large, e.g., the spectrum could decay much more

faster. But note that if we can write a KFAC-approximation
E dzi dZi T ~FE
dwk dwk

then we obtain a stronger decay for the logit gradient when diy; is large, if we assume that the
activation gradients are sloppy (see Fig. 2.1).

dZi dZi T
duk+l duk+l

QF [hkh”} .

Calculation. As we discussed in Theorem 2.12; the expression in Eq. (2.10) gives a very loose bound

dwy, dwyg
dzi dZi T
E ~E
[dwk dwk

If spec (E [%%TD decays as exp{—cji} and spec (E [hkhkTD decays as exp{—caj}, then

when dj, is large. Write E [%%T} using KFAC approximation

dZi dZi T
duk+1 douk+l

QF [hkhﬂ .
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the (i + j)%th largest eigenvalue of E [ } is smaller than exp(—min{cy,c2}(i + 7)), hence

dwk dwk
the kth largest eigenvalue of E {iﬁc ;U’iéc T} is smaller than exp(— min{cy, cz}\/ﬁ). Hence, the decay
rate of spec (E [;ﬁ %TD is O (exp(— min{cy, @}\/E)) O]

Remark 2.13 (Eigenspectra of inner product kernel is controlled by data). By Theo-
rem 2.1 of Karoui (2010), for n ii.d. random vectors z; € R%, we denote the data matrix as

X =[zy,.,2z,] . The kernel matrix with entries M; ; = f ( == ] can be approximated by

N do

2 T
K= <f<0> s ) ) LT+ SO + vl
0

where
() oy 1 Zd)
wy =1 (M58 - 10 - 10"

In other words, ||M — K||, — 0 in probability when dy,n — oo for fixed do/n. vg, is small when
tr(Edo)
do

is small. Hence, the eigenepectrum of M is preserved from XX .

spec (E [hlthD = spec (M'/n) except for the zero eigenvalues, where M, = o(wz;)o(w'z;),

which means that the activation spectrum can also be written in the form of the spectrum of a
kernel matrix (although it is not a inner product kernel as M). This strongly indicates that the
decay pattern of activations can be inherited from that of the data correlation matrix %X X,

Remark 2.14 (Infinitely wide network with bounded weight norm). Although our experi-
ments show that activations are sloppy if the data are, it seems rather difficult to prove in general.
If we assume that the f5 norm of the weights is bounded, we can iterate over Eq. (2.3) for layers

k,k—1,...,0 down to the input layer to see that if eigenvalues of E [hkhkT] are to be summable,
then the i*"th eigenvalue of E [hkhkq is smaller than ¢/i for some constant ¢. Under the setting

that the width of the k' layer does to infinity, we have that the eigenvalues of E [hkhkT] decays
faster than O(1/1).

2.3.2. PAC-Bayes generalization bounds that exploit sloppiness

We next discuss four different ways that exploit sloppiness of a deep network to pick the prior and
posterior in PAC-Bayes theory.

Method 1: Posterior covariance has the same eigenvectors as that of the Hessian at
end (Analytical) Consider a deep network trained to minimize the loss é(hy, Dy,), and assume
that w is a local minimum. The Hessian H,, is then positive semi-definite, with eigendecomposition
H, = UwAwU;)r, where A, = diag(Ai,...,Ap) and Ay > -+ > X\, > 0. We consider a Gaussian
posterior @ = N(w,Y,) and an isotropic Gaussian prior P = N(wp, e 'I). For two multivariate
Gaussians @ = N(uq, Xq) and P = N(pup, X,), their KL divergence is

1 _ _ det 2
KL(Q,P) = 3 (tr(Ep "g) =0+ (1p = 1) "5, (1 — 1) + log Tot E”) : (2.11)
q
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To obtain an analytical posterior covariance, we use v/ < x4+ 1/4 in Eq. (2.1) and omit terms that
do not depend on ;. This reduces the calculation to minimizing the surrogate objective

KL(Q, P)

L(%,) :==¢é(Q, Dy) + Sn—1)

(2.12)

over X4 = 0. Let P, = N (w, e 17 ). Because P and P, have the same covariance and @ is centered
at w,

KL(Q. P) = KL(Q, P) + 5lw = wo 3.

It follows that

£(%5) = [ elhur D) Q) + 5 [ 1on 4w dQw) + 1
1

= —— (KL(Q,B) —log Z) +

2(n—1) An—1)

where
n exp(—=2(n — 1)é(hy, Dp)) Py(w')
B(w ) - Z ’

Z = /exp(—Q(n — 1)é(hy, Dy)) dPy(w').

Therefore, the unconstrained minimizer of the surrogate objective is
Q = B x exp(—2(n — 1)é(hy, Dy)) Py, (2.13)

which need not be Gaussian for a general loss. To obtain a closed-form Gaussian posterior, we use
the local quadratic approximation

1
E(huw, Dp) = €(hu, Dy) + B <w' —w, Hy(w' — w)> )
Under this approximation, B is Gaussian and its covariance satisfies
E;l =2(n—1)Hy, +€l.
Equivalently,

¥, = Up(Ay) U/, (2.14)

where
Ai=2(n—1)\+e€ foralli<p. (2.15)
Thus, the analytically optimal posterior covariance has the same eigenvectors as the Hessian and

assigns larger variance to sloppier directions.

Using this posterior, we obtain a non-vacuous bound on the generalization error (see Sec. 2.4). For
example, the bound for a fully-connected network on MNIST with one hidden layer of 600 neurons
is 0.32, e(Q) ~ 0.089 while an upper bound computed by Dziugaite and Roy (2017b) by numerically
optimizing the right hand-side of Theorem 2.1 is 0.161.
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Note that even if we computed the posterior covariance analytically using the surrogate objective
in Eq. (2.12), we could substitute this posterior into Eq. (2.1). Given eigenvalues of the Hessian
Ay, if we fix the eigenvectors of 3, to be that of H,,, we can also optimize the eigenvalues of the
inverse posterior covariance A,, directly using nonlinear optimization.

Remark 2.15. Hessian and Gaussian posterior covariance matrix for Bayesian inference, which is
mentioned in Maddox et al. (2019), shares similar relation as Eq. (2.14). This is because the targets
for optimizing PAC-Bayes bound and ELBO used to find Gaussian approximation of Bayesian
inference are similar — the right side of pac-bayes is a balance of training loss and KL term, and
while training Bayesian network, ELBO creates a balance balance between loss and KL, which
results in similar form of posterior.

Remark 2.16 (PAC-Bayes posterior is more spread out along sloppy eigenvectors). By
Eq. (2.15), we can think of the scaled prior inverse variance €/(2(n—1)) as a threshold beyond which
the sloppy eigenvalues of the Hessian \; are small enough and the loss changes so little that the
optimal PAC-Bayes posterior focuses on accurately capturing the prior covariance to obtain a small
KL-term. For eigenvalues above this threshold, e.g., the stiff eigenvalues, the optimal posterior has
to strike a balance between the empirical loss term and the KL term. We will see in Sec. 2.4 that
this observation also holds for cases when posteriors are optimized.

2.3.3. Effective dimensionality of a deep network

Motivated by Theorem 2.16, we define the effective dimensionality for a deep network at
local minimum w as

p(n, 6) :Zle 1{|Ai|2ﬁ}7 (2'16)

n—1)

i.e., the number of eigenvalues of the Hessian H,, with magnitude at least 5 Define the

ne—l) ’
strength of the model at w as

€

p(n.€) ‘
s(n,€) = Z log <2(nl)>\Z + 1> . (2.17)
i=1

We characterize the decay pattern of sorted eigenvalues of H,, at the tail by the sloppy factor as
defined below.

Definition 2.17 (Sloppy factor). If \;(A) denote eigenvalues of a positive semi-definite matrix
A € RP*P in descending order A\ > --- > X, then the sloppy factor of A at index 7 is

c(A,r) =sup{cd >0:)\(4) < )\T(A)e_cl(i_r) fori>r > 1} (2.18)

This definition implicitly means that the small eigenvalues beyond A, are uniformly distributed
across an exponentially large range (A, Ap) if ¢(A4,r) > 0. Let us emphasize that sloppiness is a
phenomenon pertaining to the non-zero eigenvalues of a matrix and is relevant even if the matrix
is singular, e.g., the FIM loses rank for non-identifiable models like deep networks (Amari et al.,
2002).

We call a positive semidefinite matrix sloppy if the eigenspectra of the matrix have a sharp drop at
initial then decays linearly afterwards in the log scale. In our experiments in Fig. 2.1 and Sec. 2.4,
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the Hessian, FIM and the correlation matrix of the input data are all sloppy.

Let r = p(n, €) and abbreviate ¢(H,,r) as c¢(n,€). To control the tail of the Hessian eigenspectrum,
we assume the stronger exponential-decay condition

Ai < ﬁ exp(—c(n,€)(i —r)) forall i >r, (2.19)

where ¢(n, €) > 0. It follows that

p

Z ; i e —c(n,e )k _ € < € )
- 2 (n—1) k:l 2(n —1)(ec(me) —1) = 2(n — 1)e(n,€)

1=r+1

Recall from Method 1 that, under the local quadratic approximation, the posterior @ = N(w, 3,)
minimizing the surrogate objective in Eq. (2.12) satisfies

Y, = U AU, Ni=2n— 1)\ +e

The increase in the expected empirical loss is therefore

y 9 IRSDY
B(Q,Dn) - e(hwyDn) - 5 Z

For the KL term, Eq. (2.11) gives

2(n—1) i

)\7; P 2n—1 )\1

<#
~4(n—-1)

KL(Q, P 1 i
(@ ):4(n_1) <e\|w woll5 — p—i—Z(lOg—l—;

=

|

N——
N—

(erw —wolf + sl ) + o 6)) .

The first inequality uses —1+1/(14x) < 0 for the stiff directions and log(1 + z) < z for the sloppy
directions; the second uses Eq. (2.19). Combining the loss and KL terms yields

KL(Q, P)

p(n, €) + s(n, €) + 2/c(n, €) + €l|w — wlf3
2(n —1) '

L(Eq) = é(Q, Dn) + < é(hw, Dn) + 4(n — 1)

(2.20)

Under the additional assumption that the empirical cross-entropy vanishes, é(hy,, D;,,) = 0, only the
effective-dimensionality, stiff-subspace-strength, tail-decay, and distance-from-initialization terms
remain on the right-hand side.

Lemma 2.18 (Generalization bound in terms of effective dimensionality). Fix € > 0, let
P = N(wp,e 'T). Suppose that w is a local minimum with positive-semidefinite Hessian H,, =
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UwAwUJ . Suppose further that the expected error of the local quadratic approximation under

Q ~ N(w, X,) is bounded from above by p > 0, in the sense that

g 9 1
€(Q7Dn) < e(h‘wa Dn) + §tr(Hqu> + p.
Then, for every é > 0, with probability at least 1 — § over D,, ~ D",

p(n,€) + 1/c(n,e€)
4(n—1)

e(Q) < e(hw, Dn) +p +

(2.21)
L [ellew = wol3 + s(n,€) + | +og(n/9)

2(n—1)

Proof. On the event in Theorem 2.1, the cross-entropy upper bound on the empirical classification
error gives

. KL(Q, P) + log(n/é)
e(Q) < e(Q, D) + \/ 1) .

By the assumed control of the quadratic-approximation error and the expected empirical-loss cal-
culation above,
p(n,€) +1/c(n,¢€)

4(n—1)

The Gaussian KL calculation above and the definition of s(n, €) also give

KL(Q, P) < €l|lw — wo||§ + s(n,e) +1/c(n,e)
2(n—1) — 4(n—1) '

Substituting these two estimates into the PAC-Bayes inequality yields Eq. (2.21). O]

From the above calculations we know that the generalization of deep network at a point w depends
on the strength of top few eigenvectors and the decay of the tail. The sloppiness of H,, guarantees
that for the optimal €, the effective dimensionality p(n, €) is small, which ensures that both s(n,¢€)
and 1/¢(n, €) are small compare to n while e||w — wpl||* is not too large (for FC-600-2 on MINST,
p(n,€) = 2429, s(n,€) = 6810, 1/¢(n, ) = 2545, €||w — wo||* = 8526, with n = 55000, ¢ = 101.3).
Such € can be found when €/2(n — 1) is around the elbow of the eigenspectra of H,,. This ensures
a good generalization bound. For comparison, if we repeat the calculation for an isotropic Hessian
Ai = A, either s(n,€) or 1/¢(n,€) will be very large (O(p)). Tight upper and lower bounds for the
VC-dimension of deep networks are of the form O(L plogp) which is likely much larger than the
complexity term O(s(n,€) + 2/¢(n, €) + e|lw — wol|*). While the VC-dimension (up to constant)
of an MNIST network (FC-600-2) with one hidden layer is about 66 million, the value of s(n,¢€) +
2/c(n, €)+e€||w — wol? is about 20K for € = 101.3. This suggests that even if the hypothesis class
of deep networks is very large, sloppiness of H,,, which is inherited from sloppiness of
the input data, ensures a small effective dimensionalty and severely restricts the set of
hypotheses that are accessible during training. The corresponding quantities for the other
models are reported in Table 2.3.
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Remark 2.19 (Why does the effective dimensionality depend upon €7?). Our definition
of the effective dimensionality may seem unusual because it depends upon €, which is essentially
a user-chosen parameter. This is an artifact of the PAC-Bayes analysis. As ¢ — 0, the effective
dimensionality converges to the number of weights p, but for non-zero values of €, where the prior
covariance restricts the set of hypotheses that the PAC-Bayes learner searchers over, this expression
coupled with the analytical calculation in Eq. (2.15) may provide a useful way to perform model
selection. By optimizing PAC-Bayes bound ( Sec. 2.3.4 Method 3), we usually selects € s.t. ﬁ
is close to the elbow of the eigenspectra H,, ( Fig. 2.2). For practical purposes, we can also replace
eigenvalues of the Hessian in Eq. (2.15) by those of the FIM (see Fig. 2.1), which is easier to compute.
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Figure 2.2: The blue line is the eigenspectra of Hessian (KFAC approximation) at the mean of posterior
at the end of optimization of PAC-Bayes bound using Sec. 2.3.4 Method 3. We calculate p(n, €) using the
€ at the end of optimization, and the red line shows the linear decay of sloppy eigenvalues in the log scale
with sloppy factor ¢(n,€) = 0.0004. The green line, which is close to the elbow of the eigenspectra, splits the
stiff eigenvalues and sloppy ones.

Remark 2.20 (Sloppiness is prevalent for deep neural nets). As we have seen in Fig. 2.1, for
deep neural nets such as wide residual networks, the sloppiness of data eigenspectrum is preserved
in FIM, Hessian, and other related quantities. The prevalence of sloppiness for deep networks is
also reflected in theory: In Theorem 2.4, if we set Lipchitz factor a = 1 (which is the case for ReLU
activation), the trace bound depends on the product of the weight norm instead of the number of
layers. Theorem 2.2 and Theorem 2.10 shows that the sloppiness of layer-wise eigenspectrum can
be preserved through layers, which is a theoretical evidence that deep networks are also sloppy. In
addition, the effective dimensionality of LENET-5 is small (0.184 %) and the PAC-Bayes bound is
non-vacuous, which means that for deep networks (see Table 2.3 for details), sloppiness also leads
to good generalization.
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2.3.4. Numerical methods to compute PAC-Bayes bounds

Method 2: Eigenvectors of the posterior covariance are fixed to those of FIM at ini-
tialization (E(X;) = E(Fy,)) Our experiments show that there is a large overlap between the
subspace spanned by the stiff eigenvectors of the FIM at the end of training with the corresponding
subspace at the beginning of training (Fig. 2.12). Similarly, there is a large overlap between the
subspace spanned by the stiff eigenvectors of the Hessian with that of the FIM (Fig. 2.4). There-
fore, as the simplest extension of the analytical computation of the posterior in Method 1, we pick
the posterior covariance matrix to have the same eigenvectors as that of FIM at initialization and
optimize only its eigenvalues, i.e.,

P = N(wp,e '), Q@ =N(w,Zq = Uy AuUy,, ), (2.22)

where F,,, = UwOAUuT}O is the orthonormal decomposition of the FIM at initialization wg. We
use the notation E(A) to denote the set of eigenvectors of the matrix A, arranged in decreasing
order of eigenvalues. We can optimize the PAC-bound in Eq. (2.1) numerically. The variables of
optimization are the mean of the posterior w, eigenvalues of the covariance A,, and the scale of the
prior €. Note that in this method, we do not modify the eigenvectors of the posterior covariance
even if the mean changes during optimization.

Method 3: Eigenvectors of the posterior covariance are the same as those of the Hes-
sian, but the Hessian is revalauted at different instants while optimizing the bound
(E(¥4) = E(Hyw)) This method is similar to Method 2 except that we update the eigenvectors of
the posterior covariance matrix while optimizing the bound

P = N(wo,e 1), Q= N(w,%, = U,A,U,), (2.23)

where H,, = UwAU;)r is the orthonormal decomposition of the Hessian at weights w. The variables
of optimization here the same, i.e., mean of the posterior w, eigenvalues of the covariance A,,, and
the scale of the prior e.

Method 4: Prior covariance is proportional to FIM at initialization, eigenvectors of
posterior covariance the same as those of FIM at initialization (X, = aF,,+e ' E(X,) =
E(Fy,)) This is a data-distribution dependent prior. We exploit the large projection of the change
of weights during training onto the stiff eigenvectors of FIM at initialization to construct the prior
(prior has more variance in stiff directions where the training process mostly takes place, Fig. 2.12),
and use posterior align to Fy,:

P = N(wo,aFy, + € 1), Q = N(w, Sy = UnyAuU,, ), (2.24)

where Fy,, = UwOAUJ0 is the orthonormal decomposition of the FIM at initialization wg. The
variables that are modified during optimization of the bound are the posterior mean w, the eigen-
values A,,, and scalar constants a, e '. In this case, we incur a larger penalty from the union bound
(see Sec. 2.4.3) because there are two constants being optimized in the prior.
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2.4. Empirical Study
2.4.1. Setup

We use fully-connected (of varying widths and up to two hidden layers) and convolutional (LeNet,
ALL-CNN of Springenberg et al. (2015) and wide residual network of Zagoruyko and Komodakis
(2016)) deep networks of varying sizes on MNIST (LeCun et al., 1990) and CIFAR-10 (Krizhevsky,
2009a) datasets to study sloppy eigenspectra. PAC-Bayes bounds are computed on MNIST for
binary classification problems (digits 0-4 and 5-9, respectively) '.

Implementation details We make approximations while working with large matrices like Hessian
and FIM. In some cases we compute the full Hessian/FIM, for larger networks we compute only the
top 1000-3000 eigenvalues of the Hessian. We also use Kronecker-factor (KFAC) approximation of
the Gauss-Newton matrix in Backpack (Dangel et al., 2020) as a replacement for FIM /Hessian; this
is the so-called G-term Eq. (2.7). See the technical details at the end of Sec. 2.4.3. We also exploit
a PyTorch wrapper described there that allows us to draw a large number of samples to estimate
the gradient of €(Q, D)) more accurately (we use 150, whereas Dziugaite and Roy (2017b) use 1)
and thereby optimize the PAC-Bayes bound for fewer iterations.

Data We use the MNIST dataset for experiments on fully-connected networks and LeNet. We
setup a binary classification problem (we map {0,1,2,3,4} to label 0 and {5,6,7,8,9} to label 1). We
use 55000 samples from the training set to train the model and to optimize the PAC-Bayes bound.
We set aside 5000 samples for calculating the FIM, which is used in Method 4 of PAC-Bayes bound
optimization. Strictly speaking, it is not required to do so because a prior that depends upon the
FIM is an expectation-prior (as discussed in Parrado-Hernandez et al. (2012)) but we set aside
these samples to compare in a systematic manner to existing methods in the literature that use
55,000 samples. Test error of all models is estimated using the validation set of MNIST. We use the
CIFAR-10 dataset for experiments using two architectures, an All-CNN network and a wide residual
network. For CIFAR-10, we use 50, 000 samples for training and 10, 000 samples for estimating the
test error. No data augmentation is performed for MNIST, for CIFAR-~10 we randomly flip images
(left to right) with probability 0.5 and select random crops of size 32x32 after adding a padding of
4 pixels on the width and height.

Architectures For experiments on MNIST, we use LeNet-5 (this is a network with two convolu-
tional layers of 20 and 50 channels respectively, both of 5x5 kernel size, and a fully-connected layer
with 500 hidden neurons) and fully-connected net with one or two layers and 600 or 1200 neurons
on each layer. The latter are denoted as FC-600-1, or FC-1200-2 in our experimental section. For
CIFAR-10, we use ALL-CNN (in order to reduce the number of weights, we reduced the number of
channels in the first set of blocks to 64, and in the second set of blocks to 128; this is down from 96
and 192 respectively in the original network) and wide residual net with depth 10 and a widening
factor of 8. In the latter case, in order to reduce the number of weights which makes computing
Hessian amenable, we reduce the number of channels in each block of the WRN to [4, 32, 64, 128],
down from [16, 128, 256, 512] for a widen factor of 8.

Training procedure We train for 30 epochs on MNIST and for 100 epochs on CIFAR-10. The
batch-size is fixed to 500 for both datasets. For all experiments with train with Adam and reduce
the learning rate using a cosine annealing schedule starting from an initial learning rate of 10™3 and
ending at a learning rate of 1075,

!The code for all experiments in this chapter can be found at https://github.com /rubingy /sloppy.git
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2.4.2. Hessian and FIM are sloppy if the data correlation matrix is sloppy

Sloppiness across architectures and datasets Figure 2.3 complements Fig. 2.1 by showing
the eigenspectra for a two-layer fully-connected network with 600 hidden neurons on MNIST. The
two figures are qualitatively similar: despite its lower dimensionality, MNIST has roughly the same
range of eigenvalues as CIFAR-10, but it has a much smaller threshold 7 in Theorem 2.17, indicating
that the data have fewer effective dimensions. The FIM (the empirical FIM is essentially the same
curve) decays particularly strongly for MNIST. Since the trace of the FIM has been used as an
indicator of the information stored in the weights (Achille et al., 2018), this suggests that relatively
little information must be stored in the weights to predict MNIST well. Although the Hessian and
FIM have very different eigenvalues on MNIST, Fig. 2.4 shows that their leading eigenspaces have
substantial overlap.
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Figure 2.3: Eigenspectra for a two-layer fully-connected network on MNIST. The eigenspectra are qualita-
tively the same as those of Fig. 2.1, e.g., there is a sharp drop at the beginning and a long, linear tail of small
eigenvalues follows. Slopes of the eigenspectra of activations, activation gradients, Jacobians and Hessian
mirror those of the data. In contrast to Fig. 2.1, the slope of the FIM is quite different here. The Empirical
FIM and FIM overlaps with each other since the model is trained to nearly perfect train and validation error.
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Figure 2.4: (Left) Eigenspectra of a two-layer fully-connected network on MNIST (same network as Fig. 2.3)
for the FIM, Hessian and a KFAC approximation of the Gauss-Newton matrix. Even if FIM’s eigenvalues are
quite different, its eigenvectors have a large inner product with those of the Hessian (right), much larger than
a random vector. Even if KFAC is a good approximation for the eigenvalues of the Hessian, the eigenvectors
computed from KFAC are quite different from those of the Hessian.

Sloppiness is not limited to the Hessian and FIM. The correlation matrices of the logit Jacobians also
have rapidly decaying eigenspectra, and this behavior is consistent across different logits (Fig. 2.5).
Likewise, the correlation matrices of activations and activation gradients are sloppy across different
layers of the network (Figs. 2.6 and 2.7). These results show that the spectral structure of the
data persists in both the forward representations and the derivatives propagated through the net-
work. We then examine whether this phenomenon depends on the architecture. ALL-CNN and the
wide residual network exhibit qualitatively similar spectra on CIFAR-10 (Figs. 2.1 and 2.8), while
FC-1200-1 and FC-600-2 do so on MNIST (Figs. 2.3 and 2.9). The agreement between different
architectures trained on the same dataset supports the conclusion that the observed sloppiness is
inherited primarily from the dataset rather than from a particular architecture. Figure 2.10 further
shows that the FIM and Hessian eigenspectra remain qualitatively similar throughout training.
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Figure 2.5: Eigenspectra of the correlation matrices of logit Jacobians for FC-600-2 on MNIST (left) and
a wide residual network on CIFAR-10 (right). The eigenspectra are similar across logits.
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Figure 2.6: FEigenspectra of the correlation matrices of activations in different layers for FC-600-2 on
MNIST (left) and a wide residual network on CIFAR-10 (right). The eigenspectra are similar across layers.
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Figure 2.7: Eigenspectra of the correlation matrices of gradients with respect to activations in different
layers for FC-600-2 on MNIST (left) and a wide residual network on CIFAR-10 (right). The eigenspectra
are qualitatively similar across layers, while their eigenvalues become smaller in higher layers.
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Figure 2.8: FEigenspectra for ALL-CNN on CIFAR-10. They are qualitatively similar to those of the wide
residual network on CIFAR-10 in Fig. 2.1.
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Figure 2.9: Eigenspectra for FC-1200-1 on MNIST. They are qualitatively similar to those of FC-600-2 on
MNIST in Fig. 2.3.
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Figure 2.10: (Left) Eigenspectra of the FIM for a wide residual network on CIFAR-10 throughout training.
The eigenspectrum at epoch 0 is scaled by 103 to bring it to the displayed scale. (Right) Eigenspectra
of the Hessian throughout training, using the absolute values of its eigenvalues. The eigenspectra remain
qualitatively similar throughout training.

Figure 2.11 shows the eigenspectra of empirical FIM at the end of training, in which the eigenspectra
is less sloppy for data sets with random labels, and the top eigenvalues increases as we increase the
fraction of random labels. This shows that even if we have the same input data set, the sloppiness
and the top few eigenvectors can still be affected by the task. The eigenspectra becomes less sloppy
and has larger head when the the model is used to learn more difficult tasks (more random labels).
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Figure 2.11: Eigenspectra at the end of training for data sets with random labels. The plots
shows the eigenspectra of empirical FIM at the end of training. The experiment is done on MNIST using
fully connected net FC-600-2. The label "Fraction=a" indicates the data set with random label of fraction a.
The inset plot shows the top 15 eigenvalues. The line for Fraction=0.0 are scaled up by 10”7. The plots shows
that the FIM at the end of training is less sloppy for data sets with random labels, and the top eigenvalues
increases as we increase the fraction of random labels.

Overlap of the stiff subspace of the FIM /Hessian at the end of training with that at
initialization is large Fig. 2.12 shows the results of this experiment. We also constructed a third
network, denoted -v2, to test whether weights can move back toward the initialization in directions
that are unimportant for the loss. The v2 model is trained in two phases. In the first phase, we
initialize the model at wgy and train it as usual to obtain the trained weights w'. In the second
phase, starting from w', we train for 20 additional epochs with an objective equal to the original

training objective plus a spring-force-like penalty:
&(hu, D) + llw — wo3.

The second term pulls the weights toward the initialization wg while maintaining nearly the same
error; we set « to be twice the learning rate. We find in Fig. 2.12 (right) that this variant has
a much larger projection into the stiff eigenspace, and thereby a smaller overlap with the sloppy
eigenvectors. Figure 2.13 further decomposes this effect: the cumulative projection of Aw = w — wy
for the v2 model onto the stiff directions of F,,, is larger than that of the original FC model, and
the projection onto individual stiff eigenvectors is also more concentrated. Since the projections
onto the stiff and sloppy orthogonal subspaces sum to one, this means that the v2 model has moved
back toward initialization primarily in the sloppy subspace. Thus weights can effectively “come
back” toward the initialization in directions that have little effect on the loss, even though training
predominantly evolves in the stiff subspace.
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Figure 2.12: (Left) Overlap between the subspace of the top k eigenvectors (X-axis) of the FIM at the end
of training with that at initialization (|Ex(F,) " Ex (FwO)Hi/k) for fully-connected (FC) and convolutional
networks (WRN). (Right) Projection ||Ek(Fw0)Aw||§/||Aw||§ of the change in weights during training (where
Aw = w — wp) into the sub-space of the top k eigenvectors (shown as percentage because different networks
have different size) of the FIM. They are much larger than the projection onto a random vector. Thus
weights change predominantly in the stiff eigenspace of the FIM at initialization; also see Fig. 2.4 which
shows that the FIM eigenvectors have a strong overlap with those of the Hessian.
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Figure 2.13: (Left) Cumulative projection ||Ek(FwO)AwH§/||Aw||§ of the change in weights during train-
ing (where Aw = w — wp) onto the eigenspace of the top kth eigenvalues of F,,. (Right) Projection
||Vk(Fw0)Aw||§/||Aw||§ of the change in weights during training onto the eigenvector vy (F,,) of kth largest
eigenvalue of F,,,, which is the derivative of the curve in the left plot. We use FC-600-2 on MNIST for this
experiment.

A study of the data correlation matrix, FIM and Hessian for atypical problems We
construct synthetic training and validation sets containing 50,000 and 10,000 samples, respectively.
Each input z; € R?% is sampled from N(0,A), where A = diag(\y,. .., Aago) and \; = bexp(—ci).
We fix b/c = 50 so that the trace of the data correlation matrix remains approximately constant
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across datasets, while varying the “sloppy factor” ¢ controls the decay of its eigenspectrum. Larger
values of ¢ correspond to sharper spectral decay. We randomly initialize a two-layer fully-connected
teacher network with one hidden layer and ten output classes, and generate labels according to
Yi = arg maxycp,, pl,(y|x;). Although the input covariance is diagonal, the weights in the teacher’s
first layer mix the inputs, so the correlation matrix of the first-layer activations is non-diagonal.
We train two-layer fully-connected student networks for 50 epochs using Adam with a batch size
of 500 and a cosine learning-rate schedule decreasing from 1072 to 1075, until they interpolate the
training data.

Our goals are to study (i) how the quantities discussed in this chapter, including the Hessian, FIM,
activations, activation gradients, and logit Jacobians, depend on the sloppiness of the data matrix;
and (ii) whether the student can interpolate sloppy datasets without overfitting. Figure 2.14 shows
the results. Using the e derived from PAC-Bayes bound optimization, we also calculate that the
effective dimensionalities p(n, €) are 542 for ¢ = 0.1 and 1730 for ¢ = 0.001, the strengths s(n, €) are
2325 for ¢ = 0.1 and 4962 for ¢ = 0.001, and the inverse sloppy factors of the Hessian at the end
of training 1/¢(n, €) are 209 for ¢ = 0.1 and 452 for ¢ = 0.001. These results show that the spectra
have heavier tails and more stiff directions as the datasets become less sloppy; the complete results
are reported in Table 2.1.
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Figure 2.14: (Left, Middle) Eigenspectra of the data correlation matix, FIM at begining, middle and
end of training and the Hessian, correlation matrix of logit Jacobian, activation, activation gradient at the
end of training, for sloppy factor ¢ = 0.1 (left) and ¢ = 1073 (right). We see that if the data is sloppy,
both FIM /Hessian are sloppy but if data is not sloppy then even if there is a sharp drop after the top few
eigenvalues (around 100 for middle panel), the eigenspectrum is flat. In comparison, the FIM /Hessian decay
by about 3 orders of magnitude on the left.

(Right panel) Validation error on synthetic datasets of different sloppiness (X-axis) for different number of
hidden neurons (numbers in brackets in the legend) for the two-layer teacher (T) and student networks (S).
All students in this plot interpolate the training data perfectly. For isotropic data correlation matrices, i.e.,
small sloppiness factor, interpolation results in poor generalization. For sloppy data, interpolation is not
detrimental to generalization. Also note that as the number of student neurons increases, fixed the teacher’s
size and the sloppiness factor, the validation error is better. Fixed teacher size, say 20, if inputs are sloppier
(sloppy factor of 0.5 vs. 0.3) then we can generalize—roughly equally well in this experiment—even if the
student is smaller (10 vs. 500).
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Quantity /Model

Random-0.1

Random-0.001

Training and validation error of the trained model

é(hw, Dn) 0.0000 0.0749
log 2 * &(hw, Dy) 0.0869 0.5745
e(hw) 0.1150 0.5035
log 2 * &(hw) 0.2983 1.3797
E(S,) = E(Fu,) (Method 2)
e(Q, Dy) 0.0155 0.0117
log 2 x (Q, Dy,) 0.0509 0.2368
e(Q) 0.1191 0.4596
log 2 * £(Q) 0.3965 1.2574
PAC-Bayes bound 0.3560 0.6781
KL(Q, P) 18468.6914 53052.6094
E(X,) = E(H,) (Method 3, our implementation)
é(Q, Dy) 0.0102 0.0128
log 2 * (Q, Dy,) 0.0420 0.2508
e(Q) 0.1133 0.4614
log 2 * §(Q) 0.3793 1.2556
PAC-Bayes bound 0.2986 0.6769
KL(Q, P) 15311.6416 52592.7852
€ 1.60 0.266
p(n,e) 542 (0.256%) 1730 (0.820 %)
s(n,€) 2325 4962
1/c(n,€) 209 452
3y = aFy, + ¢ ', E(Z,) = E(Fu,) (Method 4)
é(Q, Dy) 0.0093 0.0083
log 2 * &(Q, Dy) 0.0262 0.2217
e(Q) 0.1199 0.5035
log 2 * §(Q) 0.6493 1.3797
PAC-Bayes bound 0.2514 0.6577
KL(Q, P) 12346.2207 50933.4063
diag(3,) = A (our implementation)
é(Q, D,) 0.0094 0.0083
log 2 % §(Q, D») 0.0275 0.0452
e(Q) 0.1325 0.4599
log 2 * é(Q) 0.6041 2.1837
PAC-Bayes bound 0.5096 0.7512
KL(Q, P) 32949.1836 66678.6016

Table 2.1: Comparison of PAC-Bayes bounds on synthetic data sets. The table shows the PAC-Bayes bound
optimization results for the synthetic data sets introduced in Sec. 2.4.2. The first three method blocks correspond
to Methods 2—4 described in Sec. 2.3.2; and the final block is our reproduction of Dziugaite and Roy (2017b) on the
synthetic data sets. Using the e derived by Method 3, we calculate the effective dimensionality, strength, and inverse
sloppy factor of the Hessian at the end of training, as reported in the Method 3 block. The less-sloppy data set has
heavier spectral tails and more stiff directions, resulting in worse generalization.
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2.4.3. PAC-Bayes bounds

To assess whether sloppiness can yield informative generalization guarantees, we compute PAC-
Bayes bounds for fully-connected networks and LeNet-5 trained on the MNIST binary classification
task described in Sec. 2.4. We compare four constructions that exploit the eigenspaces of the Hessian
or FIM through the posterior covariance and, in Method 4, a data-distribution-dependent prior. We
first describe how each bound is optimized and then report the resulting bounds.

PAC-Bayes Optimization Methods

We optimize the problem,
KL(Q,P) + ¢

min é(Q, D,,) + 30n — 1)

(2.25)
where ), P are multivariate normal distribution, ¢ is the penalty we added for including a trainable
parameter in prior (say its scale), and n is the number of samples. For Gaussian distributions on
the weight space @, P, as we saw in Eq. (2.11), the KL-divergence is

1
B (tr(lelEq) —p+(w— wO)TEgl(w — wp) + log(det £,/ det Zq)> .

The penalty for the case when P = N(wy, ej*lI ) comes from the union bound over the grid €; =
cexp(—j/b) for j =1,2,... and is given by

¢ = 2log (blog(c/e;)) + log(n*n/(66)).

Note that for Method 4, we need more than one trainable parameters for the prior, and the penalty
© should also be modified according to Sec. 2.4.3. We calculate é(Q, D,,) using Monte Carlo samples
from @. After the optimization process, we calculate the PAC-Bayes bound on e(Q) using

KL(Q,P) + ¢
n—1

kl(é(Q, Dy),e(Q)) < : (2.26)
which involves finding an approximation of kI=!(b,a) := sup{a’ € [0,1] : kl(b,d’) < a} (see
Dziugaite and Roy (2017b) for details). We next discuss the various methods for calculating PAC-

Bayes bounds developed in this chapter and provide their implementation details.

Method 1 The tightest bound in this case is obtained using the v2 model described in Fig. 2.12.
To recall, this involves a second post-training phase where the trained model is updated to be
closer to the initialization wg. In the context of the PAC-Bayes upper bound, this reduces the
distance between the means of the Gaussian prior and posterior. We choose ¥, as in Eq. (2.14)
and Eq. (2.15). For ¢; = cexp(—j/b) and j = 1,...,60, we evaluate KL(Q, P;) by using Eq. (2.11),
and é(Q, Dy,) is estimated by sampling. The covariance 3, is approximated by the top eigenvalues
and eigenvectors of the Hessian as discussed in Sec. 2.4.3. The PAC-Bayes bound is calculated
by Eq. (2.1) and we choose the smallest bound among all choices of ¢;.

We also set Y, = UwAyU, and calculate A by directly minimizing Eq. (2.1) where the variables
of optimization are ); for 4 < k using nonlinear optimization in scipy (using the BFGS algorithm),
and the PAC-Bayes bound is calculated in the same way as above. This is denoted as Method 5
(Numerical) in Table 2.3.
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For comparison, we also choose ¥, = eI and calculate the PAC-Bayes bound. This is denoted as
Method 6 (Isotropic) in Table 2.3.

Methods 2 and 3 We choose P and @ as described in Sec. 2.3.4. We set e ! = exp(2p)
, Ay = exp(2€). The parameters p, w, & are optimized while optimizing the PAC-Bayes upper
bound. We initialize ¢! at exp(—6) and A, at (Af + ¢71)/10 where AT are the eigenvalues of
the FIM at initialization. For fully-connected networks and LeNet, we evaluate é(Q, D,,) using the

methods described in Sec. 2.4.3 and Sec. 2.4.3 respectively.

We use the Gauss-Newton matrix as an approximation of the FIM for Method 2.

Method 4 We choose P and @ as described in Sec. 2.3.4. We set a = exp(2p1), € ! = exp(2p2),
o = exp(2¢) and train parameters p1, p2, w, £&. In our experiments, e~ is initialized to exp(—6), a
is initialized to exp(—1) and 3, is initialized to be (aF, + €)/10. In this case,

1 0 T —1\—1 CL)\f‘—i-éil

i
where )\f are eigenvalues of Fy,,. For fully-connected networks and LeNet, we approximate (w —
wo) " (aFyu, + € 1) (w — wp) using the methods described in Sec. 2.4.3 and Sec. 2.4.3 respectively.

We use the Gauss-Newton matrix as an approximation of the FIM for Method 4.

Results

Model Method
1 2 3 4

Analytical E(3) = E(Fug) E(X,) = E(Hw) E(3y) = E(Fug) diag(Xq) = A E(Xy) = E(H,)
FC-600-1 0.3241 0.1590 0.1357 0.1323 0.161 0.1198
FC-600-2 0.3794 0.1767 0.1540 0.1397 0.186 0.1443
FC-1200-1 0.3509 0.1523 0.1515 0.1486 0.179 0.1413
FC-1200-2 0.3915 0.2017 0.1817 0.1702 0.223 -
LENET-5 0.0572 0.0099 0.0188 0.0092 - -

Table 2.2: Comparison of PAC-Bayes bounds on MNIST for different methods. The first four methods
correspond to our Methods 1-4 described in Sec. 2.3.2. The prior for Method 4 is ¥, = aF., +¢ !; all other methods
use P = N(wo,e¢ *I). The notation E(A) denotes eigenvectors of the matrix A. The penultimate column where
the posterior covariance is diagonal corresponds to numbers from Dziugaite and Roy (2017b). The final column
corresponds to the approach of Wu et al. (2021) who set the eigenvectors of the posterior covariance to be the same
as those of the layer-wise Hessian. For fully-connected nets, the error e(Q) ranges from 6-8 x 1072 for Method 1 and
1-4 x1072 for all other methods. For LENET-5 the error e(Q) ranges from 1-2 x1072 for all methods. All bounds
hold with probability at least 0.975.

Tables 2.2 and 2.3 show the PAC-Bayes bounds obtained using different methods. For all networks,
Method 1 gives a non-vacuous bound, and Methods 2—4 give bounds comparable to existing ap-
proaches. Method 4 gives the tightest bounds among our methods by using a data-dependent prior
based on the FIM at initialization. These results show that the sloppiness of the Hessian and FIM
can be used to obtain informative generalization bounds.
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Quantity /Model FC-600-1 FC-600-2 FC-1200-1 FC-1200-2 LeNet
Training and validation error of the trained model
é(hw, Dr) 0.0000 0.0000 0.0000 0.0000 0.0000
log 2 % &(hw, Dy) 0.0008 0.0000 0.0010 0.0000 0.0000
e(hw) 0.0150 0.0143 0.0146 0.0139 0.0111
log 2 * &(hy) 0.0641 0.0956 0.0584 0.0977 0.0669
Analytic (Method 1)
é(Q,Dy) 0.0901 0.0766 0.0534 0.0678 0.0074
log 2 x (Q, Dy,) 0.2299 0.1997 0.1410 0.1776 0.0263
e(Q) 0.0897 0.0827 0.0553 0.0729 0.0167
log 2 x &(Q) 0.2384 0.2314 0.1492 0.2015 0.0927
PAC-Bayes bound 0.3241 0.3794 0.3509 0.3915 0.0572
KL(Q, P) 8512.5098 13417.4023 14088.1738 15308.4170 1965.8048
€ 199.4836 401.7107 328.8929 443.9590 36.4424
E(Z;) = E(Fu,) (Method 2)
é(Q,Dy) 0.0309 0.0288 0.0267 0.0298 0.0053
log 2 x (Q, Dy,) 0.0895 0.0798 0.0742 0.0829 0.0160
e(Q) 0.0346 0.0331 0.0327 0.0348 0.0147
log 2 x €(Q) 0.0995 0.0959 0.0947 0.0995 0.0590
PAC-Bayes bound 0.1590 0.1767 0.1523 0.2017 0.0099
KL(Q, P) 4772.4854 5953.1523 4841.5972 7268.2832 46.5822
E(3y) = E(Hy,) (Method 3, our implementation)
é(Q,Dy) 0.0202 0.0165 0.0169 0.0178 0.0043
log2 x (Q, Dy) 0.0556 0.0451 0.0466 0.0487 0.0133
e(Q) 0.0268 0.0253 0.0245 0.0249 0.0141
log 2 x &(Q) 0.0781 0.0781 0.0761 0.0742 0.0564
PAC-Bayes bound 0.1357 0.1540 0.1515 0.1817 0.0188
KL(Q, P) 4645.1128 6122.5703 5919.6455 7589.6387 430.4026
€ 46 101 53 172 1360
p(n,e) 2301 (0.487%) 2429 (0.292 %) 2315 (0.245 %) 2287 (0.095 %) 82 (0.184 %)
s(n, €) 6435 6810 6420 6280 231
1/¢(n, €) 2236 2497 2604 2841 38
Sy = aFy, + ¢ 1 E(Zy) = E(Fu,) (Method 4)
é(Q,Dy) 0.0237 0.0218 0.0226 0.0220 0.0048
log 2 % (Q, Dy,) 0.0663 0.0611 0.0631 0.0614 0.0147
e(Q) 0.0270 0.0265 0.0266 0.0264 0.0145
log 2 x &(Q) 0.0806 0.0956 0.0789 0.0801 0.0573
PAC-Bayes bound 0.1323 0.1397 0.1486 0.1702 0.0092
KL(Q, P) 4090.7241 4679.0293 5074.4102 6369.7505 23.2886

Table 2.3: Full comparison of PAC-Bayes bounds and effective dimensionalities on MNIST. Complete
results for Methods 1-6 and the comparison methods, including errors, KL divergences, and effective dimensionality

statistics.
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Quantity /Model FC-600-1 FC-600-2 FC-1200-1 FC-1200-2 LeNet
diag(3,;) = A (our implementation)
é(Q,Dy) 0.0283 0.0249 0.0284 0.0285 0.0079
log 2 x (Q, D»,) 0.0795 0.0700 0.0795 0.0797 0.0236
e(Q) 0.0330 0.0311 0.0326 0.0331 0.0161
log 2 * &(Q) 0.0942 0.0923 0.0940 0.0963 0.0637
PAC-Bayes bound 0.1707 0.1846 0.1886 0.2167 0.0131
KL(Q, P) 5674.5186 6854.7871 6668.9023 8332.5869 37.5598
Numerical optimization of Method 1 calculations (Method 5)
é(Q, D,) 0.0711 0.0630 0.0805 0.0580 0.0087
log2 * é(Q, Dy,) 0.1805 0.1673 0.2072 0.1510 0.0331
e(Q) 0.0717 0.0683 0.0800 0.0644 0.0168
log 2 x é(Q) 0.1902 0.1925 0.2092 0.1811 0.0955
PAC-Bayes bound 0.3182 0.3917 0.3539 0.4366 0.0792
KL(Q, P) 9920.2510 15908.7813 11271.7246 20162.2891 2941.7917
€ 243.6499 490.6506 269.2748 599.2820 54.3656
Isotropic Posterior (Method 6)
é(Q, D,) 0.0473 0.0879 0.0653 0.0638 0.0094
log 2 x (Q, Dy,) 0.1266 0.2538 0.1661 0.1757 0.0385
e(Q) 0.0524 0.0937 0.0677 0.0697 0.0191
log 2 x &(Q) 0.1409 0.2935 0.1759 0.2057 0.1076
PAC-Bayes bound 0.3694 0.5461 0.4288 0.5490 0.1146
KL(Q, P) 16261.0205 26160.2773 18533.2422 30034.0645 4807.3564
€ 401.7107 808.9461 443.9590 894.0237 89.6338
diag(3;) = A (from Dziugaite and Roy (2017b))
e(hw) 0.018 0.016 0.018 0.015 -
e(Q) 0.034 0.033 0.035 0.035 -
PAC-Bayes bound 0.161 0.186 0.179 0.223 -
KL(Q, P) 5144 6534 5977 8558 -
E(2;) = E(Hy) (from Wu et al. (2021))
e(hw) 0.0153 0.0148 0.0161 - -
e(Q) 0.02347 0.02523 0.02316 - -
PAC-Bayes bound 0.1198 0.1443 0.1413 - -
KL(Q, P) 3766.1 4956.8 5021.1 - -

Table 2.3: Full comparison of PAC-Bayes bounds and effective dimensionalities on MNIST (continued).
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Figure 2.15: Posterior covariance computed by optimizing PAC-Bayes bound is aligned with
sloppy directions. (Left) Inverse eigenvalues of the posterior covariance (\; 1Y indexed by eigenvalues of the
Hessian (X-axis) for E(3,) = E(H,,) (orange) and a diagonal-%, (blue). For the latter (which is the method
of Dziugaite and Roy (2017bh)), the inverse eigenvalues are indexed by the sorted diagonal of the Hessian
because their method is akin to assuming a diagonal Hessian. (Right) Inverse eigenvalues of the posterior
covariance (\; ') plotted against eigenvalues of the Hessian for E(X,) = E(H,,) (orange) and for diagonal-%,
(blue); for the latter the X-axis is the corresponding entry on the diagonal of the Hessian. For the orange
pointcloud, we obtain a surprisingly accurate fit for our analytical expression (A\; ' = 2(n — 1)\; + € we get
n ~ 43,000 (true n = 55,000) and € ~ 210.6 (true € = 101.3).

Figures 2.15 and 2.16 study the posterior covariance computed while optimizing the bound. We
observe that our Method 3, where the posterior covariance has the same eigenvectors as those of
the Hessian (which we prove in Sec. 2.3.2 Method 1 to optimize pac-bayes bound), puts a large
variance along sloppy directions of the Hessian. The method of Dziugaite and Roy (2017b) can be
thought of as assuming a diagonal Hessian. As Fig. 2.15 (left) shows, the latter approach has a
smaller variance in the sloppy subspace, and correspondingly their KL-term and the total bound
is worse than ours, even if they have a sharper posterior. This coincides with our calculation in
Method 1 that the eigenvectors of the optimal posterior is the same as that of the Hessian H,,. It is
interesting to note that both methods clearly follow the trend that sloppier eigenvalues correspond
to larger variance in the posterior. The inverse eigenvalues of covariance matrix has a strong linear
relation with the eigenvalues of Hessian H,,, which also coincides with our analytical calculation
Eq. (2.15) in Method 1.
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Figure 2.16: Alignment between the optimized posterior covariance and the sloppy directions
for FC-1200-1. The inverse posterior variances exhibit an approximately linear relationship with the
Hessian eigenvalues, reproducing the qualitative behavior observed for FC-600-2 in Fig. 2.15. The fitted
values are n ~ 30,000 and € ~ 138.2, compared with the true values n = 55,000 and ¢ = 53.3.

Technical Details for Computing PAC-Bayes Bounds

Optimization procedure We use a batch size of 1100 and draw 150 samples from the posterior
Q to estimate é(Q, D,,) for each weight update. The implementation for efficiently computing these
samples is described below. Adam is used to optimize the PAC-Bayes bound. For Methods 2, 3,
and 4, we first train for 100 epochs with learning rate 1072 and then train for another 150 epochs
while decaying the learning rate by a multiplicative factor of 0.95 every 5 epochs. We found that,
for this problem, maintaining a constant learning rate at the beginning is beneficial compared with
decaying it immediately using, for example, a cosine schedule. For the reproduction of the approach
of Dziugaite and Roy (2017b), which we denote by diag(3,) = A, we train for 300 epochs in the
second phase with a decaying learning rate.

Efficient posterior sampling in Bayesian neural networks Bayesian neural networks are
typically implemented using Bayesian variants of standard layers. For example, a Bayesian linear
layer maintains a mean and standard deviation for each weight and samples a weight vector using
the reparameterization trick during each forward pass. Although efficient, this approach requires
complex architectures to be reimplemented using Bayesian layers. We instead use a PyTorch-specific
wrapper around an existing network. The wrapper applies the reparameterization trick using the
mean and log standard deviation of the weights and temporarily swaps the network parameters with
the sampled weights during the forward pass. This makes the 150-sample estimates used above
practical without rewriting the architecture and may also be useful for tasks such as estimating
predictive uncertainty. The implementation in Fig. 2.17 is adapted from the PyTorch functional
autograd benchmark utilities.
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def del_attr(obj, names):

de

de

de

—-

f

—

#names: one name in the list names_all, a.b.c, split by "."
# list of format names = [a,b,c]

# delete the attribute obj.a.b.c

if len(names) == 1: delattr(obj, names[0])

else: del_attr(getattr(obj, names[@]), names[1:])

set_attr(obj, names, val):

#names: one name in the list names_all, a.b.c, split by ".",

# list of format names = [a,b,c],

# set the attribute obj.a.b.c to val if obj.a.b.c is nn.Parameter
if len(names) == 1: setattr(obj, names([0], val)

else: set_attr(getattr(obj, names[@]), names[1:], val)

get_names_params(mod) :

# names_all: a list of all names of mod.parameters of type

# [al.bl.cl, a2.b2.c2, ...]

# orig_params: tuple of parameters of type nn.Parameter

orig_params = tuple(mod.parameters())

names_all = []

for name, p in list(mod.named_parameters()):
names_all.append(name)

return orig_params, names_all

load_weights(mod, names_all, params):
for name, p in zip(names_all, params):
set_attr(mod, name.split("."), p)

class bayesian_nn(nn.Module):

def __init__ (self, c, args, ns=1):
# c: class of the model and args
# ns: number of Monte Carlo samples
super().__init_ ()
self.w = c(xargs)
self.mu_std = nn.ModuleList([c(xargs), c(xargs)])
self.ns, self.args = ns, args
orig_params_w, self.names = get_names_params(self.w)

de

—

forward(self, x):
ys =[]
for _ in range(self.ns):
for name, m, v in zip(self.names,
list(self.mu_std[@].parameters()),
list(self.mu_std[1].parameters())):

r = torch.randn_like(m).mul(torch.sqrt(torch.exp(2#v))).add(m)

del_attr(self.w, name.split("."))
set_attr(self.w, name.split("."), r)
ys.append(self.w(x))
return torch.stack(ys)

Figure 2.17: PyTorch wrapper for efficiently sampling weights from a Gaussian posterior.

Computing the PAC-Bayes term that corresponds to the distance from initialization
In Method 4, we need to calculate

E = (w—wp) (aFy, 4+ ¢ 1) Hw — wp).

In Methods 2 and 3, we need to sample from a posterior of the form N (0, UAU ") for various different
values of U and A. Doing either of these is not easy for high-dimensional weight spaces. We employ
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two different methods to deal with this problem. For fully-connected networks we use a KFAC
approximation of the Hessian/FIM while for LeNet which has much fewer weights, we approximate
these matrices using their top few eigenvalues and eigenvectors.

KFAC approximation of the FIM and Hessian We approximate the Hessian/FIM by a
variation of Kronecker decomposition of block-diagonal Hessian/FIM (KFRA; Botev et al., 2017).
We use the BACKPACK library for implementing this (Dangel et al., 2020). For the weight of the
k™ layer wy, € R%+1%%  the KFRA approximation of the corresponding block in the Hessian/FIM
which is denoted by F* or H* can be written as Ay @ Bg. Denote by Ua,,Up, the eigenspaces of
Ay and By. To estimate E, we can first decompose E as the summation where each term is for a
particular layer k

where
EB* = (uF — )T (@ (Fu)* + ) (0 — wf)

= (w* — wh) TUF(aA* + 6_1)_1UkT(wk — wf)
~1/2 —1/2\ "
= <(wk —wh)'U" (aAk + 671> > ((wk —wh)" U” (aAk + e*1> / >

(E*)1/2 can be calculated by

—1/2
B2 (wk —wh) TU* (aAk + 6_1)

~1/2
= (UXk(wk —wh)Ug,) ® <aAk + e_1>

where in the last line, (w* — w§) € R%*+1%d%  We use ® to denote element wise multiplication.
U}fk (w* — wk)Up, can now be easily calculated using the KFAC factors.

To sample from the posterior N(w, UAUT), we can concatenate the samples of the weights of each
layer. We first sample 7% ~ N (0, I4,), then calculate VAF ® i, and thereby

v = Uy (\/E@Tk) =Ua, (\/F@Tk) ng.

The final sample is therefore w + [v1, ..., ] which is distributed as N (w, UAU ).

Approximate FIM and Hessian using its top eigenvalues and eigenvectors For symmetric
¥ with orthogonal decomposition ¥ = UAU T, U = [Uy, Us], A = diag(A1, A2), we have

Y = U AU, + U AUy
where I = U U, + UsUj .

In this case, to calculate E, we approximate aFy, + ¢ ! by

aFy, + € =Ui(ahy + g HU] + 1 UU,)
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where Ay, U; are the stiff (largest k) eigenvalues and corresponding eigenvectors for Fy,, and Us, Ay
are the sloppy ones. Notice that we use two scalar parameters €; and ez to set the additive constant
in the prior covariance.

E=(w- wo)TUl(aAl + efl)_lUlT(w —wp) + e2(w — wg)TUgU;(w — wp)

= (w— wo) Ui (ahs + ) U] (w — wo) + ez (Jlw = woll} — (w — wo) THU (w — w))

Notice that the term (w — wg) ' Uy is not hard to calculate because U; € RP*F and since we are
choosing the top few eigenvalues of the Hessian/FIM, the value of k is small (about 300).

To sample from the posterior N (w, UAU "), we first set A = diag(A;, As) where Ay are the top k stiff
eigenvectors and Ay are the p—k other eigenvectors. Correspondingly, we have U = [Uy, Us]. We use
an isotropic variance for the sloppy subspace and set Ay = e_llp_k. We first sample r ~ N(0, Ij,),

then calculate
vy = U1\/A1U1T’I“
Vo = 6_1/2U2U2T’I” = 6_1/2(r — UlUlTr)

Notice that Uy UlTr, and le/AlUlTr are easy to calculate. The result w + |11, 0] is distributed as
N(w,UAUT).

For cases when we recompute the FIM /Hessian while optimizing the PAC-Bayes bound (Method 2
and 3 respectively), we recompute the eigenvalues A; and the corresponding eigenvectors U;. Note
that the parameter € in the covariance of the posterior is also optimized when we optimize the
PAC-Bayes bound.

Optimizing parameters of the prior in the PAC-Bayes bound The prior should be fixed
before looking at the training set, but for all methods above, we optimize the scale of the prior. We
do this by adding an additional penalty in the KL term. Assume that a’ for i = 1,...,m’ are the
number of parameters in the prior that we can select, we choose a* = (1/¢%) exp(—j*/b) for j* € N.
We reindex j' as a single index k = (3, 4™, then if the PAC-Bayes bound for each index k is
designed to hold with probability at least 1 — Wg—‘,iz, then by union bound, it will hold uniformly for
all k € N with probability at least 1 — 4. For a bound that holds with probability 1 —¢’, the penalty
we should add is log 5, hence, using the relation

i i G /74 66 \m/
a' = (1/c)exp(§' /1), &' =55 k=0 i)"

we add the penalty

o 2
o(at,...,a™) = 2m’ log (2; b; log(czaz)> + log %

Similarly, for any positive or negative integer j°, we can set k = (3>, 2| FI)™ to get the penalty

2
o(a,...,a™) = 2m’ log (22 |b; log(c'a’) ‘) + log %
i
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In Methods 1, 2, 3 we choose a! = ¢!, in Method 4, we choose a' = a and a? = ¢~ 1.

Hyperparameter choices In Methods 2, 3, and 4, we choose b = 0.01 and ¢ = 0.1 for the
penalty on the scaling parameters in the prior. In Method 1, we choose b = 0.1 and ¢ = 0.05. For
all PAC-Bayes bound optimization experiments, we use the confidence parameter § = 0.025.

2.5. Discussion

We showed that for typical datasets, the sloppy decay pattern of eigenvalues of the input correla-
tion matrix is mirrored in key quantities of the deep network, e.g., eigenspectra of the activation
correlations, activation gradients, logit Jacobians, Hessian and the FIM. This suggests that the
“simplicity”, more precisely, low-dimensional nature, of inputs of high-dimensional datasets directly
affects the representations learned by the network. We showcased the benefit of sloppiness by
providing non-vacuous PAC-Bayes generalization bounds for deep networks, including analytical
ones.
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CHAPTER 3
THE DYNAMICS OF GENERALIZATION IN DEEP LEARNING

Chapter 2 provides a data-dependent explanation for the effective capacity control of deep networks:
the sloppiness of the input geometry is inherited by quantities such as the Hessian and the Fisher
Information Matrix, leading to a small effective dimensionality at the trained solution. However, this
viewpoint is inherently post-hoc. It analyzes geometric quantities at, or near, the end of training,
and it primarily relates generalization to the spectrum of the input data matrix. As a result, it does
not fully capture how the labels, the loss, and the entire optimization trajectory interact to produce
good generalization.

This motivates the study in this chapter. Existing non-worst-case approaches move beyond classical
capacity control, but each captures only part of the phenomenon. Weight-dependent bounds often
reason in parameter space and depend on properties of the final weights or reachable hypothesis
class (Bartlett et al., 2017; Neyshabur et al., 2018; Arora et al., 2019); PAC-Bayes analyses can yield
non-vacuous estimates, but are often post-hoc and tied to properties of the trained solution (Dz-
iugaite and Roy, 2017a); stability and robustness analyses typically require uniform assumptions
over the loss landscape or algorithmic behavior (Bousquet and Elisseeff, 2002; Hardt et al., 2016;
Xu and Mannor, 2012); and information-theoretic bounds often apply most naturally to random-
ized algorithms or track accumulated trajectory-dependent quantities without explicitly accounting
for contraction along training (Xu and Raginsky, 2017; Mou et al., 2018; Negrea et al., 2019; Neu
et al., 2021). In this chapter, we instead analyze the evolution of the generalization gap through-
out training: we approximate it by an averaged loss difference, study how this quantity is driven
by perturbation and damped by contraction, and show that the eventual gap is governed by the
alignment between the initial residual and an effective Gram matrix.

3.1. Introduction

Consider a training dataset that has n data points sampled independently from the uniform distri-
bution on a two-point domain {(z1,%1), (z2,y2)} where 21, x5 € R? are orthogonal vectors with unit
norm. There are many ways to understand the generalization loss of a parameterized predictor fitted
to such data. For example, standard weight-norm based techniques, such as those of Arora et al.
(2019) give a bound of @(n~'/2) on the generalization loss. Mutual information-based techniques,
such as those by Pensia et al. (2018) and Negrea et al. (2019), lead to a better bound, O(n™1). As
we will show in Sec. 3.4.2; the true generalization gap of this problem is only ©(27"). Therefore,
even in this simple toy setting, these techniques drastically over-estimate the generalization loss.

The central idea behind both approaches above is to characterize the ‘“volume” of the hypothesis
class explored during training, though they do so in distinct ways. Weight-norm based approaches
compute the Rademacher complexity of weight configurations reachable from initialization, say,
using gradient descent. These bounds can be quite loose for neural networks. Rather than di-
rectly dealing with the hypothesis space, mutual information-based approaches characterize how
the generalization gap accumulates along the training trajectory in terms of gradient covariance.
This leads to tighter bounds but these techniques apply only to randomized algorithms, such as
stochastic gradient descent with additive isotropic noise. And the quality of the bounds is sensitive
to the magnitude of this added noise.
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3.1.1. Contributions of this chapter

Our work introduces two key technical advances to address the limitations of the above frame-
works. First, we analyze the generalization gap directly in terms of the loss rather than the model
parameterization. This effectively handles the non-uniformity of the Lipschitz constant of neural
loss landscape and scenarios where multiple distinct regions of the weight space have the same
loss. Second, we derive an estimate of the generalization gap for deterministic training algorithms
that mirrors the structure of mutual information-based bounds. By tracking the training trajectory
directly, our analysis models the learning dynamics more faithfully and yields significantly more
accurate estimates of the generalization gap. In the simple example above, our technique accurately
recovers the ©(27") rate.

We investigate the dynamics of a quantity called the “averaged loss difference” A,,(t) which is akin
to a leave-one-out estimate of the generalization gap. We show that
dA,(t)
dt

= —Co()AL(t) + &, (), t>0, A,0)=0.

Here, ¢, is a “contraction factor” that describes how quickly two training trajectories, one trained on
all n samples in the dataset and another trained on (n — 1) samples, come together. The quantity
€, is a “perturbation factor” that keeps these two trajectories apart because of the one distinct
sample. Both these quantities are positive and typically decrease in magnitude during training. This
explains why generalization gap is controlled in neural networks. We develop detailed mathematical
interpretations of the contraction and perturbation factors. The former can be approximated by
a generalized Rayleigh quotient between the per-sample gradient and difference between weights
along the two training trajectories weighted by the Hessian. The perturbation factor is directly
related to the trace of the covariance of the gradients. Our technique for analyzing A,, in terms of
the contraction and perturbation factors is a generalization of contraction theory for time-varying
dynamical systems that evolve on non-convex energy landscapes.

The key result of this chapter is to show that, for general deep networks and smooth loss functions,
after gradient flow runs for time ¢, the averaged loss difference

An(t) = 7 (0) T Ko (0,2) 7(0),

where K, is a quantity that we call the “effective Gram matrix” and 7,(0) is the gradient of the loss
function with respect to the predictor at initialization. The effective Gram matrix is positive semi-
definite, it scales as O(n~1) and depends upon a certain covariance of the gradients integrated along
the entire training trajectory. The generalization gap is small if the initial residual projects on the
subspace of the effective Gram matrix with small eigenvalues. The quadratic form for A,, () provides
a new perspective into similarities between deep networks with kernel machines, not in terms of
their training dynamics (where the equivalence holds only under certain modeling assumptions
such as infinite width), but in terms of the generalization gap. Across numerous experiments
on different neural network architectures, datasets and sample sizes, we show that the quadratic
form accurately captures the actual generalization gap. For high-dimensional linear regression,
we analytically calculate the contraction and perturbation factors to show that the asymptotic
averaged loss difference lim;_,oo Ago (t) exactly matches existing calculations in the literature of the
generalization gap in under-parameterized, over-parameterized and critical regimes. We provide
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an example where these quantities can be calculated analytically for a simplified one-layer self-
attention-based network. Finally, we also show how our framework can be adapted to stochastic
gradient descent.

3.2. Preliminaries

Let [n] denote the set of integers {1,...,n}. The notation a - b denotes the inner product of vectors
a and b. For a function h, we write h(w)|% = h(b) — h(a) and h(w)|, = h(a). We use |-| for the
absolute value of a scalar, , |||, for the £o-norm of a vector or a matrix, and ||-||» for the Frobenius
norm of a matrix.

Let X and )Y be input and output spaces respectively, and let Z = X x ) be the sample space. If
W denotes the parameter (weight) space, consider the predictor f : W x X — ) and a loss function
0:Y xY — RT. As an example, for the cross-entropy loss on a C-class classification problem, we
could set Y = RY and ¢(f(w,z),y) = — chzl y D log pl9), where pU) o exp(fU)(w, z)) (normalized
appropriately) is the softmax probability of class C. We use the shorthand ¢(w, z) = ¢(f(w, x),y).

Consider a dataset S, = {2 = (4,¥i)}icjn) Of size n with each z; € Z drawn iid. from a
distribution D. Let D™ denote the distribution of such datasets, ie., S, ~ D". Let S, =
{21, ey Zi—1, Zi+1, ---, 2n} denote a dataset obtained by removing the i-th datum. The quantity
l(w,Sy,) =n~t3 1 (w,z) is the average loss over the dataset S,,. Let w,(t) and w, () be the
solutions of gradient flows

dw dw —

respectively. Our calculations will often use quantities that depend upon wy,(t) and w,*(t), i.e.,
two points along weight trajectories that are trained on slightly different datasets. The numerical
experiments that validate our calculations will be conducted by omitting m samples. All expressions

will therefore replace z; = S(,;,) and S}, =S, (m),

To reduce clutter, we denote dw;(t) = w,,*(t) — wy(t). For the first-order derivatives, we denote the
single-sample gradient by g; = V/(wy,, z;) and the average gradient over the leave-one-out dataset
as g~¢ = Vl(wy, S, ). Similarly, for the second-order derivatives, we distinguish the single-sample
Hessian H; = V?{(wy, z;) from the leave-one-out dataset Hessian H~' = V2/(w,, S, ). In such
expressions, we will typically omit the subscript n indicating the size of dataset and t that indicates
time; we will clarify in places where there could be ambiguity.

Given a predictor f, a loss function ¢, and an initialization w,,(0),

R(Sp,t) = E.[l(wn(t), 2)], Rirain(Sn,t) = L(wn(t), Sn),

are the generalization loss and the train loss of gradient flow trained on .S,, at time ¢, respectively.
Our main quantity of interest is their difference, the generalization gap

SR(Sp,t) = R(Sp,t) — Rirain(Sn, ). (3.2)

We will typically use the averaged versions of the quantities, e.g., Eg, [R(Sy,t)] which is the average
generalization loss over the training samples. We will often omit the subscript S, in the expectation
when there is no ambiguity.
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3.2.1. Contraction Theory

This section introduces some preliminary material on contraction theory (Lohmiller and Slotine,
1998, 2000), which provides a way to analyze solutions of slightly different dynamical systems.
Contraction theory reformulates Lyapunov stability (Isidori, 1995; Marino and Tomei, 1995) using
a quadratic Lyapunov function corresponding to a Riemannian contraction metric and its uniform
positive definite matrix to characterize the necessary and sufficient conditions for exponential con-
vergence of trajectories to each other and the stability of these trajectories to perturbations of the
dynamics. Consider a nonlinear dynamical system

g

3 =M. (3.3)

The following theorem gives guarantees of the exponential convergence of trajectories with different
initializations.
Theorem 3.1 (Theorem 2.1 from Tsukamoto et al. (2021)). If there exists a uniformly
positive definite matrix M (&, t) = 0 for all &, ¢, such that the following condition holds for some
a >0,

VE,t: M+ MVeh+Veh'M < —2aM, (3.4)

then all trajectories of Eq. (3.3) converge to a single trajectory under the metric induced by M
exponentially fast regardless of their initial conditions, i.e., for all trajectories &, & of Eq. (3.3),
d(E®), & () m < d(£(0),£(0))are™t, where d(-,-)p denotes the distance under the metric induced
by M. A dynamical system Eq. (3.3) satisfying Eq. (3.4) is said to be “contracting”, under the
“contraction metric” induced by M. The factor « is defined as the “contraction factor”.

Using Theorem 3.1, we can also analyze trajectories of a perturbed dynamical system

g

= () + (). (35)

Let &(t), £1(t) be solutions of Eq. (3.3) and Eq. (3.5), respectively. The next theorem shows that
for a contracting system, the solution of the perturbed system does not differ too much from that
of the original system, under certain conditions.

Theorem 3.2 (Theorem 2.3 from Tsukamoto et al. (2021)). Assume that the dynamical
system [iq. (3.3) is contracting under M with factor a. If b = supg, [|b(¢,?)|| and there exist
constants m,m > 0 such that mI < M (§,t) < m! for all &, ¢, then we have

b [m

AL OO e, T[T (1 _ )

A& (1), (1)) ar < d(E(0), €0(0)are=" + 2T (1 o).

e
where d(-,+), d(+,-) pr denote the distance under Euclidean metric and metric induced by M, respec-
tively.

d(&1(t),&o(t)) <

In short, for contracting systems, for large times ¢, the bound on the distance between the solution of
the original dynamics and the perturbed dynamic is determined by the perturbation of the system,
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the contraction factor, and the eigenvalues of the metric. In this chapter, we will be interested in
using these ideas to understand the difference between two trajectories evaluated on certain loss
functions that are fitted using slightly different datasets.

3.3. Results

The pointwise loss difference
AL () = U(wy (1), 21) — L(wn(t), 21),

is the difference of the loss along two weight trajectories on slightly different datasets. The averaged
loss difference

Balt) =~ S A1) (36)
=1

is similar to the Leave-One-Out-Cross-Validation (LOOCYV) loss. The following lemma shows how
the expected generalization gap can be approximated using the averaged loss difference.

Lemma 3.3. Assume that the expected generalization loss E [R(Sy, )] is non-increasing in n, the
expected training loss E [Rirain (S, t)] is non-decreasing in n, and the expected generalization gap
E [6R(Sy, )] is non-negative for all n,t. Then

E[6R(Sn,t)] < E[An(t)] <E[6R(Sn-1,t)].
If we also have E[0R(Sy,t)]/E[0R(Sn—1,t)] — 1 as n — oo, then,
E [6R(Sn,t)] = E [An(t)] + 0 (E[6R(Sn,1)]).

Proof. By the definition of the averaged loss difference A, (%),

Balt)= (Z f(wg%t),zi)) ~ fwa(0),50)
i=1

Taking the expectation on both sides, we have
E [An(t)] =E[R(Snh-1,t)] — E [Rirain(Sn, t)]
Using the definition of the generalization gap, this identity can also be written as
E [An(t)] = E[6R(Sn, t)] + E [R(Sp—1,t)] — E[R(Sn, t)].
Therefore, if
E[R(Sn1,8)] = E[R(Sn, )] = 0 (E [BR(Sn, )

then
E[0R(Sn,t)] =E [An(t)] + o (E[0R(Sn,1)]) .
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Under the two monotonicity assumptions, we have
E [R(Sn7 t)] < E [R(Sn—h t)] ) E [Rtrain(sn—la t)} < E [Rtrain(Sna t)] .
Therefore,

E[6R(Sn,1)] < E [An()] <E[SR(Sy_1,1)].

Finally, under these monotonicity assumptions, if E[0R(S,,,t)]/ E[0R(S,—1,t)] — 1 as n — oo, then

E[(sR(Sn—la t)] — E[éR(Sm t)]
E[0R(Sn, t)]

—0

as n — 00. The sandwich bound then implies
0<E [An(t)] —E[0R(Sn,t)] <E[0R(Sp—1,t)] —E[0R(Sn,t)] = 0 (E[0R(Sy,1)]) .

Hence,
E [6R(Sy, )] = E [An(t)] + 0 (E[6R(Sn, t)]) .-

O

This lemma shows that the expected generalization gap Eg, [0 R(Sy, )] can be approximated by the
expected averaged loss difference Eg, [An (t)] This lemma motivates the theory developed in this
chapter. Our strategy will be to characterize the generalization gap using quantities derived from
Ay (t).

Remarks on the assumptions The expected generalization loss E[R(Sy,, )] is non-increasing in
n: This holds for ridgeless linear regression without label noise. When label noise is non-zero, the
generalization loss decays monotonically when the number of samples is greater than the number
of features. This result also holds for ridge regression when the ridge coefficient \ decays with n,
but not too fast, i.e., A > 02;"‘29*“2 . % where, o is the noise variance and 6* is the true regressor.
See Hastie et al. (2022) for reference. Similar results hold for kernel regression and random feature
regression-based architectures (Mei and Montanari, 2022), which are both widely used models in
the analysis of neural networks. For consistent estimators, the generalization loss converges to the
Bayes risk asymptotically, although this decrease need not be strictly monotonic. Estimators like
Empirical Risk Minimization (ERM), Structural Risk Minimization (SRM) are consistent under
mild assumptions on the hypothesis class, e.g., having finite capacity.

The expected training loss E[Rtrain (Sn, t)] is non-decreasing: this holds for ridgeless linear regression
in general, and therefore for kernel regression and random feature-based models of neural networks.
Note that this assumption can be modified slightly to be E[Ryain(Sn—1,t)] < E[Rtrain(Sn,t)] + B/n.
This new condition holds for empirical risk minimization (ERM) with bounded loss |¢(w, z)| < B
in general. The resulting left-hand side of the inequality in Lemma 3.3 gets an additive term of
B/n correspondingly. The rest of our calculations stay as they are. The expected generalization
gap E[0R(Sp,t)] is non-negative: This holds for empirical risk minimization (ERM) in general.

As we show next, the concentration of A, (t) to E[A,(t)] can also be guaranteed if algorithm
stability is assumed.
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Concentration of A,(t) to E[A,(t)] We first define the notion of stability for a deterministic
algorithm A that maps from space of datasets to weight space, i.e. A: U2 Z" — W.

Definition 3.4. An algorithm A is uniformly e-stable if for all datasets S, S’ differing in at most
one sample, we have

sgp ‘E(A(S), z) —L(A(S"), z)‘ <e

Now we define the set of algorithms I' that map the dataset S to points on the gradient flow
trajectory trained on S at certain time points.

r= {.A s A(S) = w(t),t > 0, where w satisfies c(szz) = —Vl(w,S),w(0) e W,S € UneNZ"}

Lemma 3.5. Assume that (1) [{(w,2)| < B forallw e W,z € Z, (2) VA €T, Ais e-stable, then
for all £ > 0, with probability 1 — 9,

_ _ 2log(2/6

|An(t) — E[An(1)]| < (ne + 2B) g;i/)

Proof. Let S, denote a modified dataset of S, by replacing the sample z; with a different sample
Z;. Let wy(t), w,*(t) be the corresponding trajectories trained with S, and S, * (the removed-ith
sample version of Sy,). Note that w,”(t) = wn,”(t). Let A(S,,t) and A(S,,t) be the averaged loss
difference calculated on S,, and S,, respectively. By assumptions (1) and (2), we have

00(0): 52) = Ewn(0). )] < nole 28 ., 28
0 (1), 2) — Lw (1), )| <& Vi j
7(0),29) — (w0, 2)| <
Hence we have
A8, ) — A(Sn,t)‘ <2+ % (3.7)

Inequality Eq. (3.7) gives the replace-one-sample difference of A,,, hence by McDiarmid’s inequality
(McDiarmid, 1989), we have the following concentration inequality,

a2
Ps, [|An — E[Ay]] > a] < 2exp (M)

Setting the right-hand side to §, we have with probability at least 1 — 9,

&, — E[A,]| < (ne +2B) - 1/ 2282/0)

n
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Remark 3.6. In general, the convergence of A,, to E [An} can be guaranteed by different versions
of algorithm stability (e.g., hypothesis stability, pointwise hypothesis stability and uniform stabil-
ity; Bousquet and Elisseeff, 2002). Charles and Papailiopoulos (2018) show that the algorithm A
is C(L,u)/(n — 1)-uniformly stable if ¢(w, z) is L-Lipchitz in w and £(w, S) is u-PL (Polyak Lo-
jasiewicz) in w, where C'(L, u) is a constant depending on L and p. Other versions of stability
can also be guaranteed by PL and QG (quadratic growth) conditions as shown in Charles and
Papailiopoulos (2018). The averaged loss difference A,, is in nature similar to cross-validation loss
estimator. Under certain stability conditions, Austern and Zhou (2025) prove central limit theorems

and Berry-Esseen bounds for the cross validation loss estimator.
Stand Ay)

n

3.3.1. Evolution of the averaged loss difference (A

We begin with a lemma that describes the evolution of A %(t) in terms of two quantities, a con-
traction factor ¢,’(t) and a perturbation factor € *(t).

Lemma 3.7. For a loss function ¢(w, z) that is differentiable in w for all z,

Al . . . .
: gt(t) = —c,"(H)A () +€,"(t), t>0, AL (0)=0,
where _
O Ve(w,z) - Viw, SH[En Y
o' (t) = — }w"(t) and
AR (t)

e, (t) = Vi(w, z) - (VZ(w,Sn) - VZ(w,S,;i))

wp, (t)

are the pointwise contraction and perturbation factors, respectively.

Proof. By taking the derivative of the pointwise loss difference A7 %(t), we have,

dAH () _ d (C(wy? (1), 2:) — Llwn(t), )
dt dt
= —Vil(w,z) Vi(w,S; ") i)~ (—Vﬁ(w,zi) . Vg(’w,Sn){wn(t))

= - (W(w, 2i) - VW, S0y — VEw, 20) - Vi(w, s;i)|%(t))

()

V) Vw50, )

+ (—Vﬁ(w,zi) : Vg(wasﬁi)‘wn(t)

_ (W(w, %) - Vi(w, Sy Vi(w, z) - Vi(w, Sgi)|wn(t))

wr ()
+ Vil(w, z) (Vg(w, Sn) — Vi(w, Sgi)) ’wn(t)
Hence,
dAZ(t ,
AT ),
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where

LVl =) Vi, 57
an(t) = A_Z(t) )

and

6, (t) = Ve(w, z) - (VEl(w,Sp) — Ve(w, S, ") (t).

O

The numerator of the contraction factor c;,%(t) is the discrepancy between weights wy, (t) and w,;*(t)
along training trajectories of two different datasets (S, and S, respectively). We can interpret
the contractor factor as a “spring constant” that pulls these two weight trajectories closer due their
shared (n — 1) samples. The perturbation factor ¢,*(¢) is the force that keeps the two trajectories
apart because of one distinct sample, it depends upon the term V/(w,S,) — Vl(w, S, ?). This
lemma can be extended to any piecewise differentiable loss if we define the gradient V/(w, z) at the
non-differentiable point to belong to the sub-differential and have a bounded norm. This covers all
commonly used neural architectures and activation functions.

Averaging the pointwise evolution equation in Lemma 3.7 over the samples gives:

dA,(t)
dt

= _En(t)An(t) + En(t)' (38)
The averaged contraction factor

) LS Vhw, z) - Vi, 570 Y
n(t) = A0 : (3.9)

and the averaged perturbation factor

Enlt) = , (3.10)

where 3, (t) = Cov,unit(s,) (VE€(wn(t), z)) is the covariance matrix of V£(wy(t), z) for z sampled
uniformly from the dataset S,,.
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Derivation of the averaged dynamics. The evolution of A, (t) can be derived through that of

AE(t).
dA, () 1 ~dAL(®)
dt  n ; dt
1< —i —i —i
== > (e O (1) + 6, (1))
=1
LS et (D)AH(E) « I _;
__n =1 n n An t = (¢
— *En(t)An(t) + gn(t)'
Here we have,
i 5 i1 G (DAL ()
Cn(t) == 71& (t)
LS V=) Viw, S
B Ay(t) ’
and
_ I~
En(t) = - Zen (t)
=1
R R I ‘
AR ALE PP e DI
i=1 7=1 J#i
BRSO E  N e .
= ;wi (nwl " D) ;w])

IR o P Ty,
= 5> VLV 2T > vl v,

i=1 i#j
In the calculation above, we use V¥¢;, V/ as an abbreviation for V£(wy,(t), z;), VL (wy(t), Sy) respec-

tively. Notice that we have the following decomposition of the gradient covariance matrix (t):

S(t) = % f: (Ve — Vi) (Ve - Vi)'

=1

n n n T
= v - (Z va) (Z wz)

=1 i=1 i=1
= ! Xn: veve - % PAAA

i=1 i#£]
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Hence, we have

En(t) = — Ya(t) = ZN&?f\(zsn)Vﬁ(wn(t), z),

where 3,,(t) represents the covariance matrix of V/(wy(t),z) for z sampled uniformly from the
dataset .5,,.

The solution of this differential equation can be written in the integral form as

An(t) = /Ot 2(s) exp </t n(w) du> ds (3.11)

with the assumption that w,, (0) = w,*(0) for all 4.

Remark 3.8. Contraction theory (Lohmiller and Slotine, 1998, 2000) studies dynamical systems of
the form % = h(¢,t). Consider a uniformly positive definite matrix M (§,t) = 0. If [|£(t) — &' (¢)]| 5,
is the distance between points along two trajectories £(-) and &'(-) under the metric M, the two
trajectories are said to contract with a contraction factor « if

e~ €], < ~alle) €0

The classical contraction results reviewed in Sec. 3.2.1 provide the background for this comparison.
Kozachkov et al. (2023a) gave a bound on the generalization gap by analyzing gradient flow trained
on datasets with one sample replaced under the assumption that the dynamics contracts uniformly
on the weight space with a contraction factor a. The pointwise contraction c,? in Lemma 3.7
satisfies a similar equation,

% (U(wy, ", 2z) — L(wn, z:)) = =" (1) (U(wy,", 2) — L(wn, %)) .

Our development thus exploits the key idea behind contraction theory but it is different in two
important ways. First, we measure the discrepancy between the trajectories in terms of the loss
instead of constructing a metric on the weight space. This is important because it allows us to
address the fact that the Lipschitz coefficient of neural networks is non-uniform in the weight space,
and in non-convex energy landscapes such as those in deep learning because points along trajectories
that are far away in the weight space can have a similar loss. Second, our contraction factor ¢, *(t)
is local and non-uniform across both time and weight space. In other words, this chapter develops
a generalization of the ideas in contraction theory and allows for a more refined analysis of the
generalization gap. When a dynamical system is subject to a perturbation, contraction pulls the
perturbed trajectory towards the unperturbed one, whereas perturbation drives the two trajectories
apart. The distance between the two trajectories is controlled by the balance between these two
quantities and this is what keeps the generalization gap bounded. In fact, if we assume a uniform
bound on perturbation and contraction factors: €,(t) < ¢* and ¢é,(t) > ¢* for all ¢, Eq. (3.8) yields

*

An(t) < —(1—e Y.
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This recovers the bound of Kozachkov et al. (2023a).

Remark 3.9. The quantity E [An(t)] in Lemma 3.3 is the expected value over training datasets,
of the pointwise loss difference averaged over the samples in the dataset, and it is closely related
to the expected generalization gap E[0R(Sy,t)]. Its evolution has the same form, with modified
contraction and perturbation factors:

%E [An(t)] = —n(t) E [Ap(t)] + En(t), where
E s Vie(w, z) - Vi(w, sngmzt()t)} ok [Hi (t)} (3.12)
" B [A,(1)] s

Analyzing this equation is quite difficult because it involves an expectation over the sample set.
This is why we focus our analytical development on A, (¢) and instead provide an experimental
characterization of the differences between A, (t) and the true generalization gap dR(Sy,t) in the
sequel.

3.3.2. Understanding the contraction factor ¢,
The following lemma and the adjoining experiments allow an interpretation of the contraction factor

c;'(t) as a generalized Rayleigh quotient.

Lemma 3.10. Assume that the loss function ¢(w, z) is twice continuously differentiable with respect
to w for all z € Z and there exist constants G, L1, Ly > 0 such that for all w, w1, we € W and z € Z,

(i) [[VE(w,2)]l2 < G;
(i) [[V2e(w,2)|l2 < Lu;
(iii) HVQK(wl,z) - V2€(w2,z)|]2 S LQH'LUl — wQHQ.

Suppose there exists a constant tnq > 0 such that dw;(t) # 0 and |g; - dw;(t)| > tnal|dwi(t)]|, for all
indices and times under consideration. If A_*(¢) # 0, then the pointwise contraction factor

et (t) = &' () + &5 (1) + O([[dwi(t) ), (3.13)
where . .
A—i A g_Z : Hz(swz i n Gi- H_l(Swi
e, G BT

gi - ow; gi - Ow;

all quantities being functions of time ¢. Similarly, assuming A, () # 0 and |y, gi - dw;(t)] >
tnd D orq ||[6w;i(t)]|5, the averaged contraction factor

Cn(t) = €1(t) + E2(t) + O(max [|0w;()]2) (3.14)
where
é &t gi - Owi Y &l
1 — [
=\ X9 0w =

The expression for ¢y is analogous. Note that ) . o; = 1.
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Proof. Let h(u) = wy, + udw; for u € [0,1] parameterize the line segment between wy, and w, k
Let ¢(w) = VLl(w, )T VI(w, S; %) be the inner product of the gradients. The numerator of c,;? is

o(w, ") — ¢(wy). We prove the lemma by Taylor expansion of the numerator and the denominator.

The assumptions imply that V¢ is Lipschitz with a constant depending only on G, Ly, L. By
Taylor’s theorem and the product rule,

p(wy") — dplwn) = A; + O(dy),
A; = g_i - H;0w; + gi - H_iéwi,
where d; = ||dw;||,. Similarly,
U(wy,", i) — L(wn, ) = Bi+ O(d}),  Bi = g; - dw;.

Since A; = O(d;) and |B;| > tnqd;, division gives

—i A; + O(d?) B A; i oA
' = B+ O(@) ~ B, +0(d;) = &'+ &' + O(dy).

For the averaged contraction factor, let dp.x = max; d;. Summing the expansions above gives

_ YA+ O d?)
TN B+ O, )

Using >, d% < dmax »_; d; and the averaged non-degeneracy condition, we obtain

A .
Cn = %::BZ + O(dmax) =cC +C+ O(dmax)7

which proves the result. O
Cn VS. C1+C o le-3
|C2|/|C| —— Perturbation
— Cn 1.00 Contraction
2r G1+6 o §1.0r 125
75F ) =
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0 2000 4000 6000 8000 0 2000 4000 6000 8000 0 2000 4000 6000 8000
Training step t Training step t Training step t

Figure 3.1: Left: True averaged contraction factor (¢,) and its approximation by ¢ + ¢ on a full-
connected network trained on MNIST for classifying two classes. Number of samples n = 50,000, and we
conduct experiments by omitting m = 100 samples, averaged over 100 trajectories. The model is trained to
the endpoint with train loss 0.007. Middle: The contraction factor is dominated by the second component
¢o. Right: The contraction and the perturbation factors decay as training progresses.

Fig. 3.1 shows that ¢, is well approximated by ¢; + é2 and all three quantities are mostly positive

throughout the training process. Notice that éa(t) = > i o (%) which is a weighted gen-
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eralized Rayleigh quotient. Both contraction and perturbation factors decay as training progresses.
This is useful because when the magnitude of the perturbation factor is large during early training,
the magnitude of the contraction factor which shrinks the generalization gap is also large. We
calculate the decay of the contraction and perturbation factors precisely in the high-dimensional
regression setting in Lemma 3.16, reflecting the similar coupled decay trend.

Fig. 3.2 analyses the Rayleigh quotient further. It shows that even if the trace of the Hessian
decreases during training, the gradient is strongly aligned with the large eigenvalues of the Hessian
in the later stages of training. On the other hand, the parameter difference dw; increasingly aligns
with the small eigenvalues of the Hessian as training progresses. This behavior arises from the
driven, Hessian-damped dynamics of dw;,

ddwi
dt

~ —H ' (t)6w; + — (Ve wn(t), z) — VE(w (1), S,7)) -

1
n
its components along large-eigenvalue directions are rapidly suppressed, whereas those along small-
eigenvalue directions persist and accumulate. The decreasing alignment of dw; and H ™" is what
causes the weighted generalized Rayleigh quotient é;(¢) to decrease during training. We can calculate
this decay precisely in the high-dimensional regression setting in Lemma 3.18.

3.3.3. Understanding the perturbation factor ¢,

_ dl(w,z2)
Let r(w, z) = I (w2)
predictor f. Let r;(t) = r(wy(t), z;) denote this gradient for sample z; and weights w,(t). We can

now define the residual on dataset S,, at time ¢ to be

€ Y denote the gradient of the loss function with respect to the output of the

. 1

) = =l (). (D) €V (3.15)
The residual is the collection of loss-predictor gradients on the dataset S,,. It effectively describes
how well the weights at time ¢ have fitted to the data and indicates the direction in the predictor

tr(H) NR(H, g) NR(H, 6w)
110 0.200 0.015
0.175

v 100 ° © 0.010
2 30.150 2
> g >

90 0.125 0.005

80 1 I I I 1 0.100 I I I 1 1 0.000E4 i 1 1 1

0 2000 4000 6000 8000 0 2000 4000 6000 8000 2000 4000 6000 8000

Training step t Training step t Training step t

Figure 3.2: Statistics of the generalized Rayley quotient approximation of ¢, for a full-connected network
trained on a binary classification problem on MNIST for n = 50,000 samples by omitting m = 100 samples,
averaged over 100 trajectories. Left: The averaged trace of the Hessian tr(H) = E(,, [H ’(m)] decreases
during training. Middle: The average of the normalized Rayley quotient of Hessian and the gradient

90 H™ ™ g
NR(H7 9) = E(m) )\ma;f(f'}’(m)”

k remains large at the end of training. Right: The average of the

9(m)
5w<—zn) H—m) 6w(m)
max (H—(m))

normalized Rayley quotient of Hessian and parameter difference NR(H,dw) = E (., X E Tk
W)

decays to zero at the end of training.
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space in which the training will proceed. Our goal in this section is to show that the averaged
perturbation factor €, is controlled by the residual.

As an example, if we consider the squared loss £(y,y') = %(y —9)2 for y,y € R, the residual

is the normalized displacement vector from the predictor to the target, i.e., 7, (t) = ﬁ( = ¥),

where 7 = [y1,...,ya]T, and f = [f(wn(t),21),. .., f(wn(t),zn)]T. If we initialize the predictor
such that f(wp(0),z;) = 0 for all i € [n], then the f3-norm of the residual ||7,(0), is the largest
at initialization and vanishes at interpolation following the gradient flow Eq. (3.1). Our definition
of residual above generalizes the displacement vector in the squared loss case, and can be applied
to any loss function with global minimum of zero. We make some remarks on the normalization by
v/n in Sec. 3.3.6.3.

If weights evolve according to the gradient flow in Eq. (3.1), then

din(t) 1,
2 = P,

Po(t) = [Vr(wn(t), 2) 9 f (wa(t), )|

(3.16)
ij€lm]

Derivation of the residual dynamics. We derive the equation governing the evolution of 7, (%)
by calculating its time derivative.

_dT’lUnt7Z dwnt
dr,(t) 1 dr(wnlt)z) ! Vr(wn(t), 21) T 0
arten) Vi (wn(£), ) T 420

L[ e Vr(wa(t), 20) TV f(wa(t), 25) - r(wn(t), ;)

1
vn |~ 21 Vr(wa(t), o) TV f (wn(0), ;) - r(wn(t), ;) n

Bo(t)7n(t).

Here the third equality follows from the evolution of w,,(t):

dw,, (t)
dt

= —VUl(wy(t), Sn)

de(f (wn(t), zi), yi)
df(wn(t), z;)

— _% >V f(wn(t), ;)
=1

_ _% N7V (wn(t), @) (wa(t), ).
=1

Note that

Vr(w, z), Vf(w,z;) € WxY
Po(t) = [Vr(wn(t),zi)TVf(wn(t),:cj) €Y x Y.

i,j€[n]
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The residual dynamics in FEq. (3.16) form a linear time-varying ordinary differential equation. In
general, its solution can be written as

Fn(t) = Qn(t07t) 7:’n(tO)7 (3'17>

where Q,(to,t) is called the propagator. In numerical experiments, we approximate Qy,(to,t) by
multiplying the discrete-time update matrices for the residual along the training trajectory, i.e.,
using Fuler discretization.

Lemma 3.11. The trace of the gradient covariance”

tr (S0() = 7u(®) Fa()7n(2), (3.18)
where F,, € Y™ x Y™ has entries
L (1—%) VI (wn(t),2:) TV fwn(t), ;) ifi=j,
s {—iwwn(w,x»TVf(wn(t),xj) it ] (349

Proof. We have the following decomposition of the gradient covariance i]n(t):
- 1 & -
Sa(t) = — l; — VY l; — VY
(t) = Z (Ve; — Vi) (Ve - Vi)

1 .
== VLV - Vil

i=1

where
Vi = Vf(wn( ), i)ri(t)

= ZVfwn ), zi)ri(t).

Taking traces and using the normalized residual in Eq. (3.15), we obtain

where the diagonal and off-diagonal blocks of F),(t) are given in Eq. (3.19). O

Let us emphasize that P, (t) and F,(t) are elements of Y™ x ™. For regression problems, we might have ) C R
in which case they are simply matrices in R"*™. For classification problems with C' categories, JV C R, and therefore
both quantities are four-dimensional tensors. But we can interpret them as elements of R*“*"¢ . This amounts to
vectorizing the tensor as a matrix.
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Egs. (3.10) and (3.17) and the above lemma give
(= 1)en = tr (Sa(t)) = 7(0) T ()T Fa(t)20(1)7(0), (3.20)

where we denote Q(0,¢) as Q(t) for short. In Eq. (3.18), the term F,, pertains to the covariance of
the predictor on the training dataset S,. We can see that the residual 7,(¢) controls the magnitude
of gradients V/(w, z;) for i € [n] and therefore also the covariance. For networks that train quickly,
the residual norm ||7,(t)||, vanishes quickly, leading to a smaller accumulation of the perturbation
term €, above, and hence a smaller generalization gap.

3.3.4. An effective Gram matrix governs the generalization gap

We next derive an expression of averaged loss difference A, () in terms of a certain quadratic form
of the initial residual and an “effective Gram matrix”, by analyzing the evolution of A,,(t) and 7, (t)
during training. The following theorem combines the solution of A, (t) in Eq. (3.11) and 7,(¢) in
Eq. (3.17), along with the decomposition of 3, (¢) in Eq. (3.18).

Theorem 3.12. Assume that the evolution of wy,(t) and w,*(t) follows Eq. (3.1) and the loss
function ¢(w, z) is smooth in w for every z € Z. We have

An(t) = 7(0) T Kn(0,£)7,(0), (3.21)
where

thsTFnsQnsex — ténudu ds
Jy al3)T Fu)0n(s) exp (= [ ealu)du) o

K,(0,t) =

is positive semi-definite. Let

when the limit exists, then we have

A, (o0) & lim A, (t) = 7,(0) T K, 7,(0).

t—o00

We call K, the effective Gram matrix because it is a weighted average of Gram matrices of the
form VTV, where V = F%(SI)Q,,L(S)

n

Proof. By Eq. (3.17) and Lemma 3.11,

trzn(t) = Fn(O)Tﬂn(t)TFn(t)Qn(t)Fn(O) (323>

Combining with the solution of A, (t) Eq. (3.11), we have

thSTFnSQnSGX — ténudu ds
At = rogoy” [ 22T ?_f(j;() ) 72(0)
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Hence, we have

An(t) = Fn(O)TKn(Ov t)Fn(O)
where

Jy ()T Fu(5)u(s) exp (= [ ealu)du) ds

Ko (0,1) = —

For any ¢ = [q1,...,qn] € V", let a; = V f(wn(s),zi)gi. Then

n
>
i=1

where the inequality follows from Cauchy—Schwarz. Thus F,(s) is PSD for every s, and K,(0,t) is
PSD as an integral of PSD matrices with non-negative scalar weights. O

2
n
1
T 2
F = 3 _ — >O’
q Fn(s)q ;:1 laillz =~ =

The quadratic form 7,(0) " K,#,(0) in Theorem 3.12 gives a data and architecture dependent mea-
sure of complexity that characterizes the generalization gap of general deep neural networks. The
key conclusion of this theorem is that if the initial residual 7,(0) projects on the subspace of K,
with small eigenvalues, then the eventual generalization gap A, (0o) is small. This result is slightly
stronger than “post-hoc” estimates of generalization. While the effective Gram matrix depends upon
the entire training trajectory, the initial residual can be computed before training a model. The
following lemma suggests conditions under which the limiting object, the effective Gram matrix,
exists.

Remark 3.13 (The effective Gram matrix under a fixed training kernel). Consider the
squared loss and suppose P, (t) = P is fixed for all ¢ > 0 with P > 0 symmetric. Then F,(t) = F
is also fixed and Q,(t) = exp(—tP/n). If the contraction factor satisfies ¢,(t) > 0 and 0 < F' < 81,
then the effective Gram matrix

1 & S S Bn
——P)F (——P)d <P _p-1
n—l/o exp( n P\ o= 2(n—1)

Consequently, since 7(0) = —¢/+/n,

K, =

B

ST p—1-
P iTply
om—1? Y

An(oo) <

For the ReLLU kernel, assuming unit-norm inputs, we have 0 < F' = %I — %P < %I , hence we can
take f = % This gives a bound on the generalization gap that has a similar form as that of Arora
et al. (2019).

Lemma 3.14 (Existence of the effective Gram matrix). Let A\pin(¢) be the smallest eigenvalue
of (Po(t) + Po(t)T)/2. Let m(t) = -1 || Fu(t)], and w(t) = exp (—% I )\min(s)ds>. If

(i) fy~ w(s) m(s)ds < oo, and
(ii) the contraction factor ¢,(t) > 0 for all £ > 0,
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then lim;_,oo K, (0,t) exists in the fo-norm.
Proof. For any x € Y", let y(t) = Q,(t)z. Using dQ,(¢)/dt = —P,(t)2,(t)/n, we have

2 |
WOz — _Lyo)T (P + Pue)T) vy < -2y,

Since ©,(0) = I, we have y(0) = z. Gronwall’s inequality gives
ly@®)li5 < w3

Since this holds for every x, taking the supremum over ||z|l, = 1 gives ||, (t)]|5 < w(t). Let

A = 2O EOWG (— / t cn(u)du> .

n—1

Then [|A(t)||, < w(t)m(t). Moreover, since &,(t) > 0, for every fixed s, é(s,t) is non-increasing in ¢
and converges to a limit éoo(s) € [0, 1].

We can write

Ko (0,1) = /0 10 (5)A()é(s, £)ds.

The integrand converges pointwise to A(s)éxo(s) and its matrix 2-norm is bounded by the integrable
function w(s)m(s). Therefore, by the dominated convergence theorem and condition (i),

=0,

t—o00 2

lim HKn(o,t) _ /0 " A(3) (5)ds

which proves the result. O

Sometimes the effective Gram matrix calculated from the propagator derived from P, (¢) in Eq. (3.16)
may not converge. In such cases, we can create a perturbed version of P, (t) with a controlled
Amin (t) such that the conditions of Lemma 3.14 are satisfied. This guarantees the convergence of
limy_yo0 K, (0, ¢) while preserving the trajectory of 7, (¢) given 7,(0). We use this perturbed version
in Sec. 3.4.2 for calculations on linear regression problems.

3.3.5. An empirical characterization of the quantities in Theorem 3.12

We now show that the quantities in Theorem 3.12 capture the true generalization gap faithfully
for different configurations of neural network training. Figenvalues of K, represent the relative
contribution to the generalization gap accumulated in the different subspaces. We will also see that
if the initial residual predominantly projects onto the subspace of K, with small eigenvalues, the
training process results in a small eventual generalization gap.

We approximate the gradient flow Eq. (3.1) by gradient descent with different learning rates. We
calculate the averaged contraction factor ¢,(t), the averaged perturbation factor €,(t), and the
matrix representation F,(t) of the gradient-covariance trace using Eqs. (3.9), (3.10) and (3.19)
respectively. The propagator €, (t) is approximated by an Euler discretization. The integrals for
An(t) in Eq. (3.8) and K, in Eq. (3.22) are approximated by the trapezoidal method. For all
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Figure 3.3: Left: A fully-connected network trained on MNIST-2, with n = 50,000 samples and statistics
computed over 100 perturbed datasets obtained by omitting m = 100 samples. The final training loss is
0.007 after training using gradient descent. Right: A fully-connected network trained on CIFAR-2 with
n = 2000 samples, m = 10 and 100 perturbed datasets. The final training loss is 0.052 after training using
gradient descent. In both figures, the blue and orange curves are somewhat indistinguishable because they
are on top of each other.

experimental validation, we create perturbed datasets by omitting m samples, using the expressions
below. Sec. 3.3.6.1 provides more details of these experiments.

Contraction and perturbation factors for omit-m-samples experiments. Let S(,,) denote
the omitted subset of m samples, and let E(,,) denote the uniform average over all choices of that
subset. In the omitting m-samples setting, by calculations analogous to those in Sec. 3.3.1, the
batch-wise contraction and perturbation factors are

V(w, Smy) - VE(w, S, ™)
AT_L(m) (t)

w; (m) (t)
wn (t)

¢, M (t) =

n

&M () = Vi(w, Sm)) (vé(w, Sp) — Vi(w, S;<m>))

wn (1)

The averaged contraction and perturbation factors are

_ _ —(m w;(m)
E(m) [W(w,s(m))-vz(w,sn( ) (t)]

B wn (t)
= 5.0 |
BRI 5[ () B
en(t) = n—1’ En(t) = zNUCn(i)f\(ISn)vg(wn(t)’Z)’
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where ,,(t) represents the covariance matrix of V(wy(t),z) for z sampled uniformly from the
dataset S,,. Note that the averaged perturbation factor €,(t) in the omit-m setting is independent
of m.

Fig. 3.3 shows that the true generalization gap § R(S,,t), averaged loss difference A, (t), and the gap
E(m) 5R(S,;(m), t)] (denoted by 6R(-) in the plot) are all close to each other throughout training.
This indicates that the generalization gap can be approximated well by A,,(t).

We calculate two numerical approximations of A, (t): the quantity A,(c,e,t) uses the true pertur-
bation factor in Eq. (3.10) and A,(c,é,t) with an approximate perturbation factor derived from
Fq. (3.20) using the propagator. First, note that A, (c, e, t) is close to A, (t). This shows that the
gradient descent approximation of Eq. (3.1) and the trapezoidal approximation of Eq. (3.11) are
good. Second, the similarity of A, (c,¢é,t) and A,(c,¢,t) indicates that the Euler discretization of
the propagator is working well. The CIFAR-2 experiment shows a similar qualitative agreement, al-
beit with slightly less accurate estimates of the generalization gap. Table 3.2 provides more detailed
results where we characterize these quantities for a variety of neural architectures (fully-connected
and convolutional) and datasets (MNIST and CIFAR, datasets where inputs are labeled randomly,
as well as synthetically generated datasets of different kinds). Broadly across these experiments,
our estimate A, (c, é,t) tracks the true generalization error §R(Sy,t) extremely well.

Paper Architecture Dataset # samples Training method Bound on Test Data Actual Value Relative

Arora et al. (2019) FC MNIST-2 10,000 GD 0.05 (£1 loss) < 0.01 (€1 loss) >4
(second layer fixed)

Dziugaite and Roy (2017a) FC MNIST-2 55,000 SGD 0.161 (error) 0.018 (error) 7.9

Wang and Ma (2022) FC MNIST-2 55,000 SGD 0.25 (CE loss)

Ours FC MNIST-2 50,000 GD 0.052 (CE loss) 0.045 (CE loss) 0.15

Ours FC MNIST-10 1,100 GD 0.47 (CE loss) 0.45 (CE loss) 0.05

Ours LENET-5 MNIST-10 1,100 GD 0.24 (CE loss) 0.20 (CE loss) 0.18

Negrea et al. (2019) CNN MNIST-10 55,000 SGLD 0.25 (CE loss) 0.02 (error)

Mou et al. (2018) CNN MNIST-10 55,000 SGLD 1.25 (CE loss) 0.02 (error)

Ours FC MNIST-10 1,100 SGD 0.43 (CE loss) 0.42 (CE loss) 0.02

Ours FC CIFAR-2 2,000 GD 0.597 (CE loss) 0.580 (CE loss) 0.013

Arora et al. (2019) FC CIFAR-2 10,000 GD 0.6 (£1 loss) 0.45 (£1 loss) 0.33
(second layer fixed)

Ours WRN-10-2 CIFAR-2 2,000 GD 0.554 (CE loss) 0.546 (CE loss) 0.014

Ours ViT-small CIFAR-2 2,000 GD 0.529 (CE loss) 0.546 (CE loss) 0.032

Table 3.1: Comparison with previous results in terms of the relative accuracy of the estimate of the
generalization error. CE loss indicates cross-entropy loss. (S)GD indicates (stochastic) gradient descent, SGLD
is stochastic gradient Langevin dynamics. “Bound" in this table refers to the numerical value of the generalization
bound. “Actual Value" is test loss or error on held-out test data. “Relative inaccuracy" equal “|Bound-Actual Value|
/ Actual Value".

Table 3.1 compares our estimate of the generalization gap with existing techniques in the literature.
Different papers make different assumptions, apply to different models of neural networks, loss
functions, training methods, and also use different techniques. So one must interpret this table
with care, for example most methods in this table are upper bounds on the test loss while ours
is an estimate. The relative inaccuracy of our estimate is quite small across a variety of settings.
This indicates that the different approximations used in our analytical development and numerical
implementation are adequate.
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Figure 3.4: Statistics of the residual 7, and effective Gram matrix K,, for two different tasks.
We use a fully-connected network trained on MNIST-2 with n = 2,000 samples and 100 perturbed datasets
created by omitting m = 10 samples. The network has a final generalization gap of 0.118. The “random task”
experiment is conducted under the same setting except that MNIST-2 images are assigned classes randomly.
The network has a generalization gap of 1.372. Both tasks are trained to an endpoint with ||7,]|, = 0.094.
The eigenspace corresponding to the smallest 5% of eigenvalues captures 87% of the residual magnitude for
the benign task, but only 8% for the random task. The initial residual 7,(0) projects predominantly into
the subspace of the effective Gram matrix K,, with small eigenvalues for MNIST, whereas for the randomly
labeled task it projects on subspaces with larger eigenvalues. The X-axis represents different eigenvectors
sorted in increasing order of their eigenvalues, normalized by the shape of the matrix. The left figure
calculates the projection of the residual onto the corresponding eigenvector |r " Uy|/||r||,. The magnitude of
the eigenvalues themselves is shown on the right. The mean eigenvalue is 3.29 for MNIST and 5.08 for the
random task.
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Remark 3.15. Although the effective Gram matrix K,, is defined as the infinite-time limit of
K, (0,t), exact interpolation may not be attainable while training models in practice. Since A, (t) =
7,(0) T K, (0, ) 7,(0) holds at every finite time ¢, we instead evaluate the finite-time effective Gram
matrix K, (0,teng) at the training endpoint tenq. Within each comparison in this subsection, we
match the normalized endpoint residual norm |7, (tena)||5 across models, ensuring that the effective
Gram matrices are evaluated at comparable stages of training. When interpolation is attained
asymptotically, K, (0, tenq) approaches the limiting matrix K,.

Theorem 3.12 suggests that if the initial residual 7,(0) projects on the subspace with small eigen-
values of K, then the eventual generalization gap A,(co) is small. To study this result further,
we construct two tasks: the first task (“typical”) is a MNIST classification problem with two classes
(even digits vs. odd digits), while the second task (“random”) consists of the same inputs but with
random binary labels. A well-trained network has a small generalization gap on the typical task
(here, it is 0.118). For the random task, even if the network fits the training set well, it does not
obtain a good gap (1.372). Fig. 3.4 (left) indeed shows that the initial residual on the “typical” task
lies predominantly in the subspace of K, with small eigenvalues, and on the “random” task the ini-
tial residual has a much higher projection on the subspace with large eigenvalues. The eigenspace
corresponding to the smallest 5% of eigenvalues captures 87% of the residual magnitude for the
benign task, but only 8% for the random task. The mean eigenvalue of the numerically estimated
effective Gram matrix is also larger for the random task (5.075) than for the typical task (3.285),
contributing to the generalization gap. This shows that, much like kernel machines, if the task that
we need to fit is simple, in the sense that the initial residual predominantly lies in the tail subspace
of the gram matrix, then the eventual generalization gap is small.

3.3.6. Experimental Details and Additional Results

We describe the experimental setup and report the complete numerical results below. We also
compute the effective Gram matrix for different datasets, architectures, and numbers of samples to
show that our technique for estimating the generalization gap applies across these settings.

3.3.6.1 Experimental setup

Dataset We use the MNIST and CIFAR-10 datasets for the experiments in Sec. 3.3 and
Sec. 3.3.6.3. For each sample size considered in our experiments, we draw a balanced subset from
all ten classes and group them into two super-classes to construct a binary classification problem.
(MNIST: even / odd; CIFARIO: airplane, bird, deer, frog, ship / automobile, cat, dog, horse,
truck).

Architectures We use WRN-10-2(one residual block per group, channel widths 32-64-128, RM-
SNorm, global average pooling; 301744 parameters), ViT-small(4x4 patches, 96-dimensional em-
beddings, four Transformer blocks, four attention heads, MLP ratio 2, and pre-LayerNorm; 310562
parameters), and FC (a two-layer fully connected network, 128 hidden neurons). We use FC for
both MNIST and CIFAR experiments, WRN-10-2 and ViT-small for only MNIST experiment.

Training We use full-batch gradient descent in all experiments except those in Sec. 3.3.7. Within
each comparison, we train all models to the same endpoint residual norm ||7%,||, to ensure a fair
comparison. As defined in Eq. (3.15), the residual vector is normalized by /n, making its norm
comparable across models trained with different numbers of samples.
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Synthetic datasets Datasets labeled Gaussian-« are created from Gaussian data with different
covariance matrices, labeled by a teacher network with random weights.

e Create a covariance matrix A with i-th eigenvalue being exp(—ai) normalized by the sum of
eigenvalues. Construct A = Q diag(L)Q".

e Sample the input from the multivariate Gaussian distribution N (0, A).

e Project the input onto the top 10 covariance eigendirections Q1.19.

e Assign binary labels to the original inputs using a randomly initialized FC-200-30-2 teacher
network.

The random task in Fig. 3.4 is constructed by assigning random binary labels in {0, 1} to the original
MNIST inputs while maintaining equal class sizes.

Constructing omit-m-samples perturbed datasets The theory in this chapter was developed
assuming that the modified dataset S, with (n— 1) samples is created by omitting the i-th sample.
For numerical stability and efficiency of the approximation, in the experiments, we create datasets
by omitting a batch of m samples. Let (m) denote a subset of [n] with size m. Let S,y =

{zi = (i, ¥i)ie(m)}. We will conduct experiments using modified datasets S M = S\ Sim)
obtained by removing S(,,) from S,,. We therefore consider the weight trajectory wpy (m) (t) of the
differential equation w = —V{(w, S, (m)). The averaged loss difference is modified in the usual
fashion An(t) =Eqm) [AE (m)] with the batch-wise loss difference

AL () = 0wy, ™ (4), Simy) — Lwn(t), Simy)-

Note that E(,,) denotes the expectation taken over the uniform distribution on all possible choices
of (m) in [n]. The formulae for the averaged contraction and perturbation factors é,(t) and €,(t)
in this setting are shown in Sec. 3.3.5.

We should note that for the experiment, we cannot sample all omit-m trajectories. Hence, to reduce
approximation variance, the m omitted samples are drawn evenly from the ten classes, with each
trajectory omitting a different subset. To reduce approximation bias, we set m to less than 1% of
the dataset. The values of m and n, together with the number of trajectories, are reported in each
figure caption.

Omit-m-samples Compact Notation To facilitate the analysis of the omitting-m-samples set-
ting, we extend our compact notation from Sec. 3.2 to denote the relevant batched quantities. We
(m)

define the batched parameter shift as dw,,) 2wy, "™ —w,. For the first-order derivatives, we denote
the average gradient evaluated on the omitted batch S(,,) as g(m) £ Vi(wy, S(m)), and the average
gradient over the reduced dataset as g~ (™ £ Vi(wy, Sy (m ). Similarly, for the second-order deriva-
tives, we distinguish the single-batch Hessian H,,) 2 V2 (w,, S(my) from the leave-m-out dataset
Hessian H~(™) £ V2{(w,, S;(m)).

3.3.6.2 Approximation of the generalization gap

Table 3.2 records the generalization gaps, averaged loss difference, and its approximations for the
experiments done in this chapter. In almost all cases, these quantities are close, indicating that the
averaged loss difference approximates the generalization gap well. The small training losses show
that the models are trained near interpolation. The column &(K,,) reports the mean eigenvalue of the
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effective Gram matrix.The column ||7,(0)||5 shows that the squared norm of the normalized initial
residual remains nearly constant as the sample size varies (e.g., the MNIST-5 rows). This supports
the 1/4/n normalization in Eq. (3.15) when comparing experiments with different sample sizes.

# An  Ap

Generalization

Architecture  Dataset samples (c,é,t) (c,e,t) Ap(t) SR(Sn,t) 5R(S;(m),t) error Rirain(Sn,t) (Kn) [|[Fn(®)]ly 172 (0)]l5
FC-784-128-2 MNIST-2 50000 0.044 0.044 0.043 0.038 0.038 0.014 0.008 - 0.049 0.705
FC-784-128-2 MNIST-2 2000 0.130 0.132 0.130 0.117 0.117 0.054 0.030 3.285 0.095 0.702
FC-784-128-2 (ralr\l/ldl\cl)qulfaiel) 2000 0.501 1.532 1.441 1.372 1.379 0.503 0.046 5.075 0.095 0.713
FC-784-128-2 MNIST-2 50 0.405 0.315 0.312 0.265 0.283 0.184 0.135 1.746 0.215 0.694
FC-784-128-2 MNIST-2 100 0.274 0.243 0.241 0.262 0.271 0.176 0.119 1.445 0.215 0.699
FC-784-128-2 MNIST-2 500 0.221 0.192 0.191 0.190 0.194 0.114 0.099 1.453 0.215 0.704
FC-784-128-2 MNIST-2 1000 0.153 0.136 0.135 0.147 0.148 0.096 0.097 1.131 0.215 0.704
FC-784-128-2 MNIST-2 2000 0.091 0.088 0.087 0.081 0.081 0.067 0.094 0.744 0.215 0.702
FC-784-128-2 MNIST-2 10000 0.030 0.028 0.028 0.024 0.025 0.041 0.090 0.295 0.215 0.705
FC-784-128-2 MNIST-2 2000 0.126 0.126 0.125 0.112 0.112 0.054 0.036 2.612 0.110 0.702
FC-3072-100-2 CIFAR-2 2000 0.695 0.825 0.794 0.751 0.752 0.296 0.052 6.433 0.110 0.717
FC-3072-100-2 CIFAR-2 2000 0.075 0.070 0.070 0.063 0.064 0.300 0.516 0.184 0.583 0.717

WRN-10-2 CIFAR-2 2000 0.070 0.040 0.040 0.033 0.033 0.279 0.514 0.114 0.583 0.702

ViT-small CIFAR-2 2000 0.024 0.017 0.041 0.036 0.036 0.278 0.512 0.034 0.583 0.722
FC-200-120-2  Gaussian-1 2000 0.042 0.041 0.041 0.064 0.063 0.122 0.246 0.160 0.380 0.719
FC-200-120-2  Gaussian-0.5 2000 0.023 0.022 0.022 0.045 0.045 0.111 0.245 0.099 0.380 0.720
FC-200-120-2 Gaussian-0.1 2000 0.034 0.032 0.032 0.053 0.054 0.121 0.245 0.134 0.380 0.725
FC-200-120-2 Gaussian-0.05 2000 0.056 0.054 0.054 0.070 0.070 0.126 0.246 0.200 0.380 0.727
FC-200-120-2 Gaussian-0.01 2000 0.106 0.101 0.101 0.116 0.117 0.162 0.255 0.297 0.380 0.726

Table 3.2: Statistics of effective Gram matrix approximation for a variety of different architectures
and datasets. See Sec. 3.3.5 for the definitions of the generalization gaps dR(Sn,t) and 61?(8,7(’”),1?), the averaged
loss difference A, (t), and its approximations A, (c, é,t) and A, (c,¢,t). “Generalization error” refers to the averaged
zero-one loss on the test dataset, reported as a value between zero and one. Rirain(Sn,t) denotes the training loss
on Sp. For the last three columns, 5(Ky,) denotes the mean eigenvalue of the effective Gram matrix, ||7(¢)||, and
|72 (0)]|, denotes the norm of the normalized residual at the training endpoint and initialization respectively. All
quantities except |7, (0)||, are evaluated at the specified training endpoint.

3.3.6.3 Additional numerical experiments

Comparing the statistics for different numbers of samples The effective Gram matrix
K, € Y" x Y" lies in a different space when neural networks are trained with different numbers of
samples n. Therefore, to compare quantities like o(K,,), M (7, E(K,)) and M (K,) for different n
and the same ), we use a ‘relative index” as described in Table 3.3. We rescale the original index
vector to have indices from zero to one. We should emphasize that by normalizing the residual by
Vv/n in Eq. (3.15), the £o-norm of the initial residuals ||7,(0)||, is similar when ) is the same, even
if n is different. If K,, = E(K,) diag(c(K,))E(K,)", then

70(0) " K (0) = [[7,(0) 5 ZU(Kn)iP(Fn(U),E(Kn))?-

We therefore report both the residual alignment and &(K,) = n 'Y, 0(K,);, a dimension-
normalized measure of the overall spectral scale of K,,. Table 3.2 details the numerical values of
these quantities for different datasets and architectures. We use the quantities defined in Table 3.3
to compare residual-Gram-matrix alignment across tasks.
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Table 3.3: Quantities that we use to characterize the initial residual and effective Gram matrix.

Notation Definition

E(K),o(K) The eigenspace and eigenspectrum of a symmetric matrix K with eigenvalue decomposition
where K = E(K)diag(c(K))E(K)T, o(K) is the vector of eigenspectrum in ascending order.

g(K) The mean of the eigenspectrum of a symmetric matrix K, 6(K) = >, o(K);/n.
Uk, Utk The k-th column of U, and the first £ columns of U.
P(r,U) Normalized projection of a vector r onto the space U (with orthonormal columns).
the k-th element P(r,U); = "I"TUk|/||7"H2.
M(r,U) “Explained magnitude” of a vector r in the space Uy, (with orthonormal columns)
the k-th element M (r,U); = HTTUI:kHE/H?"”g-
R(Idx) “Relative index" of the index vector Idx = [1,2,...,1], where R(Idx) = [1/n,2/n,...,1].

Effective Gram matrix for different datasets Fig. 3.5 compares the normalized projection
of residual and eigenspectra of the effective Gram matrix on synthetic datasets with different dif-
ficulty. We construct the following datasets. Gaussian-a with smaller o puts less weight on the
top eigenvalues as showed in Yang et al. (2022). From the classical analysis of linear regression,
we know that the task becomes more difficult as a decreases, since the labels capture less signal.
We see that for difficult tasks, the residual projects more onto the subspace corresponding to larger
eigenvalues, and the effective Gram matrix K, has larger magnitude, which jointly lead to a larger
predicted generalization gap by our theory. And indeed, the true generalization gap corroborates
this trend.
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Figure 3.5: All models are trained to an endpoint with ||7,[|, = 0.380, using n = 2000, m = 10, and
100 trajectories. The true generalization gaps of Gaussian-a (« from large to small) are 0.053, 0.070, and
0.116, respectively. Left: Eigenspectra of the effective Gram matrix o(K,,) for Gaussian-a have larger
magnitude when « is smaller (5(K,,) is 0.134, 0.200, and 0.297, respectively, for a from large to small).
Right: Explained magnitude of the initial residual trends towards the top-left when we increase « for a
larger signal-to-noise ratio.

Fig. 3.6 compares the two-class tasks derived from MNIST and CIFAR-10. The initial residual

for MNIST-2 projects more strongly onto eigenspaces of the effective Gram matrix with small
eigenvalues, and the eigenvalues of K, for CIFAR-2 are larger overall. This shows that both favorable
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task—-Gram-matrix alignment and a small spectral scale of K, are important for a “benign training
process” and a small eventual generalization gap.
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Figure 3.6: Residuals 7, (0) and effective Gram matrix K, for a fully connected network trained on MNIST-
2 and CIFAR-2 with n = 2000, m = 10, and 100 trajectories. Both models are trained to the same endpoint
with |7, ]|, = 0.110. The generalization gaps for MNIST-2 and CIFAR-2 are 0.112 and 0.751, respectively.
Left: Eigenvalues of the effective Gram matrix o(K,,) have quite different magnitudes (5(K,,) is 2.612 for
MNIST-2 and 6.433 for CIFAR-2). Right: Explained magnitude of the initial residual M (7,(0), E(X,)) for
CIFAR-2 has a larger overlap with the principal subspace of the effective Gram matrix than for MNIST-2.
This is consistent with the larger generalization gap observed on CIFAR-2.

Effective Gram matrix for different architectures Fig. 3.7 compares the residual alignment
and eigenvalues of the effective Gram matrix for CIFAR-2 trained with FC, WRN-10-2, and ViT-
small. FC has the largest mean eigenvalue, whereas WRN-10-2 and ViT-small have more favorable
overall spectral scales. The larger spectral scale of the FC effective Gram matrix leads to greater
accumulation of the generalization gap, despite its more favorable residual alignment.
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Figure 3.7: Residual 7, (0) and effective Gram matrix K,, for CIFAR-2 trained with FC (blue), WRN-10-2
(orange), and ViT-small (green), using n = 2000, m = 10, and 100 trajectories. All models are trained to
the same endpoint with ||7,||, = 0.583. The generalization gaps are 0.064, 0.033, and 0.036, respectively.
Left: Eigenvalues o(K,); the mean eigenvalues 6(K,,) are 0.184, 0.114, and 0.034 for FC, WRN-10-2, and
ViT-small, respectively. Right: Explained magnitude M (7,,(0), E(K,)); the initial residuals for WRN-10-2
and ViT-small have larger overlap with the principal subspace of the effective Gram matrix than the residual
for FC.
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Effective Gram matrix for different number of samples Fig. 3.8 compares the training of
datasets with different sizes. As n increases, the initial residual of MNIST-2 projects more strongly
onto the tail subspaces of the effective Gram matrix K,, while the overall spectral scale of K,
generally decreases. Both trends are consistent with the smaller generalization gap observed with
more training samples.
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Figure 3.8: Residuals 7,(0) and effective Gram matrix K, for FC trained on MNIST-2 with n =
50, 100, 500, 1000, 2000, and 10000. The models are trained to endpoints with the same residual norm
[|7n]ly = 0.215. The generalization gaps are 0.280, 0.270, 0.190, 0.147, 0.083, and 0.023 for n from small
to large. Left: Explained magnitude of the initial residual M (7,(0), F(K,)) has a similar shape for all n,
but the overlap with the principal subspace of the effective Gram matrix is larger for smaller n, which is
corroborated by the numerical estimates of the generalization gap in our experiments. Right: The mean
eigenvalue 7(K,,) generally decreases as n increases (1.746, 1.445, 1.453, 1.131, 0.743, and 0.295 for n from
small to large).

3.3.7. Extension to stochastic gradient descent

Our theoretical framework can be adapted from full-batch gradient descent to stochastic gradient
descent (SGD). Suppose that at the ¢-th iteration for the trajectory w,, trained on the full dataset

Sn, SGD samples a mini-batch with index set B; C [n] uniformly without replacement to update

(m) (m) (

the weights. For the perturbed trajectory wy "~ trained on the reduced dataset Sy, where (m)

represents a subset of m omitted samples), the effective mini-batch becomes B, (m) — B, \ (m).
When the omitted batch (m) does not intersect with the sampled mini-batch (B; N (m) = 0), the

exact same samples are used to update both w, and wy, () at time ¢. Consequently, the averaged
contraction factor for the batched setting under SGD becomes:

B _ w;(’“)
E(m) Vi(w, S(m)) - Vi(w, SB;<m))|wn(t) "
(1) = ) (3.24)

This represents the force that pulls the two trajectories together under the stochastic gradient field

Vi(w,S Bf(m>), instead of the full gradient field used in Eq. (3.9). The averaged perturbation factor
t

€n(t) remains structurally the same as that of full-batch gradient descent (as defined in Eq. (3.10)) for
all batch sizes |B;| > m. This is because the perturbation is larger for SGD than for GD whenever
|(m) N B|/|By| > m/n, and smaller whenever |(m) N By|/|B:| < m/n, which perfectly balances
out in expectation. The evolution of the residual 7),(t) changes slightly under SGD because each
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optimization step only uses the gradients for the samples in B;. Thus, the columns of the matrix
P,(t) (from Eq. (3.16)) corresponding to the unsampled indices are zero. Because of these dynamics,
the effective Gram matrix for SGD is slightly modified, yielding an appropriately modified quadratic
form for the generalization gap.

We can calculate all quantities in this chapter on trajectories obtained from SGD. We trained fully-
connected networks on MNIST with 1100 samples using SGD. Our estimated generalization gap in
terms of the cross-entropy loss is 0.429, which is very close to the true value of 0.416. Observe that
this estimate (with relative error 0.02) is more accurate than the information-theoretic bounds in
Table 3.1 such as those by Negrea et al. (2019) and Mou et al. (2018).

3.4. Calculations for analytically tractable models

In this section, we will focus on analytically tractable models, (i) high-dimensional linear regression,
(ii) a linear regression problem with a two point-point domain that we began the introduction with,
and (iii) a simplified variant of self-attention. We will obtain analytical expressions for the various
quantities developed in the prequel. Our goal is to compute the contraction and perturbation
factors, and the effective Gram matrix, to obtain a precise expression of the generalization gap.

3.4.1. High-dimensional linear regression

Consider the case with X = RP and ) = R. In the high-dimensional setting, we will set p/n =~ to
be the over-parameterization ratio with p,n — oo. Suppose data is generated from a linear model

y =Bz +¢e, with z ~N(0,1,), and € ~ N(0,0?),

where the true signal § satisfies ||5]|, = p. We denote the contraction and perturbation factor as
Coo and €4, in the asymptotic limit.

The Marchenko-Pastur (MP) (Marcenko and Pastur, 1967) spectral density function for a shape

parameter 6
1

2mON

where the spectral bounds are A1 (6) = (1 +/6)2. For the critical case where = 1, the spectral
bounds are A\_ = 0 and Ay = 4 and the density simplifies to

fMp(/\;Q) = (/\+ — )\)()\ — )\_) : ]I[)‘—»A-&-]’ 0 e (0, 1],

1 /4— )
fup(As 1) = =\ Ijo,41-

Let the k-th order MP moment

At
My, (7,0) = / MNee™ A fup (X 0)d. (3.25)

Lemma 3.16. The contraction factor ¢« (t) and the perturbation factor € (t) exhibit the following
decay rates over time ¢, dictated by the overparameterization ratio -,

(i) Under-parameterized regime (7 < 1): Both factors converge to strictly positive constants.
N2
Specifically, lim;_ o0 Coo(t) = 2(5_3) and limg o €00 (t) = a2y(1 — 7).

(i) Critical regime (y = 1): Both factors exhibit polynomial decay. The contraction factor decays
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as Coo(t) = O(t~1), and the perturbation factor decays as € (t) = O(t~/?).

(iii) Over-parameterized regime (y > 1): Both factors exhibit exponential decay up to polynomial
prefactors. The contraction factor decays as Coo(t) = O(te™*-), and the perturbation factor
decays as €x(t) = O(e~2*-1), where A\_ denotes A_(1/7).

Proof. The proof follows by evaluating the limits ¢, and €y, using the moments My and M; of the
Marchenko-Pastur (MP) distribution.

In this proof, we adopt the following notaion. The leave-one-out Hessian is denoted as H™% =
> ki xjij /(n — 1), the residual is denoted as 7; = w,} z; — y;, and the parameter shift is denoted
as dw; = w;," — wy,.

The evolution of the parameter shift. The evolution of parameter shift dw; follows

ddw;  dw? B dw,,

n

dt dt dt
= —H ‘5w, — 1 (Ve(wn, S;") — x1) -

n

The exact formulation of contraction and perturbation. We then give the exact formula for
contraction and perturbation. The numerator of the contraction can be expressed in the following
way,

1y T, 5[
Num,, = - ;Vﬁ(w,zl) -Vil(w, S,") we (1)

[

- ;i <ri (x;rH_i‘swi) - <n i 17*@ + E:;i 1n> (33;'—(5102‘) + (a:z-T(Swi) (x;rH_i(Swi)> .
i=1

The denominator of the contraction factor can be expressed as

n n

A= LN T s + - ST T sw,)?
An—n;ﬁ(l’i5wz)+2n;(%5wz)-

The perturbation factor can be expressed as

2

- n n

_ tr(3,) 1 1 9 9 1
= T ;anlxill - gzrﬂj

i—1 j=1

The asymptotics of contraction and perturbation for large n. We now analyze the large
n limit of the contraction and perturbation factors. We first define several terms that are essential
components of the asymptotic formulation. We define Q(t, s) to be the asymptotic residual product,

n

Q(t,s) = nl;ngo % Z ri(t)ri(s). (3.26)
i=1
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We also use the following term in the derivation,
1 n
OiQ(t,s) = Hm — Y " #i(t)ri(s). (3.27)

n—00 N, 4
i=1

We define the zeroth-order and first-order spectral moment as

1 1
D() £ lim —Tr(e 17, N(r) £ lim —Tr(He 17, (3.28)

n—oo n n—oo n
respectively.

By observing that for a matrix M with bounded operator norm w.r.t. n,

Tro7 i . x] Maxjr;
x,; MVE(U/mSn ) — Zj#l i ek = O(l/n)’

n n?

while -
Lq MTiTi o(1),
n

we can conclude that the modified evolution

déwi
dt

= —H"Ewi + il

gives the same contraction factor in the limit of n — oco. This shows that the gradient average term
in the drift of the evolution of parameter shift is negligible.

We should also notice that in the perturbation factor,
n n 2
1 2 2 1 1 (1 T
Sl =0, 1S | = L (2xx7)r= o),
1= J=

which implies the negligibility of the second term. Hence the modified expression

_ o tr(B) 1 — 2
R n(n—1) (;TZH%H ’

gives the same perturbation factor in the limit n — oo.

Substituting the previously established definitions from Eqs. (3.26) to (3.28), we can express the
limits of the contraction factor’s numerator and denominator, along with the perturbation factor,
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as follows,
Nume (t) = /t N(t —s)Q(t,s)ds — /t D(t — s5)0:Q(t, s)ds
— fy/ D(t — s)Q(t, s)ds +/ / D(t — s1)N(t — s2)Q(s1, s2)ds1dsa,

/ D(t —s)Q(t,s)ds + = / / D(t — s1)D(t — s2)Q(s1, s2)ds1dsa,
6oo( ) = ’YQ t t)

The decay trend of the macroscopic limit of contraction and perturbation for large t¢.
To analyze the asymptotic behavior of the contraction and perturbation factors, we derive analytical
expressions for asymptotic residual product @ and spectral moments D, N (Eqs. (3.26) to (3.28))
using MP moments My and M; (Eq. (3.25)).

By invoking the Marchenko-Pastur theorem (Marcenko and Pastur, 1967), we derive analytical
expressions for D, N and @ based on the MP moments My and M;.

YMo(T,7) ify<1 YMi(T,y) iy <1
D(r) =< (v=1)+ My(r,1/y) ify>1,  N(r)=qMl(r,1/y) ify>1,
Mo(7,1) ify=1 Mi(r,1)  ify=1

o [(1 =) +vMo(t + s, 7)) + P>y My(t +5,7) ify <1
Qt,5) = { P My(t + 5,1/) + P Mi(t + 5,1/7) iy > 1.
a2 Mo(t + s,1) 4+ p> My (t + s,1) ify=1

We now proceed to analyze the asymptotic behavior of the contraction and perturbation factors as
t — oo. We have the following results on the integrals of MP moments for 0 < 6 < 1.

) Ay 0o Ay
/0 Mk(T,e)dr:A AP </0 e_/\TdT> fMp()\;G)d)\:/)\ M=t fup (X; 0)dA

o0 oo 1
/ My (7,0)dr =1, / My(7,0)dT = ——.

We also have for both k& = 0, 1, these exists some constant M such that,

which implies

|My(7,0)] < Me -7,

Now we are ready to estimate the decay pattern of the contraction and perturbation factors in
different regimes.

1. Under-parameterized regime, v < 1. The residual product can be decomposed as

Q(t’ 8) = Qoo + R(tv S)
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where Qoo = 02(1 — ), and |R(t,s)| < Me*~(+9) for some constant M > 0. Furthermore,
because the residual reaches a steady state, its derivative vanishes, i.e. lim; 5,00 O;Q(t, s) = 0.
We will now show that the integral in the contraction involving R(t, s) vanishes. For a single
integral convolved with an operator @ bounded by Ce™*-7,

< /Ot (Ce_’\*(t_s)) (Me_)‘*(”s)) ds

t
:/ CMe 2 tds = CMte 21,
0

/t O(t — s)R(t, s)ds
0

For a double integral,

‘// O(t = 51)O(t — s2)R(s1, 59)ds1dsg

// A (t—s1) (Ce—x_(t—@)) (Me—k_(s1+52)> dsydsy < C2Mi2e—t,

Hence,

Jim Num (1) = Qu /0 TN — 2Qa /0 T D(r)dr + Qo < /0 - D(T)dT) ( /0 h N(ﬂm)

= Qo7
Jim 8l = Q. [Pt + g0 [ P ) o (=
As a result, we have )
tlggo Coo(t) = 2(;:::)

Similarly, for the perturbation factor, we derive the following limit,

lim €5 (t) = tl;nolo YQ(t,t) = o%y(1 — 7).

t—o00

. Over-parameterized regime, v > 1. We first analyze the numerator. We should note that
D(t) — Do, which is lower bounded, N(¢) follows exponential decay with respect to ¢, and
Q(t, s) follows exponential decay on ¢t + s. Here is the asymptotic order of all the four terms
in Nume (t).

/Nt—s tsd3<0/ tS)—/\(t+st_C/ 2)\tds_®( 2,\,1:)

t t
/ D(t - $)|0Q(t, 5)|ds < C / A (49) gy — @ (e 1)

/ D(t—s)Q tsds<C’/ ~(t+s)gs = @(e™ )
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//D(t — 51)N(t — 52)Q(s1, s2)ds1dsy < C// e A (t=s2) oA (s1452) 7o 159

At
= Cte ™1 (1 ; > = O(te ")

Hence, we have
Nume (t) = O(te™*-1).

For the denominator A, (t), the first term vanishes, and the second term converges to

D2 t t
200/ / Q(817$2)d81d827
0 JO

which is constant. Hence, we have
Coo = O(te 1),
For the perturbation factor, by the exponential decay of My and M7, we have

exo(t) =1Q(t 1) = O(e™ ).

. Critical regime, v = 1. For the Marchenko-Pastur distribution fyp(A,6), when 6 = 1, we
have,

1 /4—X 1
22V A T U
By applying Laplace’s method, the asymptotic behavior of the spectral moments D, N is
dominated by the density near the origin,

for A close to 0.

fup(A 1) =

4 € _—M\T
_ AT - € _ —-1/2
D(r) /Oe dfup (0, 1) /OﬂﬁdA o(r1/2),

€ Aef)n—

™A

where the last equality is derived from a change of variable u = Ar. Similarly, we have
Q(r) =6(r"1/?).

We will first analyze the decay of the denominator. The denominator A () is dominated by
the double integral term. Let s; = tu; and sy = tug to scale the integration variables out of

4
N(t)= /0 )\e—ATdfMP()\, 1) N/o d\ = @(7_3/2),
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the time domain, we have
t
/ D(t — Sl)D(t — SQ)Q(Sl, SQ)dSldSQ
// 1/2 82)71/2(81 + 82)71/2(181(182
=t? // — tuy) TY2 (8 — tug) TV (tuy + tug) ™Y 2 duy duy
t2 t_3/2 // 1/2( UQ)_1/2(U1 +U2)_1/2dU1du2

By the change of variable s; = tu; and s = tug, we get the first equality by scaling the
integration variables out of the time domain. The second inequality can be achieved by
factoring t out of the integrand. Because the remaining integral over ui,us converges to a
strictly positive constant, the denominator diverges as,

As(t) = O(t"?)

Now we analyze the decay of the numerator. We apply the identical scaling procedure to
the dominant double integral of the numerator Numy, (). Crucially, the first order spectral
moment A(7) decays much faster (©(773/2)) due to the suppression of the zero-eigenvalue
singularity:

/ tD(t — $1)N(t — 52)Q(s1, s2)ds1dss
// 1/2 82)73/2(81 + 82)71/2(181(182

=t? / / — tuy) Y2 (t — tug) T3 (tuy + tug) ™Y 2 duy dusy
=2 .¢75/2 // 1/2( uQ)_3/2(u1 + ug)_l/zdulduQ

Hence, we have
Nume (t) = O(¢t/?).

The calculations above yield the asymptotic decay order of the contraction factor

o(t1?)

Cool(t) = o) o).

For the perturbation factor, we can similarly show that
Qt,t) = Cit /2 4 Cot 32 = 0t~ 1/?).
O

MP moments decay exponentially for 0 < 6 < 1 but polynomially when § = 1. This spectral
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structure induces different decay rates for the contraction and perturbation factors in each regime.
This demonstrates that the contraction and the perturbation factors have the same decay trend
(constant, polynomial, or exponential) across the different parameterization regimes. The trend
also reflects in the training of neural networks in Fig. 3.1.

Remark 3.17. We can integrate Eq. (3.8) in the underparameterized regime to notice that, since
Coo and €., converge to strictly positive constants, the asymptotic averaged loss difference

- o*v(2 =)
A Boot) = 537257
In over-parameterized regime, since ¢y, and €., both decay exponentially the asymptotic averaged
loss difference remains bounded. In contrast, in the critical regime, the averaged loss difference
diverges. These limits derived from our theory coincide perfectly with the generalization gap for
high-dimensional linear regression and double descent results in the literature (Hastie et al., 2022;
Belkin et al., 2019; Dobriban and Wager, 2018). Let us note that existing analyses of double descent
focus on population risk, whereas our analysis concerns the generalization gap.

To corroborate the numerical example in Fig. 3.2, we next show that the parameter shift between
the original and leave-one-out trajectories progressively aligns with the smaller eigenvalues of the
Hessian during training in the high-dimensional setting.

Lemma 3.18. The Rayley quotient

5wZTH_i5wi

)

exhibits the following decay rates over time ¢,

(i) Under-parameterized regime (v < 1): The term R(H, dw) decays to strictly positive constant
1—n.
(ii) Critical regime (y = 1): The term R(H, dw) decays polynomially at a rate of O(t!).
(iii) Over-parameterized regime (y > 1): The term R(H,dw) decays exponentially at a rate of
O(te=*-1), where A_ denotes A\_(1/7).

Lemma 3.18 can be proved in a similar way as Lemma 3.16. The decay of the Rayleigh quotient
R(H, dw) can be intuitively understood using the evolution of dw;,

dt

€X;T;

= —H*iéwi +

as derived in the proof of Lemma 3.16. This differential equation characterizes a dynamical system
driven by an isotropic source term - and a selective damping force —H ~i6w;. Components of the
parameter shift dw; that align with the large eigenvalues of the Hessian are rapidly dissipated, while
components that align with the small eigenvalues accumulate. As training proceeds, the parameter
shift projects more and more into the subspace of Hessian with small eigenvalues, which causes the
Rayley quotient to decrease. This trend also reflects in the training of neural networks (Fig. 3.2). In
S g;rH’igi . xlTH*’:rz

comparison, the Rayley quotient of Hessian and gradient, defined as R(H, ¢;) = GE = el

is unchanged during training, which is also reflected in Fig. 3.2.
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3.4.2. An analytical effective Gram matrix for linear regression

We next consider a very simple example that we discussed in the Introduction. Suppose the sample
space is supported on two points with orthonormal inputs, i.e., Z = {(z1,v1), (z2,y2)}, with 2] 2o =
0, each with unit norm ||z1||, = ||z2||, = 1. Consider the dataset S,, with n even, where z; = (21, y1)
when i < n/2and z; = (x2,y2) when ¢ > n/2. Even if this case is extremely simple, it is illuminating
because we will be able to calculate the effective Gram matrix exactly and show that for “easy
tasks”, i.e., ones where the generalization gap at the end of training is small, the initial residual
predominantly projects in the subspace of the effective Gram matrix with small eigenvalues.

Lemma 3.19. The contraction and perturbation factors for the above example are

n—2 _ _y%-i—y% —t

Cu(t) =c= 1) En(t) = 1"

The effective Gram matrix K, (0,t) = UAX()UT where AX(t) = [AE(1),..., M5 (¢)], and

M) =X (1) =0(™), A1) ==\ (t) =0(1).

The initial residual 7,(0) lies in the subspace of K, = limy_,o, K, () with zero eigenvalue, which
guarantees that A, =0 as t — oo.

Proof. The gradients for the averaged loss £(w, S,,) and £(w, S;;*) are

_ 1 1
Vi(w, Sp) = 5 (wTﬂfl - y1) 1+ 3 (me - y2) T2

G o-1y— T2 (T n (T
Vi(w, S, ") = 3 —1) (w 1 y1) $1+2(n—1) (w T yg) 9

. G2y — " (T n=2 (T
Vi(w, S, *) = 3 —1) <w 1 yl) x1+2(n—1) (w T yg) 9.

The averaged contraction factor can be calculated from Fq. (3.9),

) LY Vb, =) - Viw, S|
Cn(t) = A ()

7 1y |wa () 7 —oy|wn 2 (t)
(W(w,zl)-vz(w,sn )| + V(W 25) - Vi(w, S72)] )

wp (1) wn (t)
—1 -2
% (%(wTﬂfl —y1)? " ®) + %(wTﬁz —y2)?| " (t)>

wn(t) wn (t)

D=

n— wy ' (8) n— wi 2(t)
B 3 (2(?21)(11)%1 )|y T ooty (w w2 —y2)?) ) a2
o w{l w,;2 - _

% (%(wﬂm - y1)2}wn(t()t) + %(mez - y2)2‘wn(t()t)) 2(n—1)

From Eq. (3.16) and Eq. (3.19) we can derive that
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with T = [1,...,1] € R"/2. Note that P,(t) is not full rank when n > 2. By Lemma 3.14, the conver-
gence of limy_, K, (0,t) is largely controlled by the smallest eigenvalue of P, (t), which cannot be too
small. Hence, to ensure convergence, we define a modified version of P, (¢) with small perturbation
e(t) on its singular subspace, i.e., PS(t) = UASU T, with A® = diag (n/2,n/2,ne(t)/2,...,ne(t)/2),
U = [ug,...uy,], where

2 2
=y 2000 =y 00
n n

In this case, when ¢(t) = 0, we have PZ(t) = P,(t). The dynamics d7,(t)/dt = —P5(t)7(t)/n give
the same trajectory of 7,(t) as Eq. (3.16), since 7,(0) = n~Y2[y1,...,y1, Y2, ..., y2] € span(uy, uz).
The corresponding perturbed covariance matrix is FZ(t) = I,, — P5(t)/n.

We set e(t) = & (1jo,1(t) + 111,00] (t)/t?) with £ < 1. The propagator €2 (t) of the evolution
dr,(t)/dt = —P5(t)Tn(t)/n is

t t
Pi(s)d As(s)d
O (t) = exp (—fo (%) 8) = Uexp (—fo (&) S) U'.
n n
Hence, the effective Gram matrix K, (0,¢) can be calculated as

n

fg U exp (—M) (I - L(S)) UT exp(—(t — s)¢)ds
K,(0,t) =

n—1
= UANE()UT

where AK(t) = [AE(¢),..., A5 (#)], and we have

—o) ! _
M) =50 =2 2 C-TL2 ooy

f(f exp (— f(f 6(u)du) exp (—(t — s)e) - (1 _ E(TS)> ds

n—1

For e(t) = & (1j,1)(t) + 111,000 (£)/t?), exp (— [ e(u)du) € [exp(—28),1], 1 —e(s)/2 € [1 —&/2,1],
hence, for £ small enough, 1_2%(:1)&) < M(t) < %ﬁ)&ﬂ. Hence, we have \(t) = ©(exp(—¢ct)),
N (t) = ©(1). The generalization gap approaches 0 since A(¢t) — 0 as t — oc. O

A () ==Xy (1) =N(t) =

Explicit weight trajectories. Here we also calculate the solution of wy, (t) and w,,*(t), although
not required in the derivation of the effective gram matrix.

wp(t) = /Ot exp (—(t —5) (;wlxlT + ;xngT)) (;ylxl + ;yga@) ds
= (1 +exp(—=t/2)) - (y171) + (1 + exp(—t/2)) - (y222)
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Similarly, we have

wy, (1) = (1 - eXP<—2(7:1__21)t>) “(yrzr) + (1 — exp <—2(nn_1)t>> (yi)

where k = [2i/n], | € {1,2}/{k}. We can see that the solution wy(t) lies in span(xi,z2). When
trained on the dataset S, % the progress in the direction Tr9i/n] is slightly less than the other
direction, which introduces the non-zero averaged loss difference A, (t) during training. We should
also note that the calculation of the contraction and perturbation factors depends heavily on the
sample-wise loss gradient V/(w, z;) being supported on {z1,x2}. The clustering of per-sample
gradients also happens in the training of neural networks, as shown in Fort and Ganguli (2019a).

Note that since Z is supported on only two points, it is intuitive that gradient flow trained on a
dataset containing both types of samples generalizes and achieves zero loss for any distribution D
supported on Z. This coincides with the calculation above. If we assume a uniform distribution on
Z instead, we have

E[A,(0)] = Ely K,y) = 0(27),

n—1)

because ), is supported on only one of the samples only with probability 2~ ( This example

therefore provides a tight prediction of the generalization gap.

Remark 3.20 (Comparison with weight-norm based generalization bound). Arora et al.
(2019) suggest that one can bound the generalization gap in terms of the norm of the eventual
weights. The Gram matrix of the linear regression described above is calculated in the proof of
Lemma 3.19 to be H® = P:(t) with €(t) = & for some constant £ < 1. For technical reasons, this is
a perturbed version of the differential equation in Eq. (3.16) and it guarantees positive definiteness
of the drift operator without affecting the residual dynamics. By the calculations of Arora et al.
(2019), the norm of weights can be bounded by +/y T (H¢)~1y, this gives a generalization bound of

\/2yT(H5)‘1y \/2(31% +13)

n n

for 1-Lipschitz loss. As we can see, this bound is far looser than the actual generalization error,
which is ©(27") for 1-Lipschitz loss from our calculation above. The key point to emphasize here
is that by characterizing the evolution of the point-wise loss difference using the contraction factor,
we can work directly in the prediction space instead of working in the weight space. This is the
reason why our estimate of the generalization gap is more accurate.

Remark 3.21 (Comparison with information-theoretic generalization bound). Neu et al.
(2021), Negrea et al. (2019), and Banerjee et al. (2022) derive mutual information-based general-
ization bounds for stochastic algorithms that depend on the sum of trace of the gradient covariance

along the training trajectory ), tr (f]n(t)> We can adapt their expression to deterministic algo-

rithms like gradient descent using our theory. If we assume that that contraction factor ¢,(t) is
non-negative, we can bound A, (c0) by [ €,(t)dt. Notice that from Eq. (3.10), this would corre-
spond to an estimate of the sum of the trace of the gradient covariances. If the contraction factor
were identically zero, the expression for the effective Gram matrix in Theorem 3.12 gives a gener-
alization estimate of (f(ity%). This is also a loose estimate. Evidently, the bound obtained using
the sum of the trace of the gradient covariances is loose because these existing techniques do not
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incorporate the contraction factor.
3.4.3. A single layer simplified self-attention network

We next study a nonlinear classifier with simplified self-attention operator. We show that trainable
attention yields faster asymptotic decay of the averaged loss difference and perturbation than fixed
attention and, under an additional positivity condition, a larger asymptotic contraction factor.
This illustrates how trainable attention can improve generalization dynamics through the lens of
our contraction and perturbation factors.

The data is generated as follows. Let L be the number of tokens contained in one datum. For an
integer 1 < M < L, write

M
Tsig = T S (O, 1) and Thg = 1- Tsig-

Let C := {1, 2} denote the set of classes. Let e1, ea,e3 € Rémb he orthonormal vectors and depp, > 3.
An input z; of class j € C contains M copies of the signal token e; and L — M copies of the
background token ez, in an arbitrary order. Its label is y; = (—1)7*1. Assume that the training set
contains /2 inputs from each class with n > 4 even. For any input € RE*%mb let the predictor
be

flw,z) = v hy()

1
with hy(z) = ZIT softmax(zByz ") ,
By =k (1916161r + ﬁgege; + 195636:;'—)

for a constant x > 0. The weights (trainable parameters) in this predictor are w = (v, 91,92, 9s).
We are therefore considering a predictor that pools the outputs of self-attention (so-called “mean-
pooled” operation). The quantity By directly parameterizes the query-key map, since there are only
three non-zero token-token inner-products regardless of the value of L and M. The value map is
set to identity. The case x = 0 indicates uniform attention (and a linear predictor), whereas x > 0
gives trainable attention scores.

We use the squared loss £(w, (x,5)) = (f(w,z)—y)?/2 as in the previous two examples, and initialize
all training trajectories at w = 0. We are interested in three quantities: An,m Cn,r, and €, ., which
are the averaged loss, contraction and perturbation respectively. We denote va(k), ve(k) as the
decay rate of A,, , and &, ,. We denote (k) as the limit infimum of &, . (t).

e 1 f
va(k) = lim inf htrgg)lf [_t log ‘An’ﬁ(t)‘] , (3.29)
n even
c(k) = lim inf litm inf &, . (%),
—00

n even

o1
ve(k) = —tlggo ;log €ni(t).

Lemma 3.22. Fix x > 0. The decay rate of Anﬁ and €, , satisfy

va(k) > va(0) = n2 ve(K) > ve(0) = 3. (3.30)

sig»
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Suppose, in addition, that the averaged loss difference An,,i(t) is eventually positive for all sufficiently
large sample sizes, then

c(k) > c(0) = 72, (3.31)
Proof. In this proof, we first use class symmetry to reduce the full-data flow to three scalar variables
and show that trainable attention makes both endpoint kernel modes strictly larger than 7T521g7
which directly improves the perturbation rate. We then view removing one sample as an O(n~!)
perturbation of the class weights; uniform endpoint stability transfers the full-data spectrum to the
leave-one-out (LOO) residual dynamics and yields the loss-gap bound. On an eventually positive
gap, the exact contraction identity can be related to residual quantities, and the improved residual
decay rate together with the LOO modal asymptotics yields stronger contraction.

Balanced trajectory and endpoint. We first reduce the balanced trajectory trained on the
full dataset to three scalar coordinates and analyze its limit as t — oo. We now introduce the

transformed residual,
L,

Pi = yz‘f(IU,%') -1, U = ipi'

Permutation invariance, class balance, and the zero initialization imply ¥; = ¥ and v € span{e; —
e2}. Define the balanced coordinates

1
Csig = Kkt = KUy, Cbg = -k, u= §<U, e1 — €2>.

Then v = u(e; — e2) and u(0) = 0. The total masses for a signal query and a background query are

. oGsig . oG
Teig€sie Tgip€SPE
a= —Sclg , b= —Sclg , M = Tiga + Tpgb. (3.32)
Tsig€>s'e + Thg Tsig€°Pe + Thg

Hence the pooled class-j feature is h; = me; + (1 — m)es, and both classes have the common
transformed residual
p=um—1.

With A = a(l —a) and B = b(1 — b), direct differentiation gives

1

U= —§mp, ésig = -

2
K Tsig

Aup, ébg = —K* T Bup. (3.33)

For j € C, let z; denote any class-j input and let k; = V,,(y;f(w,x;)). The balanced predictor

Gram matrix has the form . -
G = (k;kl k;/@) = (x )

d=m?+ (1 -m)? + /{2u2(7r32igA2 + ngB2),

x=—(1-m)?+ ﬁ2u27rﬁg32.

where
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Its common and difference eigenvalues are therefore

Geom = d + X = m? + k*u? ( 51gA2 + 27TbgB2) (3.34)
qaie = d — x = m* +2(1 — m)* + x*u’r3, A% (3.35)

The residual vector p = (p1, p2) obeys p = —Gp/2. Since p; = p2, the balanced trajectory lies in

the common direction,
1

_EQComﬂ P(O) = -1 (3.36)

p' =
Equation (3.36) keeps p < 0. It follows from (3.33) that u, (g, Cbg > 0. Since the functions in (3.32)
are increasing and equal 7, at zero, a,b > 7, and hence m > mg;s. Consequently

QComZm >7T

Ip(t)] < e s/, (3.37)

sig»

Moreover, p = um — 1 < 0 gives 0 < u < 1/7g,. Since A, B < 1/4, the three equations in (3.33)
now imply
pl-

Thus the balanced path has finite length and converges to a finite endpoint (us, Csig s Chg,x). Equa-
tion (3.37) gives p, = 0 and therefore u,m, = 1. For every ¢t > 0, one has u(t) > 0; because £ > 0,
this makes (g (t), Chg(t) > 0. Hence

|u| + |451g’ + |<bg| < Cﬂ'

sig i

Ax > Tsig, by > Tsigs My > Tgig-

Write geom,» = liMy—s00 Geom () and qaif « = limy o0 qai (t). Evaluating (3.34)—(3.35) at this end-
point yields
QCom * Z m > 7T51g7 leﬁ * Z m > TFSIg

Denote the corresponding full parameter endpoint by w, and set G, = lim;_, o, G(t). The endpoint
is used only through these inequalities; no explicit root formula is needed.

The parameter tail is bounded by the tail integral of (3.37), so the endpoint convergence is expo-
nential. In particular, gecom — geom,+ is integrable and

1

t
p(t) = —exp [—2/ Geom (8) ds] = —A.e (14 0(1)), v = qcon’*, A, > 0. (3.38)
0

Perturbation. With the balanced endpoint in hand, we compute the perturbation explicitly and
determine its asymptotic decay rate. Let wy, (t) denote the zero-initialized full-data trajectory. On
the balanced trajectory, write g;(t) = Vlj(wn x(t)) = p(t)k; for j € C. Each sample-gradient value
occurs n/2 times. Hence

9(0) = 5(91(0) + 92(1)) =

l\D\b

(k1 + k2), gl—gzg(lﬁ—/@), 92_§:_g(k1—k2)-
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Since ||k — k2||2 = 2(d — x) = 2qais,

_ t)?
Enr(t) = 2([;(_)1)%1&@)- (3.39)
Equations (3.38) and (3.39) give
VE(K) = Qcom,*x > Wszig- (3_40)

Large-sample leave-one-out stability. We next transfer the balanced endpoint analysis to the
LOO flow by proving stability under the O(n~!) class imbalance. For the two transformed class
predictions, define

o) = (U0 ) alw) = 0w) ~ Lo, Iw) = D), Gw) = Jw)I(w)
For 6| < 1, set
, 1—-6 149
IIs = d1ag<2, 2) .
The balanced flow is 6 = 0, while deletion of one class-1 sample is 6 = §,, = 1/(n—1). The following
quantities with class imbalance § satisfy

W = —J(w®) 05, 05 =-G(w)s05, 05 =ew?), w®0)=0. (341)
By this notation, the balanced trajectory is w(®) = Wy, . For this representative deletion, write

i) = wl®).

Along the balanced path, G = G and (3.34)—(3.35) give G = 7T52-1g[2. The closure of that path is

compact, so there is a compact tube around it on which G > (ﬂ'SQig /2)I5 and on which J and the
Hessians of the components of g are bounded. As long as a perturbed path remains in the tube, its
weighted residual energy

1
Es = §Q(STH595

satisfies, uniformly for sufficiently small |d],
Es = —(I;05) " G(w®)(I505) < —ApEs (3.42)

for some A\g > 0. Here Eo(t) = l(wyx(t), Sn), while Es, () = Z(w%?,g)(t), Sh.

n

For sufficiently small |s|, let w(*) be the zero-initialized solution of (3.41) with weight II,, and set
Js = J(w(s)) and & = dsw®). On the common time interval for which these paths remain in the
tube, (3.42) gives ||@s(t)|| < Ce~wbet for some C, Agype > 0, uniformly in s. Differentiation in s

gives
2

= —JJ & =Y (M05); V20 (w)gs — I/ Mg, TI, = § diag(—1,1).
j=1

Here p; denotes the j-th component of @. The first term is dissipative and the remaining terms are
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bounded by Ce~bel(||&]| + 1); hence

d _
&llﬁs(t)ll2 < Ce el (&P + 1), &(0) =0.
Gronwall’s inequality bounds &; uniformly in s and ¢, so

sup [w® (t) —w @) < [5] sup & )] < Cld. (3.43)
>0 |s|<l6],t>0

For sufficiently small |§|, this closes the tube estimate by a first-exit argument. Moreover,
|w@ ()| < Ce et 5o the path converges to a finite interpolating endpoint and its parameter
tail is exponentially small. For § = ¢, write

wiG = lim w(D ().
t—o00 ?

Taking ¢t — oo in (3.43) and using the smoothness of G gives, for every sufficiently large even n,
Jois —wil =06, 16027 = Gull = 0@a),  IG50(0) = G|l = O(e™Xerart), (3.44)

where G{ Y (t) = g(wﬁl,_,{l)(t)) and g}l;” = g(w,(;})). Here Aend, > 0 may depend on the fixed
sample size n.

The rate of A,,. This stability controls the LOO residual decay and yields the asymptotic lower
bound for the loss-gap rate. For the representative class-1 deletion, write

AP () = 0wl D (1) = b (wae(h))-

n,K

By the definition of the averaged loss difference in Eq. (3.6), token permutation invariance and
the class-swap isometry make every pointwise loss difference identical after relabeling, and hence
Anr =AU Let I, = T05,. By (3.44),

)\n - = )\min <H}L/2g7(;*1)ni/2) 5
2An,— = Amin(G) = min{qeom,«: Gditt,« }- (3.45)

The weighted residual equation and (3.38) therefore imply, for every small n > 0 and all large ¢,

s, ()]l < C'n,ne_(’\"f‘”)t, Ip(t)] < C’ne_(7_”)t,
Writing pgjnl) for the first component of g;, gives
— 1 _ _ '
An,n = Ag;,il) = 5 [(pg’nl))Q _ pQ] , |An,n(t)| < Cn7n€_2(mm{>\n‘7”7}_n)t, (346)

Taking successively the t-lower limit, 7 | 0, and the even-n lower limit, and using 2v = gcom «, yields

VA(K;) > min{‘]eom,*’ Qdiff,*} > 7rs21g- (347)
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Contraction on a positive A,. Assuming the loss gap is eventually positive, we use the LOO
residual asymptotics to lower-bound the original contraction ratio. Fix a sufficiently large even n
and work on the eventual positive tail assumed in Lemma 3.22. For the representative deletion, set

o) (w) = (Ve (w), VI(w, S.1)) NIV (0) = oD (wi D () = o6, (was (1)),

K n,K n,K n,K

and 1)
(M) = N(_—D(t)
Ap k()
where the last equality follows from Eq. (3.9), token permutation invariance, and the class-swap
isometry. Set

= En,n(t)v

Q, = p2 B — Geom — Onqdiff
n= n =

—1 ) 9y
(P12 2
where the quantities on the right are evaluated along the full balanced trajectory. Then 0 < @,, < 1.

The LOO and full evaluations of gf),(f,g ) are, respectively, —pg;ll)p'g;j) and h,,p?; hence (3.46) gives

the exact bridge
_ (—1 (—1
Cn,k c’gz,ril) pg,n) Qn (_pg,n) —h )

= = + -y (3.48)

T (=1 _
2 2 S0 T T—Qy o)

1,n

Endpoint stability gives g,(;}) = G4+ O(0y) = 0 and turns the weighted residual equation into

%(H}/ 205,) = — [I/2GLVTI2 4 O(enant) | T g5,

Thus A, _ is the smallest normal rate. Moreover, gé;l) > 0 makes the endpoint residual Jacobian
rank two; the analytic implicit-function theorem gives a codimension-two interpolation manifold,
and the holomorphic stable-manifold theorem gives a two-dimensional analytic stable fiber through
the LOO endpoint (Ilyashenko and Yakovenko, 2008, Thm. 7.1). Exponential endpoint convergence
places the LOO orbit in this fiber, where H%/ 29 is a local analytic coordinate. Writing A, y =

)\max(H}/ 297(1;1)1'[71/ 2), the convergent Poincaré-Dulac normal form on this fiber (Ilyashenko and
Yakovenko, 2008, Thm. 5.5) has only the possible resonance A, = kM, _ with k € Z>o. Its
solutions are exponential-polynomials, so substitution into the residual’s convergent Taylor series,
followed by termwise differentiation, gives the simultaneous C'' asymptotics

:(=1) ol
oly n (T powy
P00 = A iy oy, An O,

) (_1) t t
pl,n ( )

+ 0(1) — Un Z >\n,—7

for some A, # 0 and pﬁdy € Z>o. The positive gap ensures that the held-out residual is not
identically zero, and p, is a positive integer combination of the two normal rates.

Together with (3.38), this gives

A2 poly
Qult) = 5t 207 (1 4 o (1)),
n
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Since @, < 1, necessarily p, <~. If u, <=, then @, — 0; if u,, = =, then

:(—1)

pl,n

SRR —
(=1)

pl,n

5n,qdiff,*

> 0.

Thus (3.48) yields, in either case,

liminf €, 4 (t) > 2py > 2, —.

t—o00

Taking the outer lower limit and using (3.45) gives
c(k) > min{geom «, qdift .+ } > WSQig. (3.49)

Fixed-attention baseline. Finally, we solve the fixed-attention dynamics explicitly to obtain
the baseline rates and complete the comparison. When x = 0, attention remains uniform and

2 2 2 2
dop = Tsig + Thg X0 = —Thg, Gcom,0 = do + x0 = Tsig-

Equation (3.39) immediately gives v¢(0) = 7r521g. For the LOO flow, direct diagonalization of the
constant two-class residual operator gives

2)\510,)_ =dy— \/5%d(2) +(1- 5%)71'&5 < 72

sig»

and 2)\7(10,) — do — ﬂgg = ﬂszig.

The initial LOO residual (—1,—1)T is not an eigenvector: equality of the two row sums would
require (p— — p4+)(do — x0) = 0, where p_ = (1 —6,)/2 and p4 = (1 + 6,)/2, but both factors are
nonzero. Since xg # 0, the two eigenvalues are distinct, so the initial vector has a nonzero slow-
mode coefficient. The same nonzero off-diagonal entry ensures that the slow eigenvector is visible
()~ 72 this visible LOO mode dominates the full-data

in the held-out coordinate. Because 2A;, "~ sig?

residual. Thus, for some B, # 0,

(1)
p(t)? 0 P () EYON

(—1) —AO ¢
pUD () = Bpe b1 4 0(1)), —L— !
(P (1)) P ()

v

Hence the gap is eventually positive with rate N The exact bridge (3.48), which is algebraic

n,—
and also applies when x = 0, gives the same limit for the contraction:

o 1 — T PNO)
lim inf [—tlog !An,o(t)l] = lim &,0(t) = 2, .

Letting n — oo proves
vA(0) = ¢(0) = v(0) = FSQig.

Combining this equality with (3.40), (3.47), and (3.49) proves (3.30) and (3.31). O
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The above lemma shows that trainable attention learns to emphasize the class-specific signal tokens
over the shared background tokens. The resulting representation separates the two classes more
effectively, allowing the predictions to approach the correct labels more rapidly. Under the squared
loss, the sample-wise gradients and their variation across samples therefore vanish faster, leading to
faster perturbation decay. Meanwhile, by relating to the residual during training,we show that the
predictor with £ > 0 makes the loss difference between the full-data and leave-one-out trajectories
shrink faster, resulting in stronger contraction under the additional positivity condition. Thus,
trainable attention improves both perturbation and contraction through the representation it learns.
This example, albeit simplistic, shows that we can calculate the contraction and perturbation factors
and the generalization gap for different types of architectures.

We should note that the predictor is invariant to permutations of token positions because self-
attention is permutation equivariant and the subsequent mean pooling is permutation invariant.
Consequently, all inputs with the same numbers of signal and background tokens have the identical
results regardless of the ordering.

Related ideas, in which attention progressively concentrates on the most relevant signal tokens, also
appear in Li et al. (2023) and Oymak et al. (2023). Under structured data models with informative
and irrelevant tokens, these works show that gradient-based training can emphasize task-relevant
information. Our example complements them by quantifying how this adaptive selection affects the
contraction and perturbation components of generalization dynamics.

3.5. Related Work and Discussion

Our approach adapts and develops concepts from several established lines of literature to provide a
tighter, data-dependent estimate of generalization.

Comparing trajectories in terms of their loss instead of their weights. Arora et al.
(2019) also study the residual dynamics to obtain an estimate of the norm of eventual weights
that are reachable by gradient descent. They derive a weight-norm-based bound using the PAC
learning framework (Valiant, 1984) and Rademacher complexity (Bartlett and Mendelson, 2002;
Bartlett et al., 2017). Similar ideas are adopted by Allen-Zhu et al. (2019) and Cao and Gu
(2019) for analyzing SGD and online learning, respectively, in fully-connected neural nets. Liu
et al. (2022) derive a weight-norm-bound under uniform conditions for the Lojasiewicz gradient
inequality. Richards and Kuzborskij (2021) and Akbari et al. (2021) analyze the sensitivity of the
weights found by the algorithm upon replacing one sample for uniformly Lipschitz losses. The key
reason for loose generalization bounds in these analyses is that they are conducted in weight space,
under uniform assumptions over the entire loss landscape. In contrast, we study the evolution of
the residual in Eq. (3.16), which is more closely related to the difference in loss after training on
perturbed datasets—as opposed to the difference in weights. Our analysis is conducted directly in
the prediction space, which is why it provides a more precise characterization of generalization.

Relation to stability-based, trajectory-based and information-theoretic approaches.
Stability based generalization bounds (Bousquet and Elisseeff, 2002; Hardt et al., 2016; Xu and
Mannor, 2012) can be adapted for stochastic algorithms using information-theoretic approaches
(Xu and Raginsky, 2017; Mou et al., 2018; Chu and Raginsky, 2023) to provide remarkably tight
generalization bounds. Dadi and Cevher (2025) compare SGLD runs on different datasets to derive
generalization bounds that do not grow with training time in non-convex settings. Nickl et al. (2023)
use the memory-perturbation equation to estimate sample sensitivity and predict test loss through
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approximate leave-one-out cross-validation during training. Steinke and Zakynthinou (2020) de-
velop a conditional mutual information framework that relates generalization to how much a learned
model reveals about which examples in a super-sample were used for training. Negrea et al. (2019),
Neu et al. (2021), and Banerjee et al. (2022) develop information-theoretic generalization bounds
in terms of the sum of the trace of the gradient covariance along the training trajectory—this is
ot trin(t) in our notation. This sum tells us about the size of the tube of trajectories in loss
space that arises from training on slightly different datasets. The quality of the estimate of this
tube completely determines the quality of the bound. Our expression in Eq. (3.11) provides a
more general and tighter estimate of this tube than these prior works, because the damping factor

exp ( fst —En(u)du> corrects for the size of the tube. A positive contraction factor leads to faster

contraction of two trajectories that are being trained on slightly different datasets. Our analysis
applies to deterministic algorithms, unlike previous work on information-theoretic bounds (Xu and
Raginsky, 2017; Mou et al., 2018; Futami and Fujisawa, 2023), which only holds for randomized
algorithms because the proof relies on the non-expansiveness of the KL-divergence of non-singular
distributions.

Beyond information-theoretic approaches, several works derive generalization bounds from quanti-
ties computed along the training trajectory: Clerico et al. (2025) use pathwise curvature within a
deterministic PAC-Bayes framework, Fu et al. (2023) use the decrease in the training loss and gradi-
ent covariance, and Chen et al. (2023b, 2025) use cumulative per-example gradient norms through a
data-dependent loss path kernel. Johnson and Zhang (2023) bound the expected generalization gap
of stochastic training using output inconsistency and instability. These approaches summarize a sin-
gle training path by accumulating certain quantities along the trajectory. Trajectory-based analysis
can also motivate algorithmic choices such as early stopping: Yao et al. (2007) compare empirical
and population gradient-descent trajectories to derive stopping rules that balance approximation
and sample-size errors.

Generalization bounds for kernel machines. Generalization loss in kernel ridge regression
(Rakhlin and Liang, 2020; Mallinar et al., 2022) can be expressed in terms of quantities that resemble
ours, namely, the alignment of the residuals with the Gram matrix r(0) " K7(0) (Arora ct al., 2019;
Jacot et al., 2020). Woodworth et al. (2020) show that initialization scale controls the transition
between kernel and rich regimes in a family of deep linear networks, influencing both implicit bias
and generalization. Beyond kernel methods, Li et al. (2020b) analyze the training dynamics of two-
layer ReLLU networks and show that they can achieve better generalization than kernel methods
under Gaussian inputs and orthogonal target weights. Our effective Gram matrix generalizes this
idea to arbitrary deep neural networks and loss functions, going beyond two-layer neural networks
and squared losses. However, unlike kernel ridge regression, where the Gram matrix is derived from
a fixed kernel that directly recovers the target function, the effective Gram matrix K, in our setting
varies for different datasets and training regimes and does not necessarily coincide with any fixed
kernel.

Contraction theory. Lohmiller and Slotine (1998, 2000) provide a uniform contraction rate
and perturbation magnitude over time and space (o and b in Theorems 3.1 and 3.2). Davydov
et al. (2022) extend contraction analysis to arbitrary norms and establish incremental input-to-
state stability bounds that quantify how contraction and input perturbations jointly govern the
distance between trajectories. In contrast, we derive these terms c,*(t) and €,%(¢) in Lemma 3.7
directly from the evolution of A, ?(¢). This is a local quantity and describes only the contraction and
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perturbation of w, (t) and w;, *(t). It varies over time. The central motivation of this chapter is that
the non-uniformity allows for a more refined analysis of gradient flow for neural networks. Indeed,
the energy landscape may not be uniformly good in the entire weight space, but as we see in Fig. 3.1,
it can be benign along most of the training trajectory. Our development in this chapter therefore
diverges significantly from the generalization bounds derived in contraction theory (Kozachkov et al.,
2023a; Charles and Papailiopoulos, 2018), and our results generalize these ideas, see Remark 3.8.

Cross-validation-based estimators of the generalization gap. These are widely used meth-
ods for estimating risk (Hastie et al., 2009). Blum et al. (1999) show that the cross-validated
estimator performs no worse than the corresponding data-splitting estimator under certain condi-
tions. Kale et al. (2011) show that the k-fold cross-validated estimator achieves at least a k-fold
reduction in variance under certain stability conditions. Kumar et al. (2013) relax the stability
condition. Austern and Zhou (2025) improve these results by proving central limit theorems and
Berry-Esseen bounds for the cross-validation loss estimators under certain stability conditions. Patil
et al. (2024) show that, in high-dimensional least squares, LOOCYV consistently estimates prediction
risk uniformly along the early-stopped gradient-descent trajectory. Chen et al. (2023a) build upon
PAC-Bayes bounds developed by Yang et al. (2022) to obtain an estimate of the effective dimension-
ality of deep networks by computing the relationship between the leave-one-out estimator of the test
loss and the number of training samples. Relatedly, Oberman (2026) uses leave-one-out stability to
derive error bounds for transductive semi-supervised learning on data-augmentation graphs.
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CHAPTER 4
PROSPECTIVE LEARNING: LEARNING FOR A DYNAMIC FUTURE

In the previous chapters we analyze the generalization of time-agnostic model trained on inde-
pendent and identically distributed (IID) data, which based heavily on the prevailing theoretical
framework of PAC learning or PAC-Bayesian as its stochastic version. However in real world appli-
cations, learning involves updating decision rules or policies, based on past experiences, to improve
future performance. PAC learning has been extremely useful to develop algorithms that minimize
the risk—typically defined as the expected loss—on unseen samples under certain assumptions. The
assumption, that samples are IID within the training dataset and at test time, has served us well.
But it is neither testable nor believed to be true in practice. The future is always different from the
past: both distributions of data and goals of the learner may change over time. Moreover, those
changes may cause the optimal hypothesis to change over time as well. There are numerous math-
ematical and empirical approaches that have been developed to address this issue, e.g., techniques
for being invariant to (Blum-Smith and Villar, 2023), or adapting to, distribution shift (Quinonero-
Candela, 2009), modeling the future as a different task, etc. But we lack a first-principles framework
to address problems where data distributions and goals may change over time in such a way that
the optimal hypothesis is time-dependent. And as a consequence, machine learning-based Al today
is brittle to changes in distribution and goals.

4.1. Introduction

This chapter develops a theoretical framework called “Prospective Learning” (PL). Instead of data
arising from an unknown probability distribution like in PAC learning, prospective learning assumes
that data comes from an unknown stochastic process, that the loss considers the future, and that
the optimal hypothesis may change over time. A prospective learner uses samples received up to
some time ¢t € N to output an infinite sequence of predictors, which it uses for making predictions
on data at all future times ¢ > t. We discuss how prospective learning is related to existing problem
formulations in the literature in Sec. 4.6.1.

Why should one care about prospective learning? Imagine a deployed machine learning
system. The designer of this system desires to optimize—mot the risk upon the past training
data, or the risk on the immediate future data—but the risk on all data that the model will make
predictions upon in the future. As data evolves, e.g., due to changing trends and preferences of
the users, the optimal hypothesis to make predictions also changes. Time is the critical piece of
information if the system designer is to achieve their goals. Both in the sense of how far back in
time a particular datum was recorded, and in the sense of how far ahead in the future this system
will be used to make predictions. The designer must take time into account to avoid retraining the
model periodically, ad infinitum.

Biology is also rich with examples where systems seem to behave prospectively. The principle of
allostasis, for example, states that regulatory processes of living things anticipate the needs of the
organism and prepare to satisfy these needs before, rather than after, they arise (Sterling, 2012). For
example, mitochondria increase their energy production to anticipate the demands of muscles (Wang
et al., 2017), neural circuits anticipate changes in sensory stimuli and the task (i.e., predictive coding;
Huang and Rao, 2011), and individual organisms optimize their actions with respect to anticipated
changes in their environments (Seligman et al., 2013, 2016). These regulatory principles were learned
early in evolutionary time so they must be important. In short, the world—including our internal
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drives—changes all the time, and learning systems must anticipate (that is, prospect) these changes
to thrive.

Contributions

e Sec. 4.2 defines Prospective Learning (PL) as an approach to address problems where the
optimal hypothesis may evolve over time (due to shifts in distributions and/or goals of the
learner). It also provides illustrative examples of PL.

e Sec. 4.6.1 puts prospective learning in context relative to existing ideas in the literature for
addressing changes in the data distribution.

e Sec. 4.3 takes steps towards a theoretical foundation for prospective learning. We define
strongly learnability (i.e., there exists a prospective learner whose risk is arbitrarily close to
the Bayes optimal learner) and weakly learnability (i.e., there exists a prospective learner
whose risk is better than chance) (Kearns and Valiant, 1994). Empirical risk minimization
(ERM) without incorporating time, can result in failure to strongly, or even weakly, learn
prospectively (Lugosi and Zeger, 1995).

e Sec. 4.4 introduces prospective empirical risk minimization, and proves that it can learn
prospectively under certain assumptions on the stochastic process and loss.

e Sec. 4.5 demonstrates that our prospective learners can prospectively learn several canonical
problems constructed using synthetic, MNIST (LeCun et al., 1990) and CIFAR-10 (Krizhevsky,
2009b) data. In contrast, a number of existing algorithms, including ERM, online and con-
tinual learning algorithms, fail. Sec. 4.5.4 demonstrates that current large language models,
which use Transformer-based architectures trained using auto-regressive losses, fail to learn
prospectively.

4.2. A definition of prospective learning

A prospective learner minimizes the expected cumulative risk of the future using past data. Such a
learner is defined by the following key ingredients (see Fig. 4.1 (left) for schematic illustration).

Data. Let the input and output at time ¢ be denoted by z; € X and y; € Y respectively. Let
2zt = (z¢,yr). We will model the data as a stochastic process Z = (Z;)ien defined on an appropriate
probability space (€2, F,P). At time ¢ € N, denote past data by z<; = (21, ..., 2¢) and future data by
2>t = (2t41,...). We will find it useful to distinguish between the realization of the data, denoted
by z<;, and the corresponding random variable, Z<;.

Hypothesis class. At each time ¢, a prospective learner selects an infinite sequence h = (hy, ..., he, hyyr, ... )
which it uses to make predictions on data at any time in the future. Each element of this sequence

hy © X — Y and therefore hy € Y*.3 The hypothesis class H is the space of such hypotheses,

heH C (YN We will again use the shorthand h<; = (hq,...,h;). We will sometimes talk

about a “time-agnostic hypothesis” which will refer to a hypothesis such that h; = hy for all ¢, ¢’ € N.

Observe that this makes our setup different from the standard setup in PAC learning where the

learner selects a single hypothesis in Y¥. One could also think of prospective learning as using a

single time-varying hypothesis & : N x X — ), i.e., the hypothesis takes both time and the datum

as input to make a prediction.

3We will use some non-standard notation in this chapter. In particular, a hypothesis h will always refer to sequence
of predictors h = (h1,...,ht, hit1,...). This helps us avoid excessively verbose mathematical expressions.

“When we say that “learner selects a hypothesis” in the sequel, it will always mean that the learner selects an
infinite sequence from within the hypothesis class H.
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Learner. A prospective learner is a map from the data received up to time ¢, to a hypothesis that
makes predictions on the data over all time (past and future): (X x Y)! — (V)N The learner
gives as output a hypothesis h(z<;) € H. Unlike a PAC learner, a prospective learner can make
different kinds of predictions at different times. This is a crucial property of prospective learning.
In other words, after receiving data up to time ¢, the hypothesis selected by the prospective learner
can predict on samples at any future time ¢’ > t.

Prospective loss and risk. The future loss incurred by a hypothesis A is

t+7
- 1
li(h, Z) =Timsup = > (s, he(X,),Ya), (4.1)
T—00 Ts:t—i—l

where £ : N x Y x Y+ [0,1] is a bounded loss function.” Prospective risk at time ¢ is the expected
future loss °

Ry(h) = E[B(h, Z) | 2<1] = / 0(h, 2)dPy,..., (4.2)

where we assume that h is a random variable and h € 0(Z<;) where o(-) denotes the filtration (an
increasing sequence of sigma algebras) of the stochastic process Z. We have used the shorthand
E[Y | z] for E[Y | X = z]|. Observe that we have conditioned the prospective risk of the hypothesis
h upon the realized data z<;. We can take an expectation over the realized data, to obtain the
expected prospective risk

E[Ri(h)] = /Rt(h) aPy.,.

Prospective Bayes risk is the minimum risk achievable by any hypothesis. In PAC learning, it
is a constant that depends upon the (fixed) true distribution of the data and the risk function. In
prospective learning, the optimal hypothesis can predict differently at different times. We therefore
define the prospective Bayes risk at a time ¢ as

Ry = inf Ry(h), 4.3
F e +(h) (4.3)

which is the minimum achievable prospective risk by any learner that observes data z<;. We define
the Bayes optimal learner as any learner that achieves a Bayes optimal risk at every time ¢t € N. In
certain contexts, one might be interested in the limiting prospective Bayes risk as t — oo.

4.2.1. Different prospective learning scenarios with illustrative examples

We next discuss four prospective learning scenarios that are relevant to increasingly more general
classes of stochastic processes. Our goal is to illustrate, using examples, how the definitions devel-
oped in the previous section capture these scenarios. We will assume that for all times ¢t we have
X =1,Y;, € {0,1}. We will also focus on the time-invariant zero-one loss ¢(t,7,y) = 6(§ # y) for
all ¢, here § is the Dirac delta function. Fig. 4.1 shows example realizations of the data for each
scenario.

5The limsup is guaranteed to exist if £ is bounded. If the series converges, we can use lim instead.

SThere are many real world scenarios where expected future loss may not be sufficient for good performance, e.g.,
for portfolio managements or inference by biological learners who optimize for a balance between value and risk.
Moreover, the risk functional could, in general, also change over time. In this chapter, we will focus only on the
expected future loss.
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Scenario 1 Scenario 2 Scenario 3 Scenario 4
Realized Potential Realized Potential Realized Potential Realized Potential
Past Past Futures Past Past Futures

$orrpg e torg oty
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Figure 4.1: A schematic for prospective learning (left) and realizations of the examples for the four scenarios
(top right); dots denote 1s and empty spaces denote Os for Y; € {0, 1} with X; = 1 for all times ¢t. Prospective
risk of learners at different times is shown in the bottom panels and discussed in Sec. 4.2.1. Theorem 4.1:
For Bernoulli probability p = 0.2, the maximum-likelihood estimator (MLE) in blue uses a time-agnostic
hypothesis hy(X;) = 1(p; > 0.5) where p, = t* 22:1 ys, ties at p; = 0.5 are broken randomly. The
risk of this learner converges to the Bayes risk. Theorem 4.2: For Bernoulli probability p = 0.2, the
MLE estimator (blue) performs at chance levels. A prospective learner (red) that alternates between two
predictors at even and odd times converges to Bayes risk. Variants of this learner that use less information
from the stochastic process (purple does not know that the data distributions at even and odd times are
tied, green does not know that the distribution shifts at every time-step) also converge to Bayes risk, but
more slowly. Theorem 4.3: For § = 0.1 and v = 0.9 in the discounted prospective risk, the MLE estimator
(blue) again performs at chance levels. A prospective learner that computes an estimate of the transition
probability of the two-state Markov chain to estimate P(Yy |y;) for future times ¢’ > ¢ converges to Bayes
risk. Theorem 4.4: For 6y = 61 = 0.1, the MLE estimator (blue) performs at chance levels. A prospective
learner that uses a variant of Q-learning (described in Theorem 4.4) converges to the prospective Bayes risk.

Scenario 4.1 (Data is independent and identically distributed). Formally, this consists of
stochastic processes where ]P’Zt, |z, = Pz, for allt, t' € N. As an example, consider Y; ~ Bernoulli(p)
for some unknown parameter p € [0, 1]. Prospective Bayes risk is equal to min(p, 1 — p) in this case.
A time-agnostic hypothesis, for example one that thresholds the maximum likelihood estimator
(MLE) of the Bernoulli probability, converges to the limiting prospective Bayes risk.

Calculations. To examine whether learning can benefit from prospection even in this IID setting,
let the MLE-based learner return the hypothesis hy = hy = threshold(p; > 0.5) for all ¢’ > ¢, where
Py = % Zi:l ys. Alternatively, if we assume a prior distribution Beta(a, §) over p, then the resulting

t
%. The corresponding MAP-based learner

returns the sequence ith = (ﬁt, ﬁt, -++), where hy = threshold(p; > 0.5) for all future times beyond
t. If the prior distribution has a small divergence with respect to the true posterior distribution,
then the MAP-based learner converges faster to the Bayes optimal risk; for a poor choice of prior,
the convergence is slower. However, in such situations, we can modify the MAP-based learner to
use prospection and incorporate “time” to obtain faster convergence to the Bayes risk.

maximum a posteriori (MAP) estimate is py =

Let y1,...,y: be the IID sample sequence observed up to time t. We compute the rate of change
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Ap(t) of the MAP estimate at time ¢ as
Ap(t) = MAP(y1,...,yt) — MAP(y1,...,y—1). (4.4)

Taking expectations on both sides of Eq. (4.4), and plugging in p; = MAP(y1,...,y;) for the true
parameter p, we construct the following estimate for Ap(¢):

A (o —1)+tp (a=1)+(t—=1)p

Ap(t) = (a—1)+B-1)+t (a—1)+B-1)+t—1

Using this rate of change, we may forecast the estimate py at time ¢’ > t as

t'—1
Pr =D+ Y Ap(s).
s=t
Scenario 1
Independent and identically distributed data
1.0
—e— MLE

0.8- —e— MAP (priora = 12, 8 = 16)
< —e— proMAP (priora = 12, B = 16)
= —-—- Bayes risk
_02) 0.61 Chance
]
O
o 0.4
(%]
o
* 0.2

0.0 - ; ;

5 10 15
Time (t)

Figure 4.2: Prospective risk of MLE (blue), MAP (purple), prospective MAP (red) and random-chance
(orange) based learners with respect to time. Both MAP and prospective MAP estimators assume a prior
distribution of Beta(12, 16) over p.

We refer to this as the prospective MAP estimate. Based on it, we set the hypothesis to be
hy = threshold(py > 0.5) for all future times beyond ¢. In Fig. 4.2, we plot the prospective risk
of the MLE, MAP, and prospective MAP-based learners. Due to an unfavorable prior, the MAP-
based learner converges slowly. However, the prospective MAP-based learner manages to leverage
its forecasting to achieve a faster convergence rate despite having the same prior as the MAP. This
shows that we can indeed benefit from prospection even in the IID case.

Scenario 4.2 (Data is independent but not identically distributed). This consists of stochas-
tic processes where Py |, = Pz for all ¢ € N. Consider Y; ~ Bernoulli(p) if ¢ is odd, and
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Y; ~ Bernoulli(1 — p) if ¢ is even, i.e., data is drawn from two different distributions at alter-
nate times. Prospective Bayes risk is again equal to min(1 — p,p) in this case. A time-agnostic
hypothesis can only perform at chance level. But a prospective learner, for example one that se-
lects a hypothesis that alternates between two predictors at even and odd times, can converge to
prospective Bayes optimal risk. We can also construct variants, e.g., when the relationship between
the Bernoulli probabilities are not known (Variant 1 in Fig. 4.1), or when the learner does not
know that the data distribution changes at every time step (Variant 2 in Fig. 4.1 where we im-
plemented a generalized likelihood ratio test to determine whether the distribution changes). The
risk of these variants also converges to prospective Bayes risk, but they need more samples because
they use more generic models of the stochastic process. This scenario is closely related to (online)
multitask /meta-learning (Finn et al., 2017b).

Scenario 4.3 (Data is neither independent nor identically distributed). Formally, this
scenario consists of general stochastic processes. As an example, consider a Markov process P(Y;41 =
k|Y; = k) = 6 with two states k € {0,1} and Y; ~ Bernoulli(¢). The invariant distribution of this
Markov process is P(0) = P(1) = 1/2. Prospective Bayes risk is also equal to 1/2. For stochastic
processes that have a invariant distribution, it is impossible to predict the next state infinitely far
into the future and therefore it is impossible to prospect. The prospective Bayes risk is trivially
chance levels. In such situations, the learner could consider losses that are discounted over time.
For example, one could use a slightly different loss than the one in Eq. (4.1) to write

li(h, Z) = (1= 9) 322,10 7* " H(hs(X5), Y5) (4.5)

for some v € [0,1). The prospective Bayes risk for this example is calculated analytically below.
For v = 0.9, # = 0.1 and the zero-one loss, the limiting prospective Bayes risk is 0.357, as derived
below.

Calculations. To derive this risk, consider the slightly more general Markov chain in which
P(Yiy1=0|Y; =0) =6y and P(Yi41 = 1|Y; = 1) = 0y, with transition matrix

[ 6 1-6
=% 1"

90 16, ‘91

1-6,

Figure 4.3: Markov chain describing the evolution of data.

The probability distribution at time ¢’ is given by Ft/_t(zt, 1—2)T. The eigenvalues of the transition
matrix are Ay = 1 and Ao = 0y +6; — 1, with corresponding eigenvectors (1,1)" and (fg—1,1—67)".
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Diagonalizing I' gives

-t — 1 6p—1 /\'i/_t 0 1 6g—1 !
Tl 1-6) | 0 AL 1-6
b
(2— 60— 61)

1—60 4+ (1—60p)A~" (1 —06p) — A2
1+ 91 + (1 — 90))\5_t (1 — «90) + )\3

This implies that the probability distribution of the state at time ¢’ is

1 1—60;] N ((1—60)1—2)—(1—6)z) [ 1
2= 00— 01) L—eo}* : 2— 00— 01) [—1]'

Ty =

Hence, the optimal sequence of hypotheses is h%,,; = (hj11,hipg,.-.), where

hi = argmax my (1),
1€{0,1}

with Bayes risk
T

1
Rf = lim mi

im — ()= ——— min(1— 0,1 —6y).
Tlﬁoo T p— ie{O,ri} T (l) (2 — 90 — 91) InlIl( 0 1)

The second term in the expression of my vanishes as T — oo. If 63 = 0.9 and #; = 0.5, then
R; =1/6.

If we restrict our attention to the case where 6y = 61, the discounted Bayes risk reduces to

o0 ©© s—t—1 s—t—1]y\s—t
L= Y ¥l =01-y > <7 5 . 2“2 ‘)

s=t+1 s=t+1

1 [A2] )
=(1-7x ( — .
e T2 e
Substituting 0y = 6; = 0.1, the discounted risk for v = 0.9 is 0.357.

Now consider a learner which computes the MLE of the transition matrix Ff_t. It calculates
P(Yy | y;) = pp where [1—py,pp] = IV 7*[1 =y, 5] and uses the hypothesis hy (Xy) = 1(py > 0.5)
(ties broken randomly). We can see in Fig. 4.1 that this learner converges to the prospective Bayes
risk. This example shows that if we model the changes in the data, then we can perform prospective
learning. This scenario is closely related to certain continual learning problems (Vogelstein et al.,
2020; Ramesh and Chaudhari, 2022).

Scenario 4.4 (Future depends upon the current prediction). Problems where predictions of
the learner affect future data are an interesting special case of Theorem 4.3. Prospective learning
can also be used to address such scenarios. For 6p,60; € [0, 1], consider a Markov decision process
(MDP) P(Yiy1 = j1Y: = ', uy1(1) = k) = 0 if j = j' and 1 — 0, otherwise. Le., the prediction
hi4+1(X¢41) = k (recall that Xy = 1 for all times) is the decision and the MDP remains in the same
state with probability 6. Prospective Bayes risk for this example is the same as that of the example
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in Theorem 4.3. This scenario is closely related to reinforcement learning (Sutton and Barto, 1998).

Calculations. Unlike the preceding scenarios, this is an active prospective learning problem in
which the learner influences future realizations through its decisions. Our prospective learner is
inspired by reinforcement learning, where the current state is Y;_1, the action is hy, and the next
state is Y;. The reward at the t™ time-step is

r(t hiet, Yer1) = L{hig1 = Y1}

as a result of selecting action h;y1 given that the previous output was y; and the next output is
Ye+1-

The learner estimates the transition matrix corresponding to the MDP for each decision hy41(X¢41) €
{0, 1} using a similar procedure to that of Theorem 4.3:

Wk e {0,1} : ft(k):[ O 1‘9’“},

1-—06; ék

where 0 = ét € [0,1]? after ¢ time steps. Using this estimate of f‘t, the learner solves for the value
function corresponding to the discounted prospective risk:

Qi(ye, his1) = > P(Yip1 =1y

Y: = yt, hur1 = h) (T(t, het1,y) + v max Q¢ (y, h)> :
ye{0.1) "

:ft (ht+1 )yt Y

The value function can be solved using value iteration until convergence. For a given I', Banach’s
fixed point theorem guarantees that this procedure converges to the optimal value function in the
tabular setting (Watkins and Dayan, 1992).

Once we have the Q-values Qt, we can use them to take actions. The optimal action at time ¢ is
argmax;, Q(yy, h). However, unlike reinforcement learning, we do not know y; for ¢’ > ¢ and must
instead make a sequence of decisions using state y;. The sequence of decisions made by the learner
is ﬁ>t = (ﬁtﬂ, ...), where

7 = (1 —ye,y¢) ", ie., Ty is the estimated distribution over the state at time #', and

hy 1 = argmax 7, Qu(-, h).
h

In Fig. 4.1, we use 0y = 6; = 0.1 and a discount factor v = 0.9. This learner approaches the Bayes
risk of 0.357 calculated in Theorem 4.3.

4.3. Theoretical foundations of prospective learning

Definition 4.5 (Strong Prospective Learnability). A family of stochastic processes is strongly
prospectively learnable, if there exists a learner with the following property: there exists a time
t'(e,9) such that for any €,0 > 0 and for any stochastic process Z from this family, the learner
outputs a hypothesis h such that P[R;(h) — R} < €] >1— 4, for any ¢t > t'.
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This definition is similar to the definition of strong learnability in PAC learning with one key
difference. Prospective Bayes risk R; depends upon the realization of the stochastic process z<; up
to time ¢t. In PAC learning, it would only depend upon the true distribution of the data. Not all
families of stochastic processes are strongly prospectively learnable. We therefore also define weak
learnability with respect to a “chance” learner that predicts E[Y] and achieves a prospective risk
RO

Definition 4.6 (Weak Prospective Learnability). A family of stochastic processes is weakly
prospectively learnable, if there exists a learner with the following property: there exists an € > 0
such that for any § > 0, there exists a time ¢(¢,d) such that for any stochastic process Z from this
family, P [R) — Ry(h) > €] > 1 —, for any ¢ > t'.

In PAC learning for binary classification, strong and weak learnability are equivalent (Schapire,
1990) in the distribution agnostic setting, i.e., when strong and weak learnability is defined as the
ability of a learner to learn any data distribution. But even in PAC learning, if there are restrictions
on the data distribution, strong and weak learnability are not equivalent (Kearns, 1988). This
motivates Theorem 4.8 below. Before that, we define a time-agnostic empirical risk minimization
(ERM)-based learner. In PAC learning, ERM selects a hypothesis that minimizes the empirical loss
on the training data. It outputs a time-agnostic hypothesis, i.e., using data, say, z<; standard ERM
returns the same predictor for future data from any time ¢’ > ¢t. There is a natural application of
ERM to prospective learning problems, defined below.

Definition 4.7 (Time-agnostic ERM). Let H be a hypothesis class that consists of time-agnostic
predictors, i.e., hy = hy for any t,t' € N for all predictors h € H. Given data z<;, a learner that
returns

t
.1
h = arg min n Zf(s, hs(s),Ys) (4.6)

hen t i

is called a time-agnostic empirical risk minimization (ERM)-based learner.

Time-agnostic ERM in prospective learning may use a time-dependent loss £(s, hs(xs),ys) upon
the training data. This ERM is not very different from standard ERM in PAC learning (when
instantiated with the hypothesis class that consists of sequences of predictors, that we are interested
here). If data is IID (Theorem 4.1), then there is no information provided by time in the training
samples. But if there are temporal patterns in the data, take Theorems 4.2 and 4.3 or Theorem 4.4
as examples, then time-agnostic ERM as defined here will return predictors that are different than
those of standard ERM that uses a time-invariant loss.

Proposition 4.8. There exist stochastic processes for which time-agnostic ERM is not a weak
prospective learner. There also exist stochastic processes for which time-agnostic ERM is a weak
prospective learner but not a strong one.

"We can also define weak learnability with respect to the prospective risk of a particular learner, even one that
is not prospective. This may be useful to characterize learning for stochastic processes which do not admit strong
learnability.
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Proof. Let X = {—1,1} and ) = {0,1}. Consider two distributions P; and P, (Fig. 4.4):

Pl(X_x):PQ(X:x):% vz,
A —1|x =g {7 Hr=l
1—-0 ifzx=-1,
Po(Y =1 X = 1) 1-6 ?fle
0 if £ = —1.

In other words, the inputs have the same marginals but the labels are flipped between P; and Ps.
Consider a stochastic process Z such that Zoi11 ~ Py and Zgy ~ P where t € N.

Let G be any hypothesis class and let £(s, 7, y) = 1(§ # y) be the time-invariant zero-one loss. The
time-agnostic learner uses a sequence of hypotheses h = (h;) where hy = hy Vi, ¢’ € N to make
predictions at all times. The future loss is

t4+21
_ 1
0(h,Z) = lim — Z (s, hs(Xs),Ys) = Ry(h) + Ra(h) = =

T—00 2T 2’
s=t+1

almost surely; here Ry (h) and Ry(h) are risks on data from distributions P; and P, at odd and even
times, respectively. The last equation follows from the fact that R;(h) = 1 — Ra(h) because the
labels are flipped. Prospective Bayes risk is zero if the hypothesis class G contains the Bayes optimal
hypotheses for each of the two distributions. The future loss evaluates to 1/2 for all realizations
and so does the prospective risk. The prospective risk of a hypothesis sequence that makes random
predictions (zero or one with equal probability at each instant) is also 1/2. This stochastic process
is not weakly prospective learnable.

L 1] =

Figure 4.4: A simple stochastic process that is not weakly prospectively learnable.
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Now consider the two distributions shown in Fig. 4.5,

1
P(X =a)=P(X =x)=3 Va,
0 if £ < 0
P(Y=1|X=2)= ?x—
1-— if x =1,
1-60 ifz>0

0 if x = —1.

Inputs are supported on the set {—1,0,1} this time. Again consider a stochastic process Z such
that Zoiy1 ~ P1 and Zy ~ P» for t € N. For a time-agnostic learner, since its hypothesis h at each
time step has to predict incorrectly at = = 0, we have R;i(h) + Ra(h) > % The future loss is

t+21
- ) 1 1
b(h.2) = lim o s:§t+:le(s, h(X.).Ye) = Ra(h) + Ra(h) = 3.

almost surely. It follows that the prospective risk R¢(h) > % for any hypothesis. Prospective Bayes
risk is again zero and therefore this stochastic process is not strongly prospectively learnable. It is
however weakly learnable.

A hypothesis that predicts § = 4-1 with equal probability has RY = 0.5. If the data contains samples
for x € {—1,1}, ERM will select a hypothesis that minimizes the empirical risk which necessitates
that A(1) = 0 and h(—1) = 1. Therefore Ry(h)+ Ra(h) < %—I—e, since h predicts correctly at x = +1,
and incorrectly at x = 0 exactly one of the two distributions. The constant e can be chosen to be
o t~1/2 after receiving data from t timesteps. The probability with which we do not get samples at
z=1orata=—1,is 2 x 37 Therefore the probability that Ri(h) + Ra(h) <  + € is at least
1 — 3711 after ¢ time steps. This learner is therefore better than the chance learner whose risk is
RY and it is a weak prospective learner. This shows that there exist stochastic processes that are
weakly prospective learnable using time-agnostic ERM but not strongly. O

We do not know yet whether (or when) strong and weak learnability are equivalent for prospective
learning.

4.4. Prospective Empirical Risk Minimization (ERM)

In PAC learning, the hypothesis returned by ERM using the training data can predict arbitrarily
well (approximate the Bayes risk arbitrarily well with arbitrarily high probability), with a sufficiently
large sample size. This statement holds if (a) there exists a hypothesis in the hypothesis class whose
risk matches the Bayes risk asymptotically, and (b) if risk on training data converges to that on
the test data sufficiently quickly and uniformly over the hypothesis class (Blumer et al., 1989; Alon
et al., 1997). Theorem 4.9 is an analogous result for prospective learning.

Theorem 4.9 (Prospective ERM is a strong prospective learner). Consider a finite family
of stochastic processes Z. If we have (a) consistency, i.e., there exists an increasing sequence of
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hypothesis classes H1 C Ho C ... with each H; C (yX)N such that VZ € Z,

lim E | inf Ry(h) — Rf| =0, (4.7)
| |

t—o0 heH

where h € H; is a random variable in 0(Z<;), and (b) uniform concentration of the limsup, i.e.,

VZ e Z,

ly(h, Z) max —Zﬂ S, hs(xs),ys)

ur<m<t m

E | max
heH

] <, (4.8)

for some v — 0 and u; — oo with u; < ¢ (all uniform over the family of stochastic processes), then
there exists a sequence 4; that depends only on ~; such that a learner that returns

h= (s, hs( 4.9
aziqr{r:m Hé%;(qmz S, st ys) ( )

is a strong prospective learner for this family. We define prospective ERM as the learner that
implements Eq. (4.9) given train data z<;.
The proof uses the following auxiliary lemma. Define the shorthand

m

em(h) = %Z@(s, hs(Xs),Ys).

s=1

Lemma 4.10. For a stochastic process Z, for an increasing sequence of hypothesis H; C Ho C
such that the consistency condition in Eq. (4.7) is satisfied, for any u; satisfying u; < t, uy — oo,
there exists h(®) € 0(Z<t), a Hs-valued random variable, such that

E [ sup  em(h )| th} —R; =0 (4.10)

ut <m<oo

almost surely.
Proof. By Eq. (4.7), there exists hY) € 0(Z<;), a Hy-valued random variable such that
i (1) _ ] -
tliglo E |R(h")—R;| =0

Here, h(*) € 0(Z<t) means that h®) is constant on the set {Z<t = z<;}. By the assumption on h®),
we have

Ry(h9) > inf Fu(h) > Ry

almost surely. We can choose a sub-sequence {ji}, such that E [Rjk (hUr)) — R;‘k] < 47%. For all

random variables h(!) satisfying the above assumption, the bounded convergence theorem implies
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that

E[R,(h®) - R}] =E [E [lim sup ey (h®) | th] - R;;]

m—0o0

:E[E[lim sup em(h(t))lZStH—E[RZ‘]

1— 00 u; <m<oo

= lim E [E [ sup  em(h®)| th] — Rzk]

1—00 u; <m<oo

In particular, this implies that for any integer k there exists an integer i such that

E|E| sup en(hU9)| 2| - R | <E [Rjk(hUk)) - R;fk} b 4R <9y 4k,
uikgmgoo

By the definition of limsup, we have

E[ sup em(h(t))]ZSt] >E [&(h@),Z)yZSt} > R}

u; <m<oo
and therefore we can use Markov’s inequality to get
o0
ZIP (IE sup  en(hU)) | Z<;,
k=0

Uiy, <m<oo

* 1/2)—k
_ R > 20/ )

1 .
<§ : (Jx) A R L
- — 2(1/2)—k EB uiksglifgw em(hM) | Z<j, R]k
= 2
—k
<k§_0 2(1/2)_k4 < 0.

Therefore, by Borel-Cantelli lemma, with probability one, there exists a (random) integer ko such
that for all k& > kg,

E sup em(h(jk)) | Z<j,

Uiy, <m<oo

* 1/2)—k
_ R <20/

We will now scale i, ji by some integer k; such that ig,, jx, < t. This ensures that Wiy, < Ut and
iy, © H¢ This scaling is necessary to relate the “empirical estimate” of the limsup of h to the
actual limsup of h®. To that end, define

k: = max{k € NU {0} : max{i, ji.} <t}.

Since i, < 0o and ji < 0o, we also have limy_, kt = 00. Let ap = 2(1/2)=k+ and notice that a; — 0.
We can construct an integer-valued random variable ¢y such that for all ¢ > tg, we have k;y > ko,
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and therefore

E sup  ep (hUkD) | Z<j,

Uiy, <m<oo

*
- R]kt § Q.

Now choose h) = hUki) for every t € N. Since jj, < t, we have Hj,, € He and 0(Z<j,,) C 0(Z<).
This implies that hU*¢) is an H;-valued random variable and hUk) € o(Z<;). Also, since iy, < t
and {u¢}72, is non-decreasing, we have Wiy, < Uy for all t € N. Hence, with probability one, Vt > g,

sup em(h(t)) | Zﬁjkt — R;kt < oy
uikt <m<oo

E| sup en(h®)] Zﬁjkt] - R;fkt <E

ut <m<oo

Since oy — 0, we have

E { sup em(h) | Zgj, | — R}, — 0 as.

u <m<oo

Again using the bounded convergence theorem,

E [ sup  en(h) | Z<i| — Rf — 0 as.

ur <m<oo

O

Proof of Theorem /.9. We first show that for each Z € Z, if Eqs. (4.7) and (4.8) holds, then the
risk of estimator in Eq. (4.9) converges in probability to the Bayes optimal, i.e.

P(’Rt(h@) _ R

)—)1.

By taking
t= max{t P (‘Rt(h(t)) — R}

<e)z1—5 Vt’Zt,ZeZ}

we can trivally show that the strong prospecitve learnability of estimator in FEq. (4.9) holds over the
family Z.

We now exploit the convergence of the empirical limsup to the true limsup. We construct a sub-
sequence of integers i; such that ;, in Eq. (4.8) decays exponentially. Markov’s inequality implies
that

Z]P’ max

heH;,
< max
> = [

By the Borel-Cantelli lemma, with probability one, there exists t1 € N, random, and ¢; € F, such

G(h,Z) — max em(h)'> v)

wi, <m<it

G(h,Z) — max_ em(h)H < iﬁ< .

wi <M<i¢
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that Vt > ¢4,

max |l¢(h, Z) — max  en(h)| < /-

he%it Uqy SmS’Lt
Let j; = max{t’ : iy <t}, then we have ij, — oo. Since 7, < t, we have

li(h,Z) — max en(h) <l(h,Z)— max en(h).

w; Mt ui;, SM<igy

Construct a random variable t5 such that Vt > t5, we have j; > t;. Hence, we have for all ¢ > o,

max {Kt(h,Z)— max em(h)}

hE'Hijt Ui, <m<t

< max |ly(h,Z) — max en(h)
heHi;, ui; <m<ij,

< %’jt .

Let i; = i;, and notice that since we have i; — 0o we also have i; < ¢t. This gives a sub-sequence
that depends only on 7;. Then, with probability one, Vt > ¢,

max {Et(h,Z)— max em(h)}§ Vi, -

hE’Hit Uiy <m<t

Let {hM}22,, where h() € 0(Z<;) is a H;,-valued random variable chosen as in Lemma 4.10 with
‘H: chosen to be H;, and u; chosen to be u;,. Since NONS 0(Z<t), with probability one, for ¢ > o,

Zt(ﬁ(t),Z) < max em(iz(t)) + /i,

ui, <m<t

< max_ en(h®) + /7

wi <M<t

< sup em(h(t))+\/’yit.

uj;, <M<oo

Hence,

sup  en(hD) | Z<i| =0

Ui SM<00

E [Zt(ﬁ(t), Z)| th} )

almost surely. By Lemma 4.10, we have,
E [E(iz“), Z)| Zﬁ] R0
almost surely. Hence, by the bounded convergence theorem,

0=E [tlim (E [E(ﬁ(t), Z)| th] - R;‘)} = lim E [E [Z(iz(t), Z)| th} - Rﬂ

—00
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which implies that

P(’Rt(ﬁ(t)) AEDE %E [E [0k, 2)| <] - Ri] = 0.

We have therefore proved that h® is a strong prospective learner. O

The proof above builds upon the work of Hanneke (2021a). The first condition, Eq. (4.7), is
analogous to the consistency condition in PAC learning. In simpler words, it states that the Bayes
risk can be approximated well using the chosen sequence of hypothesis classes {H;};°,. The second
condition, Eq. (4.8), is analogous to concentration of measure in PAC learning, it requires that
the limsup in Eq. (4.1) is close to an empirical estimate of the limsup (the second term inside
the absolute value in Eq. (4.8)). At each time ¢, prospective ERM in Eq. (4.9) selects the best
hypothesis h € H,® for future times ¢ > t, that minimizes an empirical estimate of the limsup
using the training data z<;. Prospective ERM can exploit the difference between the latest datum
in the training set with time ¢ and the time for which it makes predictions ¢’ by selecting specific
sequences inside the hypothesis class H;. For example, in Theorem 4.2 it can select sequences where
alternating elements can be used to predict on data from even and odd times.

Remark 4.11 (How to implement prospective ERM?). An implementation of prospective
ERM is therefore not much different than an implementation of standard ERM, except that there
are two inputs: time s and the datum xzs. Suppose we use a hypothesis class where each predictor
is a neural network, this could be a multi-layer perceptron or a convolutional neural network. The
training set z<; consists of inputs x along with corresponding time instants s and outputs ys. To
implement prospective ERM, we modify the network to take (s, zs) as input (using any encoding of
time, we discuss one in Sec. 4.5) and train the network to predict the label y;. In Eq. (4.9) we can
set u;, = t, doing so only changes the sample complexity. At inference time, this network is given
the input (¢, z4) to obtain the prediction y.. Note that if prospective ERM is implemented in this
fashion, the learner need not explicitly calculate the infinite sequence of predictors.’

Corollary 4.12. There exist stochastic processes for which time-agnostic ERM is not a strong
prospective learner, but prospective ERM is a strong learner.

Remark 4.13 (Why we need an increasing sequence of hypothesis classes H; C Ha...).
We could have chosen H; = Hy for all £, € N to set up Theorem 4.9. But since the learner does not
have a lot of data at early times, it should use a small hypothesis class. Just like PAC learning, the
sequence (7y¢)ten in Eq. (4.8) determines the convergence rate of a prospective learner. Therefore,
using a monotonically increasing sequence of hypothesis classes is useful to ensure a good sample
complexity.

Theorem 4.14. Consider a finite family of stochastic processes Z. If there exists a countable
hypothesis class H such that

lim E | inf Ry(h) — R}| = 411
Jim L}gﬁRt() Rt} 0, (4.11)

8Note that this hypothesis class has infinite sequences, H; C ()iX)NA
9Hereafter, when we write ERM in empirical studies, we will mean a learner that approximates ERM via stochastic
gradient descent.
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for any stochastic process Z € Z, where h € H is a random variable in o(Z<;), then there exist Hy,
ut, and 7 such that the two conditions of Theorem 4.9 are satisfied for this family.

Proof. This construction follows closely with Hanneke (2021b, Section 4), and we omit some details
here. For finite class H of sequence of hypothesis, we give a possible choice of u; with

lim E

sup max
t—o00

>t heH ur<m<t

ly(h,Z) — max em(h)u =0. (4.12)

for all process Z in the finite family Z. For a data sequence z = {zs = (s, ys)} 52, and a hypothesis
sequence h € H, we define

u<m<oo u<m<t’

th(z) = min {t EN:t>uVt' >t sup en(h) < max en(h)+ 2_“} ,

and

u?(z) =max{u € {1,...,t}: t > tZ(z)},

H : h
uft(z) = min uf'(2);

note that H is finite and therefore the minimum exists. For the stochastic process Z, let
ul*(8, Z) = max {uefl,....t}: Pooz(ul(z) >u) =1 — 5},
uy(Z) = max {s € NU {0} : ult (274, Z) > u},
w =min{w(2): Z € Z}.
Since Z is finite, we have uy — co. And we also have VZ € Z,

P(uZ’l(Z) >up) >1—27"

By Borel-Cantelli Lemma, this construction gives a sequence wu; s.t. FEq. (4.12) holds, i.e. VZ € Z.

Suppose {H:};2, is a sequence of non-empty finite sets of hypothesis sequences, and {y:}72; is a
sequence in (0,00) with 73 > 1. Then for any finite family Z, we can extend this construction to
get a choice of u;, Hy and 74 such that Eq. (4.8) holds

E [ max
heH

u<m<t

7u(h, Z) — max em(h)H <.

Since we have a wu; for a given hypothesis class H, for each i € N, we can construct a sequence
{u;+}72, such that lim o0 u;p = 00, u;y < t and VZ € Z,

lim E

sup max
t—o00

t'>t heM;

ug <m<n’

ly(h,Z) — max em(h)uzo.

111



Now let

ly(h,Z) — max en(h)

sup max
v > heH ;s Uyt g1t <m<t’

Ji :max{i e{l,...,t}: Vi’ <i,supE
t“zt

and
t; = min {t SJE 2 Uy > ui_lmi_l} .

If 9 = max {3 : t; < t}, then we have i, — 0o, and for u; = u;¢, we have

E | max
hE'Hit

ly(h,Z) — max em(h)H < i,

ui, <m<t

Since H is countable, we can choose a sequence of finite hypothesis classes H; such that UgenH: = H.
By choosing u; = w;,, with H; = H;,, and 1+ = ;,, we now have a possible choice for u;, H and
in Theorem 4.9. O

This theorem provides a concrete example for which the assumptions of Theorem 4.9 are satisfied.
In PAC learning, one first proves uniform convergence for a finite hypothesis class. This can then
be used to, say, calculate the sample complexity of ERM, or extended to infinite hypothesis classes
using constructions such as VC-dimension and covering numbers (Vapnik, 1998). The above theorem
should be understood in the same spirit. It is a step towards characterizing the sample complexity
of prospective learning.

4.4.1. Prospective ERM for Discounted Future Losses

The results above concern the averaged future loss in Fq. (4.1). As discussed in Theorem 4.3,
prospecting meaningfully for some stochastic processes may instead require a discounted future
loss, such as the one in Eq. (4.5). We next extend the guarantee in Theorem 4.9 to this setting. Let

t+7
) 1 o
67 (h, Z;y) = <1_7j+1> Z V(s (), ys),
s=t+1

where £: )Y x Y +— [0,1] is a bounded loss function and 0 < v < 1 is a constant. In general, we can

use a probability measure (™) supported on integers {1,...,7} to write the loss as
t+T1
67,z ) = 3 pDhs(as), v, (4.13)
s=t+1
The averaged loss in Eq. (4.1) corresponds to ugT) = 1/7 for all s. The discounted loss above

1—

corresponds to ug) = (1_77+1 S

In prospective learning, we are interested in the case when 7 — oo and therefore define

Ui(hy Z; 1) = limsup £ (b, Z; u7),

T—00

where p denotes the collection {u(M}%2,. We can define Ry(h;u) and R} (u) for this discounted
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loss using expressions analogous to those in FEqs. (4.2) and (4.3). For clarity, we use the nota-

tion Ry(h,1/7) = Ri(h) and Rf(1/7) = R} for the prospective risk and prospective Bayes risk
: (r) _

corresponding to the averaged loss, where ps ' = 1/7.

Corollary 4.15 (Prospective ERM is a strong learner with discounted losses). Let the
assumptions of Theorem 4.9 hold. If there exists a constant ¢ > 0 such that VZ € Z,

Ri(hyp) — Ry (1) < c(Re(h,1/7) — R;(1/7)) Vte N h e H,, (4.14)

i.e., if the gap in the risk for the discounted loss is dominated uniformly by the gap in the risk for
the averaged loss over all realizations of the stochastic process, then prospective ERM implemented
in Eq. (4.9) with the averaged loss is a strong prospective learner: its discounted risk Ry(h, y)
converges to the discounted Bayes risk R} ().

Proof. The assumption in Eq. (4.14) ensures that

P (‘Rt(ﬁ,u) - Rj[(u)‘ > ce) <P (‘Rt(il, 1/7) — R;;(1/T)] > e)

for any € and t. The right-hand side is shown to converge to zero in the proof of Theorem 4.9, and
therefore the left-hand side also converges to zero. O

A result corresponding to Theorem 4.14 also holds for the discounted future loss. Moreover, Theo-
rems 4.9 and 4.14 hold in the slightly more general setting in which the measure ;{7 (w) is a random
variable that depends upon the realization of the stochastic process w € Q.

We next illustrate these guarantees for periodic processes and hidden Markov models.
4.4.2. Examples of Prospective ERM

Periodic processes. Suppose we have a stochastic process such that Z; ~ p( moq ) for some
known period T, i.e., data is independent across time but not identically distributed, and the
loss function £(t,-,-) is time-invariant. Theorem 4.2 is a special case with 7' = 2. Assume that
we can find a countable hypothesis class G that contains the Bayes plug-in estimator for each p;
with t € {1,...,T}. Then Hp = {h: hyyr = hy and hy € G Vt} satisfies Eq. (4.11), and it is also
countable. This implies consistency and uniform concentration of the limsup for sequences in some
subclasses {H:}72, that expand to Hz. Note that even if we do not know the period, we can still
implement prospective ERM using the hypothesis class UpenH7; this is a countable set. Prospective
ERM is therefore a strong prospective learner if the period T is bounded.

Remark 4.16 (Implementing prospective ERM for periodic processes). If G has a finite
VC-dimension, choosing H; = Hr for any ¢t > T as the increasing sequence of hypothesis classes
in Theorem 4.9 guarantees the existence of limy, % oot U(s, hs(xs), ys). We can therefore choose
uy =t in Eq. (4.8) and thereby select

~

t
1
h:argmin* es,hs Ts)yYs

heHy t;( ( ) )

in Eq. (4.9). For H; = Hr selected above for the periodic process, this is identical to Eq. (4.6). In
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other words, implementing prospective ERM for a periodic process boils down to solving 1" different
time-agnostic ERM problems, each using data {zsr4r}22,, & € {1,...,T}. Observe that this is
precisely the prospective learner used for the example in Theorem 4.2 and Fig. 4.1.

Remark 4.17 (Sample complexity of prospective ERM for a periodic process). We can
calculate the sample complexity by exploiting the relatedness of the different distributions in the
periodic process. First assume ¢t > T, i.e., at least one sample from each distribution is avail-
able. We again pick H;y = Hp for all ¢ > T and assume that izt € G for all times t. Let
C = C(¢/16,G") denote the covering number of a hypothesis class of T-length sequences of hypothe-
ses G = {(h,...,h) : h € G} using balls of radius ¢/16 with respect to loss £. Then, using Baxter
(2000b, Theorem 4), we can show that if
T
tzmax{%logw,m}, (4.15)
€ 5 €2

then for prospective ERM in Eq. (4.9), we have

E [Rt(ﬁ)} < lim E [ inf Rt(h)} + 2
t—o00 heHr

with probability at least 1 — §. The sample complexity in Eq. (4.15) is dominated by the first term

in the curly brackets; Baxter (2000b, Lemma 5) shows that C(e,GT) < (C(e,G))T. The sample

complexity of prospective ERM therefore grows at most linearly with the period 7', as one would

expect.

Remark 4.18 (Exact sample complexity for periodic binary classification with one-di-
mensional Gaussian inputs). Let the period of the stochastic process be T' = 2 with inputs
X; € R and outputs ¥; € {—1,1}. Suppose Y; ~ Bernoulli(0.5). The distribution P(X;|Y; = y)
is a Gaussian with mean yu + A(t mod T') and variance 2. In words, for even times ¢, the means
of the Gaussians are shifted to the right by A. Consider the time-invariant squared error loss
((s,9,y) = (§ —y)?. Choose G = {14 : A € {(—o0,¢),(c,00) : ¢ € R}} to be the set of pre-
dictors for Fisher’s linear discriminant (FLD); the prospective learner selects each element of its
hypothesis from G. The calculations in De Silva et al. (2023) for FLD can be used to show that if
Hi = {(h,h,...) : h € G} for all times ¢, then a time-agnostic ERM has risk

E[Ri(h)] = 1/2(0 (8/(20) = pfo) + @ (~A/(20) = /o)),

where @ is the Gauss error function. But if Hy = {(hi, he, hi, he,...) : hi,he € G} for all times ¢,
then prospective ERM can achieve Bayes risk

E[Ri(h)] = @ (—tu/(20)(t/2(t/2+ 1)) = O(~p/o) = E[R;].

Hidden Markov models. Suppose Z is sampled from an HMM whose hidden states evolve
according to a k'-order time-homogeneous Markov process with a finite state space. Select a
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hypothesis class Hj that consists of sequences h € Hj. such that each h satisfies

VteN: hy € G and,
vtl,tg e N:if htl—i-s = ht2+5 Vs € {1 ‘e ,k} ,then ht1+k+1 = ht2+k+1-

This hypothesis class contains sequences of predictors that depend only on the past k predictors.
If we assume, as above, that G is countable, then so is Hy. It also satisfies Eq. (4.11) because
of the k*-order Markov property. We can therefore implement prospective ERM using #j, as the
hypothesis class. Observe that when the Markov process underlying the HMM is deterministic, this
example models the output from an autoregressive language model that uses greedy decoding. The
length of the context window is k, the hidden state of the HMM is the logit at each step, the next
hidden state is a deterministic function of the previous k£ hidden states, and the output of the HMM
Zy is the next token. Our theory therefore shows that the output of such a model is prospectively
learnable if the learner has access to the sequence of tokens.

4.5. Experimental Validation

This section demonstrates that we can implement prospective ERM on prospective learning prob-
lems constructed on synthetic data, MNIST and CIFAR-10. In practice, prospective ERM may
approximately achieve the guarantees of Theorem 4.9. We will focus on the distribution changing,
independently or not (Theorems 4.2 and 4.3). Recall that Theorem 4.1 is the same as the IID setting
used in standard supervised learning problems. Theorem 4.4 is more involved and, therefore, we
leave more elaborate experiments for future work. We discuss experiments that check whether large
language models can do prospective learning in Sec. 4.5.4.

4.5.1. Experimental Setup

Learners and hypothesis classes. Task-agnostic online continual learning methods are the
closest algorithms in the literature that can address situations when data evolves over time. We use
the following three methods.

(i) Follow-the-Leader minimizes the empirical risk calculated on all past data and is a no-
regret algorithm (Cesa-Bianchi and Lugosi, 2006). We note that while this is a popular online
learning algorithm, we do not implement the algorithm in an online fashion.

(ii) Online SGD fine-tunes the network using new data in an online fashion. At every time-step,
weights of the network are updated once using the last eight samples.

(iii) Bayesian gradient descent (Zeno et al., 2018) is an online continual learning algorithm
designed to address situations where the identity of the task is not known during both training
and testing, i.e., it implements continual learning without knowledge of task boundaries.

These three methods are not explicitly designed for prospective learning but they are designed
to address the changing data distribution ¢.'° We calculate the prospective risk of the predictor
returned by these methods; note that they do not output a time-varying predictor and consequently,
these methods output a time-agnostic hypothesis. As a result, when we evaluate the prospective

0There are many algorithms in the existing literature that the reader may think of as reasonable baselines. We
have chosen a representative and relevant set here, rather than an exhaustive one. For example, online meta-learning
approaches are close to online-SGD; since the learner fine-tunes on the most recent data. Algorithms in the literature
on time-series (i) focus on predicting future data, say, Yy given past data y<; without taking covariates X or
some exogenous variables X<, into account, (ii) can usually only make predictions for a pre-specified future context
window (Lim et al., 2021), and (iii) work for low-dimensional signals (unlike images).
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risk of these methods, we use the same hypothesis for all future time. For all three methods, we use
a multi-layer perceptron (MLP) for synthetic data and MNIST, and a convolutional neural network
(CNN) for CIFAR-10.

Model architectures. For the time-agnostic retrospective algorithms, we use an MLP with two
hidden layers of 256 units for the synthetic and MNIST tasks. For CIFAR-10, we use a small
convolutional network with 0.12M parameters. It comprises three convolutional layers with kernel
size 3 and 80 filters, interleaved with max-pooling, ReLLU, and batch-normalization layers, followed
by a fully connected classifier.

For prospective ERM, the sequence of predictors is built by incorporating time as an additional
input to an MLP or CNN. For the MLP, we concatenate each input with its time embedding
©(t). For the CNN, we add the time embedding to the output of the convolutional layers instead
of concatenating it with the input image, as illustrated in Fig. 4.6. This construction allows the
network to vary its hypothesis over time without explicitly maintaining the infinite sequence of
predictors h = (hy,...).

FC + ReLU
Softmax FC + ReLU

FC
FC + RelLU
T Conv + RelLU
FC + ReLU

[ Inputs “ Time encoding I I Time encoding I Conv + RelLU
t

t

| Prospective-MLP |

II

I

I_’

Prospective-CNN |

Figure 4.6: Schematic illustration of the prospective MLP and prospective CNN architectures.

Time embedding. We use an embedding function ¢ : R — R? that maps the absolute time ¢ to

o(t) = (sin(wit), ... ,sin(wgot), cos(wit), . . ., cos(wqyat)),

where w; = w/i for i = 1,...,d/2. We use d = 50 in our experiments. A predictor h:(-) takes the
time embedding ¢(¢) and the input z; to predict y;.

This construction is related to the positional encoding of Vaswani et al. (2017), which uses frequen-
cies w; = 1/ 1000024, We instead encode absolute time and use the angular frequencies w; = 7 /.
As shown in Fig. 4.7, the Transformer frequencies produce slowly changing features, with many
dimensions nearly constant over the relevant time scale. In our experiments, MLPs and CNNs
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using these frequencies performed poorly on the MNIST tasks in Scenarios 2 and 3. The figure uses
d = 128 to illustrate the difference between the two choices of frequencies.

Time-embedding matrices
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Time

Figure 4.7: Time embeddings computed using the frequencies of Vaswani et al. (2017) (left) and the
frequencies used in our experiments (right).

Effect of the time-embedding placement. We also tried concatenating the time embedding
with the input to the CNN, but this variant performed poorly in Scenarios 2 and 3. As Fig. 4.8 shows,
adding the time embedding after the convolutional layers yields substantially lower prospective risk
on CIFAR-10.

10 CIFAR Scenario 2 10 CIFAR Scenario 3
0.8 = Follow-the-leader 0.8 W = Follow-the-leader
~ — — = Prospective ~ Y ——— = —— Prospective
% —— Online-SGD E —— Online-SGD
< 06 —— Bayesian GD 2 0677 —— Bayesian GD
% —— Prospective (variant 2) % W —— Prospective (variant 2)
2 0.4 Prospective (MLP) 2 0.4 \"“N Prospective (MLP)
8 == Chance 8 = = Chance
a o
0.2 0.2+
0.0 0.0
I I I I I I I I
0 10000 20000 30000 0 10000 20000 30000

Time (t) Time (t)

Figure 4.8: Prospective risk of the CNN architecture on CIFAR-10 for Scenarios 2 and 3. Performance is
significantly worse when the time embedding is concatenated with the input image (variant 2).

Training protocol. Each learner receives a length-t sequence z<; drawn from the stochastic
process and makes predictions at future times ¢’ > ¢ up to a fixed horizon T'. No samples after time
t are used to update the learner. Given z<;, a time-aware hypothesis class minimizes the empirical

prospective risk
t

B, 2) = 3 37 Hls, ), ).
s=1

For an MLP or CNN, hg corresponds to a network that takes time s as an additional input.

We use the zero-one error 1{j # y} to calculate prospective risk for all problems; all learners are
trained using a standard surrogate of this objective, the cross-entropy loss. All networks are trained
using stochastic gradient descent with Nesterov momentum and a cosine-annealed learning rate. We
use an initial learning rate of 0.1 for the synthetic tasks and 0.01 for MNIST and CIFAR-10, with
weight decay 1075, MNIST and CIFAR-10 images are normalized to have mean 0.5 and standard
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deviation 0.25. Models are trained for 100 epochs, well beyond the point at which they achieve
training accuracy 1. Except for online SGD and Bayesian gradient descent, learners corresponding
to different times are trained completely independently.

Evaluation protocol. We estimate the prospective risk in Eq. (4.2) using a Monte Carlo estimate.
For a given training sequence z<, the learned sequence of predictors h = (hs) is evaluated on a
future realization z~; according to

T
1
Rt(h) = ﬁ g E(Syhs(xs)ays)'
s=t+1

We use T' = 50,000 for MNIST and CIFAR-10 and T" = 10,000 for the synthetic experiments. For
each learning algorithm, we evaluate prospective risk at 1540 different training times. At every
training time, we report the mean and standard deviation over five random seeds.

Remark 4.19 (Why we do not use existing benchmark continual learning scenarios). The
tasks constructed below resemble continual learning benchmark scenarios such as Split-MNIST or
Split-CIFAR10 (Zenke et al., 2017) where data from different distributions are shown sequentially
to the learner. However, there are three major differences. First, in these existing benchmark
scenarios, data distributions do not evolve in a predictable fashion, and prospective learning would
not be meaningful. Second, existing scenarios consider a fixed time horizon. We are keen on
calculating the prospective risk for much longer horizons whereby the differences between different
learners are easier to discern; our experiments go for as large as 30,000 time steps. Third, our tasks
have the property that the Bayes optimal predictor changes over time.

4.5.2. Prospective learners for independent but not identically distributed data (The-
orem 4.2)

We create tasks using synthetic data, MNIST and CIFAR-10 datasets to design prospective learning
problems when data are independent but not identically distributed across time (Theorem 4.2).

Dataset and Tasks. For the synthetic data, we consider two binary classification problems
(“tasks”) where the input is one-dimensional. Inputs for both tasks are drawn from a uniform
distribution on the set [—2,—1] U [1,2]. Ground-truth labels correspond to the sign of the input
for Task 1, and the negative of the sign of the input for Task 2. For MNIST and CIFAR-10 we
consider 4 tasks corresponding to data from classes 1-5, 4-7, 6-9 and 8-10 in the original dataset,
i.e., the first task considers classes 1-5 labelled 1-5 respectively, the second task considers classes 4-7
labelled 1-4, the third task considers classes 6-9 labeled 1-4 and the last task considers labels 8-10
labelled 1-3. In other words, images from class 1 in task 1, class 4 from task 2 and class 6 from task
3 are all assigned the label 1. For the prospective learning problem based on synthetic data, the
task switches every 20 time steps. For MNIST and CIFAR-10, the data distribution cycles through
the 4 tasks, and the distribution of data changes every 10 time-steps. All learners are trained and
evaluated according to the protocol in Sec. 4.5.1.

Fig. 4.9 shows that prospective ERM can learn problems when data are independent but
not identically distributed (Theorem 4.2). For prospective learning problems constructed from
synthetic data, the risk of prospective ERM converges to prospective Bayes risk over time. For the
MNIST and CIFAR-10 prospective problems, the prospective learning risk drops precipitously. In
contrast, online learning baselines discussed above achieve a far worse prospective risk. Observe that
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Figure 4.9: Prospective ERM can achieve good instantaneous and prospective risk in The-
orem 4.2. Left: Instantaneous and prospective risks for problems constructed using synthetic data (see
text) across 5 random seeds (which govern the sequence of samples and the weight initializations of neural
networks). Instantaneous risk spikes when the task switches for many online learning baseline algorithms.
In contrast, prospective ERM has minimal spikes at later times and both instantaneous and prospective
risks eventually converge to zero. Right: Prospective risk for different baseline algorithms and prospective
ERM for tasks constructed using MNIST and CIFAR-10 for Theorem 4.2. In all three cases, the risk of
prospective ERM approaches Bayes risk while online learning baselines considered here do not achieve a low
prospective risk. For comparison, the chance prospective risk is 0.5 for synthetic data and 0.742 for MNIST
and CIFAR-10 tasks.
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Follow-the-Leader (blue) performs as well, or better, as online SGD and Bayesian GD. This is not
surprising, while ERM models corresponding to each time ¢ were trained independently, networks
corresponding to online SGD and Bayesian GD were training in an online fashion; in practice it is
often difficult to tune online learning methods effectively (Li et al., 2020a).

4.5.3. Prospective learners when data are neither independent nor identically dis-
tributed (Theorem 4.3)

We next evaluate prospective ERM on three constructions in which the data are neither independent
nor identically distributed: a hierarchical hidden Markov model, a Markov chain with periodic resets,
and a stationary Markov chain.

4.5.3.1 Hierarchical Hidden Markov Model

Dataset and tasks. For synthetic data, we construct four binary classification problems with
two-dimensional input data (see Fig. 4.10 and its caption for details). For CIFAR-10 and MNIST,
we consider four tasks corresponding to the classes 1-5, 4-7, 6-9, and 8-10. Using these tasks, we
construct problems where the data distribution is governed by a hierarchical hidden Markov model
(Theorem 4.3). After every 10 time steps, a different Markov chain governs transitions among tasks:
one Markov chain for Tasks 1 and 2 and another for Tasks 3 and 4, as shown in Fig. 4.10. These
choices ensure that the stochastic process does not have a stationary distribution.''

0.8

02 08 Task 1 Task 2 Task 3 Task 4
4‘/\ 0.2 o
O O 0|O g oo
|:| Class 1

O~ o O EE

0.8

Figure 4.10: Left: For MNIST and CIFAR-10, we consider 4 tasks corresponding to the classes 1-5, 4-7,
6-9 and 8-10. Using these tasks, we construct Scenario 3 problems corresponding to a stochastic process
which is a hierarchical hidden Markov model. After every 10 time-steps, a different Markov chain governs
transitions among tasks (one Markov chain for tasks 1 and 2, and another for tasks 3 and 4). This ensures
that the stochastic process does not have a stationary distribution. Right: For synthetic data, the 4 tasks
are created using two-dimensional input data as shown pictorially above. The four parts of the input domain
are {(z1,x2) : 1 < xy,20 < 2}, {(z1,22) : 1 <21 <2, and —2 <z < -1}, {(z1,22) : =2 < x7,20 < =1}
and {(z1,22) : =2 < 21 < —1 and 1 < 25 < 2}. Colors indicate classes. The hierarchical hidden Markov
model for transitions among the tasks is identical to the MNIST and CIFAR-10 setting shown on the left.

Learners and hypothesis classes. We compare prospective ERM with the time-agnostic and
online baselines described in Sec. 4.5.1. All methods use an MLP for the synthetic and MNIST
tasks and a CNN for the CIFAR-10 task, and are trained and evaluated according to the protocol
in Sec. 4.5.1.

Results. We report the prospective risks of all learners in Fig. 4.11.

11 As discussed in Theorem 4.3, prospective Bayes risk can be trivial when the stochastic process has a stationary
distribution.
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Figure 4.11: Prospective ERM can achieve good prospective risk in Theorem 4.3. Prospective
risk across 5 random seeds (which govern the sequence of samples and the weight initializations of neural
networks). In all three cases, the risk of prospective ERM approaches Bayes risk while a number of baseline
algorithms do not achieve a low prospective risk. Stochastic processes in these problems corresponding to
Scenario 3 do not have an invariant distribution. This is why a time-agnostic hypothesis (ERM) that is
constructed by the baseline algorithms does not achieve a good prospective risk.

As Fig. 4.11 shows, prospective ERM can prospectively learn problems when data are
neither independent nor identically distributed (Theorem 4.3). The stochastic processes
in these problems do not have a stationary distribution. This is why a time-agnostic hypothesis
such as Follow-the-Leader does not achieve a good prospective risk, unlike prospective ERM.

4.5.3.2 Markov Chain with Periodic Resets

Dataset and tasks. For synthetic data, we consider the two binary classification problems de-
scribed in Sec. 4.5.2. For CIFAR-10 and MNIST, we consider two tasks corresponding to the classes
1-5 and the classes 1-5 with each class y relabeled as (y + 1) (mod 5). Using these tasks, we con-
struct Scenario 3 problems governed by a hidden Markov model with two states. The tasks follow
a Markov process with transition probability P(S;+1 = k|S; = k) = 0.1, where S; denotes the task
at time t. After every 10 time steps, the state of the Markov chain is reset to the first task, ensuring
that the resulting stochastic process does not have a stationary distribution.

Learners and hypothesis classes. We compare Follow-the-Leader and prospective ERM. Both
methods use an MLP for the synthetic and MNIST tasks and a CNN for the CIFAR-10 task.
Prospective ERM additionally receives the time embedding as input. All methods are trained and
evaluated according to the protocol in Sec. 4.5.1.

Results. We report the prospective risks of both learners in Fig. 4.12.
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Figure 4.12: Prospective ERM can achieve good prospective risk in Theorem 4.3. We plot the
prospective risk across 5 random seeds (which govern the sequence of samples and the weight initialization of
the neural networks). In all three cases, the risk of prospective ERM approaches Bayes risk while Follow-the-
Leader does not achieve a low prospective risk. Bayes risk for MNIST and CIFAR-10 problems is calculated
by assuming that Bayes risk on individual tasks is zero.

As Fig. 4.12 shows, prospective ERM can also prospectively learn Scenario 3 problems
generated by a Markov chain with periodic resets.

4.5.3.3 Stationary Markov Chain

Dataset and tasks. We use the same two task families as in the periodic-reset experiment. The
tasks are governed by the same two-state Markov process, with P(S;y1 = k|S; = k) = 0.1, but
the state is not periodically reset. Consequently, the Markov chain equilibrates to its stationary
distribution.

Learners and hypothesis classes. We again compare Follow-the-Leader and prospective ERM
using the architectures and training protocol in Sec. 4.5.1. We evaluate both the empirical prospec-
tive risk and the empirical discounted prospective risk in Eq. (4.5), using a discount factor of 0.95
for the latter.

Results. We report the undiscounted and discounted prospective risks in Figs. 4.13 and 4.14,
respectively.
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Figure 4.13: For a task defined on a stationary Markov process, the Bayes risk is trivial and
can be achieved by a hypothesis that does not change over time. We plot the prospective risk across
5 random seeds (which govern the sequence of samples and the weight initialization of the neural networks).
In all three cases, both Follow-the-Leader and prospective ERM approach the Bayes risk. The stationary
distribution has an equal probability of seeing either task, and a fixed hypothesis can achieve Bayes risk on
this problem.
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Figure 4.14: Both prospective ERM and Follow-the-Leader achieve similar discounted prospec-
tive risks with discount factor 0.95. We plot the discounted prospective risk across 5 random seeds.
Both Follow-the-Leader and prospective ERM achieve similar discounted risks. The error bars are larger
because the discount factor reduces the effective number of test samples.

As Fig. 4.13 shows, both learners approach the undiscounted prospective Bayes risk because the
stationary distribution can be handled by a time-agnostic predictor. Their discounted prospective
risks are also similar, as shown in Fig. 4.14.

4.5.4. Large Language Models May Not Be Good Prospective Learners

Experimental setup. It is an interesting question whether LLMs trained using autoregressive
likelihoods with Transformer-based architectures can learn prospectively. To study this question,
we use Llama-7B (Touvron et al., 2023) and Gemma-7B (Team et al., 2024) and evaluate their
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prospective risk on Theorems 4.1 to 4.3. Each prompt contains samples from the stochastic process,
represented by a subsequence of (Y;) consisting of Os and 1s, and an English-language description of
the family of stochastic processes that generated them. The LLM is asked to complete the prompt
with the next 20 most likely outcomes.

LLMs can be brittle and are known to generate different completions depending on whether a
prompt is written in English, Thai, or Swahili (Deng et al., 2023), which makes prospective learning
difficult to evaluate. We therefore do not describe prospective risk or prospective learnability in
the prompt. We simply describe the data-generating process, provide samples from it, and ask the
model for the most likely completion. We also experiment with several variants of these prompts.

We use greedy decoding, selecting the token with the highest probability at every step. We vary the
number of time steps in the prompt from 1 to 100, corresponding to the amount of training data. For
each time t, we generate 20 additional tokens and use them to estimate the prospective risk. Each
point in Fig. 4.15 is the prospective risk on these 20 future samples, averaged over 100 realizations
of the training data. The exact prompt templates are provided at the end of this subsection.

Prospective-learning results.

We report the prospective risk of the LLMs on the three scenarios

in Fig. 4.15.
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Figure 4.15: The prospective risk of LLMs on the three scenarios, averaged over realizations of the training
data. Unlike a prospective maximum-likelihood learner, the LLMs do not improve with more data, suggesting
that they do not prospect successfully under this experimental setup.

As Fig. 4.15 shows, Llama-7B and Gemma-7B do not achieve a lower prospective risk as the number
It is particularly surprising that they do not achieve Bayes risk even on
These experiments, however, do not definitively

of samples increases.
independent and identically distributed data.
establish whether LLMs can learn prospectively.

Bernoulli-generation diagnostic. To provide context for these results, we prompt each LLM
to generate a sequence of Os and 1s sampled from a Bernoulli distribution with probability p = 0.75.
We plot the probability of generating each outcome, over all sequences of length 10, in Fig. 4.16.
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Figure 4.16: We prompt LLMs to generate the outcomes of 10 Bernoulli trials with p = 0.75. We plot the
probability of generating token 1 over all possible sequences of 10 Bernoulli trials and find that the outcomes
are generated with probabilities ranging from 0 to 1, with an average of 0.5. Ideally, token 1 should always
be generated with probability p = 0.75. The LLMs therefore cannot simulate outcomes from a Bernoulli
distribution under this experimental setup.

Ideally, the probabilities would be concentrated around 0.25 for token 0 and 0.75 for token 1. Instead,
the LLMs appear unable to generate a sequence of Bernoulli trials with the specified probability.
This result helps qualify the prospective-learning experiment: the models do not seem to learn
prospectively, but under these prompting conditions they also cannot reliably sample from a simple
Bernoulli distribution.'?

Prompt templates. We use the following prompts to generate predictions with Llama-7B and
Gemma-7B. The models always generate a sequence of Os and 1s, so no response post-processing
is required. We generate 20 samples using greedy decoding and execute the language models with
weights in 16-bit precision. Variants such as adding spaces between the 1s and 0s produce qualita-
tively similar results.

Scenario 1

Consider the following sequence of outcomes generated from a single Bernoulli distribution.
11110101111110111111111111

The next 20 most likely outcomes are:

Scenario 2

Consider the following sequence of outcomes generated by two Bernoulli distributions, where
all even outcomes are generated by a Bernoulli distribution with parameter ‘p’ and odd
outcomes are generated from a Bernoulli distribution with parameter ‘1-p’.

10101010101010101010101000101010101010101

The next 20 most likely sequence of outcomes are:

12Responses from ChatGPT-turbo and GPT-40 were more verbose than those from Llama-7B and Gemma-7B.
ChatGPT responded correctly to Scenario 1, perhaps because it used a scratchpad (Nye et al., 2021; Wei et al.,
2022) to generate intermediate steps, but it did not achieve a small prospective risk for Scenarios 2 and 3. Gemini
and GPT-4o refused to provide a complete response to Scenario 3 and instead outlined the sequence of steps, albeit
correctly.
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Consider the following sequence of states generated by a Markov process with 2 states (0, 1):

10101101010100101010

The next 20 most likely outcomes are:

To make the LLM generate a sequence of Bernoulli trials with probability 0.75, we use the following
prompt.

Bernoulli trials

Generate outcomes of 10 Bernoulli trials where 0 is generated with probability 0.25 and 1
with probability 0.75.

4.6. Related Learning Paradigms and Discussion
4.6.1. Related Learning Paradigms

When prospective learning (*De Silva et al., 2023) is first described, it can sound similar to several
established learning frameworks. However, their formal assumptions, objectives, and evaluation
protocols differ in important ways. Table 4.1 summarizes the typical distinctions, which we discuss
in detail below. The central distinction is that a prospective hypothesis can make an inference or
take an action arbitrarily far into the future. Certain forms of probabilistic forecasting (Gneiting
and Katzfuss, 2014) also have this property, but differ from prospective learning in other respects.

Framework Data Distribution Loss # Optimal hypotheses Data Availability
PAC Learning 1ID Instantaneous 1 Batch

Transfer Learning Change Point Instantaneous 1-2 Batch

Meta Learning Task IID Instantaneous # Tasks Batch/Sequential
Lifelong Learning Task IID Instantaneous # Tasks Task Sequential
Online Learning None Instantaneous 1 Sequential
Forecasting Stochastic Process Fixed horizon # Time steps Batch/Sequential
Reinforcement Learning Markov Decision Process Time-varying 1 Sequential
Prospective Learning Stochastic (Decision) Process Instant./Time-varying # Time steps Any

Table 4.1: Comparison of different machine learning frameworks in terms of their typical assumptions
and objectives. Task IID indicates that data within each task are IID and that tasks are IID draws from a meta-
distribution. Loss indicates whether the objective is instantaneous, time-varying, or evaluated over a fixed horizon.
The number of optimal hypotheses assumes that each hypothesis has a unique risk. Data availability indicates
whether observations arrive in a batch, one task at a time, or one sample at a time.

PAC learning. PAC learning (Valiant, 2013; Vapnik, 1991) is a special case of prospective learning
when the stochastic process is time-invariant, the data are IID, and the loss is fixed. It is also
typically formulated for batch data. Whether the prospective viewpoint is useful for IID data
remains an open question in general. In Theorem 4.1, we give a simple example in which prospection
is beneficial even in the IID setting. More broadly, this viewpoint may suggest new algorithms for
IID learning problems that do not have closed-form solutions.

Distribution shift and transfer learning. Violations of the IID assumption are often mod-
eled as a distribution shift between training and test data (Quinonero-Candela, 2009). Transfer

126



learning (Ben-David et al., 2010), including domain or covariate-shift adaptation (Daume, 2007;
Sugiyama et al.; 2007) and out-of-distribution learning (De Silva et al., 2023), typically considers
two distributions, a source and a target. The distribution therefore changes once rather than po-
tentially at every time step. Depending on whether the goal is to perform well on the target alone
or on both source and target, there are one or two optimal hypotheses, and the occurrence of the
shift is often known.

Methods such as propensity scoring (Agarwal et al., 2011; Fakoor et al., 2024) or domain adapta-
tion (Daume, 2007; Ben-David et al., 2010) reweight or map the training and test data to recover an
IID-like setting, while domain-invariance methods (Arjovsky, 2020; Blum-Smith and Villar, 2023)
construct statistics that are invariant to the shift. The loss is typically unchanged between training
and test data. If the set of marginals {P(Z;)} contains only two elements, prospective learning can
reduce to a classical distribution-shift problem. More generally, prospective learning allows data to
be correlated across time, distributions to shift repeatedly, and the risk itself to change with time.

Multi-task, meta-, continual, and lifelong learning. A changing data distribution can be
modeled as a sequence of tasks. Multi-task learning (Baxter, 2000a) is useful for settings such
as Theorem 4.2 and Sec. 4.4.2, where there are finitely many tasks. Meta-learning (Finn et al.,
2017a; Maurer and Jaakkola, 2005), including zero-shot (Romera-Paredes and Torr, 2015) and few-
shot learning (Snell et al., 2017), typically assumes that data are Task IID: observations within a
task are IID, and the tasks are themselves IID draws from a meta-distribution. This makes future
task identities difficult to predict beyond selecting the most probable task. The learner typically
knows that the task has changed, although this assumption is not universal. Classical meta-learning
receives data in a batch, whereas online meta-learning receives tasks sequentially (Finn et al.,
2019). Its goal is usually to perform well on the next unknown task, rather than across all future
distributions as in prospective learning.

Continual or lifelong learning (Ramesh and Chaudhari, 2022; Vogelstein et al., 2020; Thrun, 1998)
generally receives one batch per task and seeks to retain performance on previous tasks. Much
of this literature focuses on task-incremental or class-incremental settings (Van de Ven and Tolias,
2019), where the learner knows when the task changes, although task-agnostic settings are also stud-
ied (De Lange and Tuytelaars, 2021). Prospective learning does not require known task boundaries.
Data-incremental continual learning is therefore close to prospective learning, but the objectives
differ: continual learning primarily seeks to control past error, whereas prospective learning evalu-
ates performance across the future. As the experiments in Sec. 4.5 demonstrate, continual-learning
methods can consequently be poor prospective learners.

Sequential decision making and online learning. Online learning (Shalev-Shwartz, 2011)
generally imposes no distributional assumptions (Mohri et al., 2018), and the environment may be
adversarial. Performance is measured relative to what the best fixed hypothesis could have achieved
on observations seen so far, rather than by a generalization error over the future. Prospective learn-
ing instead models future observations through a stochastic process and evaluates the hypothesis
on that future.

There is also a rich literature on learning from streaming data and sequential decision making.
Existing methods may minimize error on samples from a stationary process (Gama et al., 2013), on
a fixed held-out dataset, or on all past observations (Hayes et al., 2020); none of these objectives
directly emphasizes prospection. Even for a finite-state stationary ergodic process, a consistent
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estimator based on the finite past need not exist (Cover, 1975; Bailey, 1976; Ryabko, 1988; Ornstein,
1978). The same difficulty arises in regression when the true hypothesis is fixed (Morvai et al.,
1996; Nobel, 2003). Consequently, the prospective Bayes risk may be nonzero even for finite-state
stationary ergodic processes.

Hanneke (2021a) removes the restrictions of stationarity and ergodicity and characterizes input
processes that admit consistent inductive, self-adaptive, or online learning (Rakhlin and Sridharan,
2008; Shalev-Shwartz et al., 2012). Inductive learning predicts at time ¢ > ¢ using data through
time t; self-adaptive learning additionally observes the future inputs X;,1.¢/; and online learning
predicts at time ¢’ using observations through that time. Hanneke proves the existence of a learning
rule that is consistent whenever the input process admits self-adaptive learning. If the input process
is smooth, in the sense that its marginals have similar support over time, ERM can have sample
complexity comparable to that in the IID setting (Block et al., 2024); Haghtalab et al. (2022) provide
algorithmic guarantees for several online-estimation problems in this setting.

The true hypothesis in prospective learning can itself change over time. This differs from continual-
learning settings in which a common hypothesis can solve the tasks at all times (Peng et al., 2023).
We therefore define a hypothesis class as a set of predictor sequences, a subset of (Y*)N, and perform
ERM in this space. Our guarantees concern strong learnability, namely convergence of ERM risk
to prospective Bayes risk, rather than consistency of an individual prediction.

Forecasting. Forecasting, time-series analysis, and sequential analysis (Petropoulos et al., 2022;
Ghosh and Sen, 1991; Cesa-Bianchi and Lugosi, 2006) assume that data follow a stochastic process,
much like prospective learning in Theorems 4.2 and 4.3. The number of optimal hypotheses can
therefore equal the number of time steps. Forecasting, however, typically evaluates loss at one or
several prespecified horizons (Lim et al.; 2021), and often assumes a parametric model, although
nonparametric approaches also exist (Chen et al., 2018; Zeng et al., 2023). Probabilistic forecast-
ing (Gneiting and Katzfuss, 2014) can predict arbitrarily far into the future by iteratively updating
its forecasts, but this procedure can accumulate approximation and numerical errors, as occurs in
sequential Monte Carlo methods.

Reinforcement learning. Reinforcement learning (Sutton and Barto, 1998) focuses on settings
with a control component: the hypothesis selects an action that may influence future distributions.
It therefore does not cover purely inferential instances such as Theorems 4.2 and 4.3. Classical
reinforcement-learning theory also focuses on Markov decision processes (Strehl et al., 2009), whereas
prospective learning permits more general stochastic decision processes, including non-Markov pro-
cesses. Prospective learning may use either instantaneous or time-varying losses and permits batch
or sequential data, while classical reinforcement learning is sequential, with offline reinforcement
learning providing a batch alternative (Levine et al., 2020). Moreover, a classical optimal policy
is usually time-invariant, although time-varying generalizations are being developed (KKumar et al.,
2023). Reinforcement learning also typically uses multiple episodes, whereas prospective learning
considers a single realization, related to recent work on single-episode reinforcement learning (Chen
et al., 2022a).

Even without a control component, future risk matters when the optimal hypothesis varies with
time. Minimizing only the current loss does not require the learner to represent how the data evolve,
whereas minimizing prospective risk forces it to model the relevant modes of future variation. Under
the conditions of Theorem 4.15, controlling the averaged prospective risk also controls a discounted
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future loss. Prospective learning can thus be viewed as evaluating performance over an indefinitely
long future horizon; it becomes more closely related to current-loss objectives when the data evolve
slowly (Fakoor et al., 2024).

Architectures for prospective learning. Recurrent neural networks, including Long Short-
Term Memory networks (Sherstinsky, 2020), are plausible architectures for prospective learning.
Echo-state and liquid-state machines provide further examples. Other reservoir-computing meth-
ods (Lukosevicius and Jaeger, 2009) and Gaussian processes (Rasmussen and Williams, 2019) are
also plausible. When an architecture satisfies the conditions of Theorem 4.9, it implements a
prospective learner. These are therefore model classes that can instantiate the framework, rather
than competing learning objectives.

Information-theoretic perspectives. Several works characterize classes of stochastic processes
that can be predicted fruitfully. Bialek et al. (2001) define predictive information, closely related to
the information-bottleneck principle (Tishby et al., 1999), and relate it to the degrees of freedom of
a stochastic process. Shalizi and Crutchfield (2001) show that a causal-state representation called
an e-machine is a minimal sufficient statistic for prediction.

4.6.2. Discussion

Prospective learning, as we see it, is a paradigm of learning that characterizes many real-world
scenarios which are currently modeled using much stronger (and less accurate) assumptions. These
simplifying assumptions have certainly enabled progress in machine learning. But systems deployed
built upon these approaches have proven to be extremely fragile in certain real-world settings. To-
day’s machine learning-based systems fail to track changes in the data. They certainly do not model
how biological organisms learn robustly and effectively over time. We believe characterizing which
kinds of stochastic processes are prospectively learnable under which kinds of time-sensitive loss
functions will be an important next theoretical step. Developing algorithms, from the perspective
of prospective learning, which have theoretical guarantees in practice, will be another next step.
Finally, building algorithms that scale and can therefore be deployed in real-world systems, will be
important to demonstrate the utility of this approach. The precise real-world applications in which
prospective learning based methods will outperform PAC learning, remains to be seen.
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CHAPTER 5
CONCLUSIONS AND FUTURE DIRECTIONS

This thesis develops a data and training-dependent perspective on the generalization of deep neural
networks. We show that the geometry of typical datasets can restrict highly overparameterized
models to a small effective subspace, leading to a low effective dimensionality despite their large
nominal capacity. We then characterize how the generalization gap evolves during optimization
through the coupled effects of perturbation and contraction, and summarize these dynamics using
an effective Gram matrix whose interaction with the residual predicts generalization. Finally, we
extend the learning framework beyond the IID setting through prospective learning, where data
distributions and optimal predictors may evolve over time. Together, these results highlight how
data structure, optimization dynamics, and temporal variation jointly determine what a learning
system can generalize to.

An important theme of this thesis is that the data distribution itself regularizes both the training
and generalization of neural networks. The results in Chapters 2 and 3 suggest that generalization
on typical tasks can arise from a low-dimensional geometric structure shared by the training and test
data. In the era of foundation models and large language models, however, the data encountered
during training and evaluation are increasingly heterogeneous, multimodal, and evolving (Bom-
masani et al.,; 2022). Such data may not be adequately described by a single IID distribution, a
fixed collection of distributions, or a prescribed pattern of temporal evolution. Moreover, we should
not expect a single global geometry to remain meaningful across all domains and modalities. Even
if individual domains retain a locally low-dimensional structure, these local geometries need not be
globally aligned and may not explain generalization to genuinely new tasks.

The absence of a single global geometry does not mean that heterogeneous data are unstructured.
Rich domains are often constructed from reusable components, including entities, attributes, rela-
tions, and primitive operations. These components can be combined according to structured rules to
generate a combinatorially large family of concepts and tasks. Related results show that hierarchical
compositional functions can be efficiently represented when their constituent functions are locally
low-dimensional (Mhaskar et al., 2017). Relational representations similarly organize knowledge
in terms of entities, relations, and rules for their composition, thereby supporting combinatorial
generalization (Battaglia et al., 2018). From this perspective, the data may be locally geometric
but globally compositional.

The ability to reuse familiar concepts and operations in unfamiliar combinations is a hallmark
of flexible human intelligence (Lake et al.; 2017; Lake and Baroni, 2023). Humans can apply a
known relation to new objects, transfer a familiar operation to a new context, and combine previ-
ously learned skills into a novel sequence. Such behavior goes beyond interpolation between nearby
examples and forms an important component of reasoning. At the same time, standard neural
networks can succeed when test examples are close to observed combinations but fail when sys-
tematic recombination is required (Lake and Baroni, 2018). This suggests that generalization over
heterogeneous tasks may depend not only on geometric proximity, but also on whether the relevant
primitives and their rules of composition can be identified from the observed data.

These considerations motivate compositional generalization as a controlled setting in which to study
generalization beyond a shared global geometry. Rather than asking whether a test example is
geometrically close to the training data, we ask whether a new task can be generated by recombining
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operations and instance families that have already been observed. This also exposes a natural
boundary of generalization: novel combinations may be learnable from existing components, whereas
genuinely new primitives or composition rules may require additional supervision or interaction. The
following section develops this perspective more formally.

5.1. Compositional generalization

Compositional generalization refers to the ability to recombine previously learned operations or
skills and apply them to context or instances that were not observed during training. For example,
a model may have learned how to extract numerical quantities from text and add them in problems
involving prices, while also learning how to interpret temperature-related statements in a separate set
of tasks. A compositional test problem may then require the model to apply the same extraction-
and-addition procedure to a temperature instance. More formally, a model may have learned a
particular sequence of operations on one class of inputs and learned the context information of
another class of inputs, without ever observing their specific pairing.

To formalize this setting, let 7" € T denote an operation template, which specifies the primitive
operations required by a task and the order in which they are executed, and let I € Z denote the
concrete instance on which the template acts. A sample is generated according to

x = Render (T, 1), y= fXT,1), (5.1)

where in the language model setting, both z and y can be question-answer pairs. We consider
training and test distributions whose template and instance marginals are identical,

PulT) = Po(T),  Pul(l) = Pr(1), (5.2)
but whose joint distributions differ,
Po(T,I) # Pre(T,I). (5.3)

Thus, every template and every instance family appearing at test time has already been observed
during training, while some template—instance pairings are held out. Compositional generalization
measures whether the model can infer the correct behavior on these unseen pairings by reusing the
functional mechanisms learned from the observed combinations.

By analogy with IID generalization, we seek a data-dependent quantity that relates the error on an
unseen composition to the residual error remaining after training. Let z = (T, 1), let sg(z) denote
a task-relevant scalar output of the model, and define the residual

r(z) = sy(2) — s*(2). (5.4)

Under a local linearization around the trained solution, assume that the residual can be represented
in the local tangent space as

r(z) = J(2)w, J(z) = Vosy(2), (5.5)

where w represents a local parameter-space direction associated with the remaining prediction error.
For a training set

S ={zi}kit, (5.6)
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define the empirical Jacobian Gram matrix

G = % S () (=), (5.7)
i=1

We then define the regularized local compositional leverage of a test composition z as
ux(z;8) = J(2) (Gs + M) "L J(2)T. (5.8)

The quantity u)(z;.S) measures how strongly the prediction at z depends on functional directions
that are weakly constrained by the training samples. It is small when the Jacobian of an unseen
template—instance pairing lies primarily in directions repeatedly activated by the training data, as
would occur when the model reuses previously learned template and instance modules. In contrast,
it is large when the new pairing requires an interaction or routing direction that was not sufficiently
constrained by the observed combinations.

Define the empirical squared residual and the regularized residual energy by
n

Rg = 1 Z r(2)?, (5.9)

n -
=1

and
Esx=w' (Gs+A)w = Rg + Mw|3. (5.10)

The pointwise squared error at a test composition z satisfies

e(2) = r(2)* < ux(z;9)Es. (5.11)

This is derived by rewriting the residual at a test composition z as

r(z) = J(z)w
= J(2)AgY A w
.
= (45%9()7) (a3w), (5.12)

where Agy = Gg + A, and applying the Cauchy-Schwarz inequality

2 < s 4],

= J(Z)AE}AJ(Z)T w' Ag\w. (5.13)

This formulation separates two requirements for successful compositional generalization. First,
training must leave only a small residual within the explored functional space. Second, the functional
directions required by unseen compositions must be well covered by those activated on the observed
training combinations. Thus, compositional generalization depends not only on the effective size of
the functional space explored during training, but also on how well this space covers the functional
mechanisms required by the compositional test distribution.
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Post-training may provide a useful setting for studying how compositional structure emerges in large
language models. SF'T learns from a fixed distribution of correct demonstrations and may therefore
be most effective when the required reasoning skills and their interfaces can be explicitly covered by
representative traces. By contrast, RL samples from the model’s current output distribution and
uses reward to reshape that distribution. It may therefore be particularly useful when the model
already assigns non-negligible probability to the required local skills and reasoning transitions, but
does not reliably select or recombine them on unseen template—instance pairings. However, when
the relevant trajectories lie far outside the model’s current support, sparse rewards may provide little
useful signal, and additional SFT or curriculum design may first be necessary. A promising future
direction is to characterize this transition in terms of functional coverage: SFT may introduce
or strengthen the directions required by the task, whereas RL may reorganize their probability
and routing. Comparing how the two stages change the leverage of unseen compositions could
clarify when supervised learning or reward-based exploration is more effective for compositional
generalization.
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